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PREFACE. 



Of the various Treatises on Elementary Geometry 
which have appeared during the present century, that 
of M. Leoendre stands preeminent. Its peculiar merita 
have won for it not only a European reputation, but 
have also caused it to be selected as the basis of many 
of the best works on the subject that have been pub- 
lished in this country. 

In the original Treatise of Legendre, the propositions 
are not enunciated in general terms, but by means of 
the diagrams employed in their demonstration. Tliis 
departure from the method of Euclid is much to be 
regretted. The propositions of Geometry are general 
truths, and ought to be stated in general terms, without 
reference to particular diagrams. In the following work, 
each proposition is tirst enunciated in general terms, and 
afterwards, with reference to a particular figure, that 
figure being taken to represent any one of the class to 
which it belongs. By this arrangement, the ditticulty 
experienced by beginners in comprehending abstract truths, 
is lessened, without in any manner impairing the gener- 
ality of the truths evolved. 

The term solid^ used not only by Legendre, but by 
many other authors, to denote a limited portion of space, 
seems calculated to introduce the foreign idea of matter 
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into a Bcience, which deals only with the abstract pro- 
perties and relations of figured space. The term volume^ 
has been introduced in its place, under the belief that 
it corresponds more exactly to the idea intended. Many 
other departures have been made from the original text, 
the value and utility of which have been made manifest 
in the practical tests to which the work has been sub- 
jected. 

In the present Edition, numerous changes have been 
made, both in the Geometry and in the Trigonometry, The 
definitions have been carefully revised — ^the demonstrations 
have been harmonized, and, in many instances, abbreviated — 
the principal object being to simplify the subject as much as 
possible, without departing fi*om the general plan. These 
changes are due to Professor Peck, of the Department of 
Pure Mathematics and Astronomy in Columbia College. For 
his aid, in giving to the work its present permanent form, I 
tender him my grateful acknowledgements. 

CHARLES DATIES. 

OOLUMBIA GOLLBOB, 

Niw You, April, 1882. 
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INTRODUCTION. 

DEFINITIONS OF TERMS. 

1. QcJAKTiTY is anything which can be increased, dimin- 
ished, and measured. 

To measure a thing, is to find out how many times it 
contains some other thing of the same kind, taken as a stand- 
ard. The assumed standard is called the unit of measure, 

2. In Geometry, there are four species of quantity, viz.: 
Lines, Surfaces, Volumes, and Angles. These are called. 
Geometrical Magnitudes. 

Since the unit of measure of a quantity is of the same 
kind as the quantity measured, there are four kinds oi units 
of measure, viz.: Units of Lengthy Units of Surface^ Units 
of Volume^ and Units of Angular Measure. 

3. Geometry is that branch of Mathematics which treat* 
of the properties, relations, and measurement of the Geo- 
metrical Magnitudes. 

4. In Geometry, the quantities considered are generally 
represented by means of the straight line and curve. The 
operations to be performed upon the quantities and the rela- 
tions between them, are indicated by signs, as in Analysis. 
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Tlie following are the principal signs employed : 

The Sign of Additio7t^ -f , called plus : 

Tlnis, A + 2?, indicates that J? is to be added to A, 

The A>tff?i of Subtraction^ — , called minus : 
Tims, A — 2?, indicates that B is to be subtracted 
from A. 

The Sign of Multiplication^ X : 

Thu3, A X By indicates that A is to be multiplied 
by B. 

The Sign of Division^ -^ : 

Thus, A -^ By or, -^ , indicates that -4 is to be 
divided by B, 

Tlie J^ponential Sign : 

Thus, A^ , indicates that A is to be taken three times 
as a factor, or raised to the third power. 

The Radical Sign^ -y/ : 

Thus, -y/Cl, ^/jS, indicate that the square root of A^ 
and the cube root of J7, are to be taken. 

When a compound quantity is to be operated upon as a 
single quantity, its parts are connected by a vinculum or 
by a parenthesis : 

Thus, A -h B X C, indicates that the sum of A and 
Z? is to be multiplied by C ; and (A + B) ^ (7, indi- 
cates that the sum of A and B is to be divided ^by (7. 

A number MTitten before a quantity, shows how many 
times it is to be taken. 

Thus, S(A -\- B)y indicates that the sum of A and 1 
is to be taken three tunes. 

The Sign of Equality ^ = : 

Thus, A = B + Cy indicates that A is equal to the 
6nm of B and C. 



INTRODUCTION. 11 

The expression, ^ = J? + 6\ is called an equation. Tlic 
part on tbe left of the sign of equality, is called the first 
member / that on the right, the second member. 

Tlie Sign of Inequality^ < : 

Thus, .y/A < ^/S, indicates that the square root of A 
is less than the cube root of B, The opening of the sigu 
is towai*ds the greater quantity. 

The sign, . • . is used as an abbreviation of • the word 
hence, or consequently. 

The symbols, 1°, 2"^, etc., mean, 1st, 2d, etc. 

5. The general truths of Geometry are deduced by a 
course of logical reasoning, the premises being definitions and 
principles previously established. The course of reasoning 
employed in establishing any truth or principle, is called a 
demonstration. 

6. A Theorem is a truth requiring demonstration. 

7. An Axiom is a self-evident truth. 

8. A Pkoblem is a question requiring a solution. 

9. A Postulate is a self-evident Problem. 

Theorems, Axioms, Problems, and Postulates, are all called 
Propositions. 

10 A Lemma is an auxiliary proposition. 

IL A Corollahy is an ob\'ious consequence of one or 
mere propositions. 

12. A ScHOLiTJM is a remark made upon one or more 
propositions, with reference to their connection, their use, 
their extent, or their limitation. 
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13. An Hypothesis is a supposition made, either in the 
statement of a proposition, or in the course of a demonstra- 
tion. 

14. Magnitudes are equal to each other, when each con- 
tains the same unit an equal number of times. 

15. Magnitudes are equal in all their parts^ when they 
may be so placed as to coincide throughout their whole 
extent. 
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BOOK I. 

BLXHBNTABT PBINCIPI.E6. 
DEFINITIONS. 

1. Geometry is that branch of Mathematics which tn^ats 
of the properties, relations, and measurements of the Geo- 
metrical Magnitudes. 

2. A Point is that which has position, but not magni- 
tude, 

3. A Line is that which has length, bu*" neither breadth 
nor thickness. 

Lines are divided into two classes, straight and ctcrved. 

4. A Straight Line is one which does not change its 
direction at any point. 

5. A GuRVED Line is one which changes its direction at 
every point. 

Wlien the sense is obvious, to avoid repetition, tho word 
Hue, alone, is sometimes used for straight line; and the 
word curve, alone, for curved line. 

6. A line made up of straight lines, not lying in the same 
direction, is called a broken line, 

7. A Surface is that which has length and breadth 
without thickness. 
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some- 
called 



Surfaces are divided into two classes, plane and curved 
surfaces. 

8. A Planb is a surface, such, that if any two of its 
points be joined by a straight line, that line will lie wholly 
ill the surface. 

9. A Curved Surface is a surface which is neither a 
plane nor composed of planes. 

10. A Plane Angle is the amount of divergence of two 
straight lines lying in the same piano. 

Thus, the aniount of divergence of the 
lines AIj and ACy is an angle. The 
lines AB and AG are called sldes^ and 
their common point yl, is called the ver- 
tex. An angle is designated by naming its sides, or 
times by simply naming its vertex ; thus, the above is 
the angle HAC^ or simply, the angle A. 

11. When one straight line meets 
another the two angles which they form 
are called adjacent angles. Thus, the 
angles ABD and DBC are adjacent. 

12. A RiGirr Angle is formed by one 
straight line meeting another so as to 
make the adjacent angles equal. The first 
line is then said to be perpendiadar to the second. 

13. An Obuqub Angle is formed by 
one straight line meeting another so as 
to make the adjacent angles unequal. 

Oblique angles are subdi\dded into two classes, acutt 
angles^ and obtuse angles, 

14. An Acute Angle is less than a 
right angle 
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16. An Obtuse Angle is greater than 
a right angle. ^. 

16. Two straight lines are 2^^^'^^^^^^ 
when they lie in the same plane and can- 
not meet, how far soever, either way, both 

may be produced. They then have the same direction. 

17. A Plane Figure is a portion of a plane bounded 
by Unes, either straight or curved. 

18. A Polygon is a plane figure bounded by straight 

lines. 

The bounding lines are called sides of the polygon. The 
broken line, made up of all the sides of the polygon, is called 
the perimeter of the polygon. The angles formed by the 
sides, are called angles of the polygon. 

19. Polygons are classified accoiding to the number of 
their sides or angles. 

A Polygon of three sides is called a triavr/le ; one of 
four sides, a quadrilateral ; one of five sides, a pentagon ; 
one of six sides, a hexagon ; one of seven sides, a heptor 
gon ; one of eight sides, an octagon ; one of ten sides, a 
decagon ; one of twelve sides, a dodecagon^ Ac. 

20. An Equilateral Polygon, is one whose sides are 
all equal. 

An Equiangular Polygon, is one wliose angles are nil 
equal. 

A Regular Polygon, is one which is both equilateral 
and equiangular. 

21. Two polygons are mutualhj equilateral, when their 
rides, taken in the same order, arc equal, each to each : that 
is, following their perimeters in the same direction, the fii'st 
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side of the one is equal to the first side of the other, the 
second side of the one, to the second side of the other, 
and so on. 

22. Two polygons are mutuaUy equiangtilar, when 
their angles, taken in the same order, are equal, eaoh to 
each. 

23. A Diagonal of a polygon is a straight line joining 
the vertices of two angles, not consecutive, 

24. A Bask of a polygon is any one of its sides on 
which the polygon is supposed to stand. 

25. Triangles nmy be classified with reference either to 
their sides, or their angles. 

When classified with reference to their sides, there are 
two classes : scalene and isosceles. 

Ist. A Scalene Triangle is one which 
has no two of its sides equal. 

2d. An Isosceles Tki ANGLE is one which 
has two of its sides equal. 

When all of the sides are equal, the 
triangle is equilateral. 

Wlien classified with reference to their angles, there are 
two classes : right-angled and oblique-angled. 

1st. A Right-angled Tkianolb is one 
that has one right angle. 

The side opposite the right angle, is called the hypothe 
Htise. 

2d. An Obuque-anqled Triangle is 
oue whose angles are all oblique. 
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If one angle of an oblique-angled triangle is obtuse, the 
triangle is said to be obtuse-angled. K all of the angles 
are acute, the triangle is said to be acute-angled. 

26. Quadrilaterals are classified with reference to the rcl- 
atfvo directions of their sides. There are then two classes 
the jifBt class embraces those which have no two sides par 
allel; tlie second class embraces those which have at least 
two sides paralleL 

Quadiilaterals of the first class, are called trapeziums. 

Quadrilaterals of the second class, are divided into two 
species : trapezoids and parallelograms. 



27. A Trapezoid is a quadrilateral 
which has only two of its sides parallel. 



28. A Parallelogram is a quadrilateral which has its 
opposite sides parallel, two and two. 

There are two varieties of parallelograms : rectangles 
and rhomboids. 

1st. A Rectangle is a parallelogram 
whose angles are all right angles. 




A Squabb is an equilateral rectangle* 



2d. A Rhomboid is a parallelogram 
whose angles are all oblique. 



A Rhombus is an equilateral rhomboid. 
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29. Space is indefinite extension. 

30. A Volume is a limited portion of space, combining 
the three dimensions of length, breadth, and thickness. 

AXIOMS. 

1, Things which are equal to the same thing, are equa 
to each other. 

2. If equals be added to equals, the sums will be equal. 

3 If equals be subtracted from equals, the remainders 
win be equaL 

4. If equals be added to miequalSy the somB will be 
unequal. 

5. If equals be subtracted from unequals, the remainders 

will be unequal 

6. If equals be multiplied by equals, the products will be 
equal. 

7. If equals be divided by equals, the quotients will be 
equal. 

8. The whole is greater than any of its parts. 

9. The whole is equal to the sum of all its parts. 
10. All right angles are equal. 

11. Only one straight line can be drawn joining two 
given points. 

12. The shortest distance from one point to another is 
measured on the straight line which joins thenu 

13. Through the same pointy only ene straight line can 
be drawn parallel to a given straight line. 
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POSTULATES. 

1. A straight line can be drawn joining any two points. 

2. A straight line may be prolonged to any length. 

3: If two straight lines are unequal, the length of the 
less may be laid off on the greater. 

4. A straight line may be bisected; that is, divided into 
two equal parts. 

5. An angle may be bisected. 

6. A perpendicular may be drawn to a given straight line, 
either from a point without, or from a point on the line. 

7. A straight line may be drawn, making with a given 
straight line an angle equal to a given angle. 

8. A straight line may be drawn through a given pointj 
parallel to a given line. 



NOTE. 

In making references, the following abbreviations are employed, viz, : 
A. for Axiom ; B. for Book ; C. for Corollary ; D. for Definition ; I. for 
Introduction ; P. for Proposition ; Prob. for Problem ; Post, for Postu- 
late ; and S. for Scholium. In referring to the same Book the number 
of the Book is not given; in referring to any other Book, the number 
of the Book i$ given. 
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PROPOSITION I. THEOREM. 

If a straight line meet another straight liney the sum of the 
adjacent angles will be equal to two right angles. 

Let DG meet AB at (7: 
then will the sum of the angles 
DC A and DCB be equal to 
two right angles. 

A\ (7, let CJE be drawn per- 
pendicular to AB (Post. 6) ; then, 
by definition (D. 12), the angles 

EC A and ECB will both be right angles, and conse* 
quently, their sura will be equal to two right angles. 

The angle DC A is equal to the sum of the angles 
ECA and ECD (A. 9) ; hence, 

DCA + DCB = ECA -h ECD + DCB ; 
But, ECD + DCB is equal to ECB (A. 9) ; hence, 
DCA + DCB = ECA + ECB. 

The sum of the angles ECA and ECB^ is equal to 
two right angles ; consequently, its equal, that is, the sum 
of the angles DCA and DCB^ must also be equal to two 
right angles ; which was to be proved. 

Cor. 1. If one of the angles DC Ay DC By is a right 
angle, the other must also be a right angle. 

Cor. 2. The sum of the an- 
gles BACy CADy DAEy EAFy 

formed about a given point on 
the same side of a straight line 
BF^ is equal to two right an- 
gles. For, their sum is equal to 
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the sum ot the angles EAB and EAF\ which, from the 
proposition just demonstrated, is equal to two right angles. 

DEFINITIONS. 

If two straight lines intersect each other, they form four 
angles about the point of intersection, which have received 
different names, with respect to each other. 

1*^. Adjacent Angles are 
those which lie on the same side 
of one line, and on opposite sides 
of the other ; thus, A CE and 
ECB, or ACE and ACD, are 
adjacent angles. 

2®. Opposite, or Vektical Angles, are those which lie 
on opposite sides of both lines ; thus, A CE and D CB^ 
or ACD and ECB^ are opposite angles. From the pro- 
position just demonstrated, the sum of any two adjacent 
angles is equal to two right angles. 




PEOPOSITION n. THEOREM. 

If two straight lines intersect each other^ the opposite or 

vertical angles will be equal. 

Let AB and BE intersect 
at O : then will the opposite 
or vertical angles be equal. 

The sum of the adjacent angles 
ACE and ACD^ is equal to 
two right angles (P. I.) : the sum 

of the adjacent angles ACE and ECB^ is also equal tc 
two right angles. But things which are equal to the same 
thing, are equal to each other (A. 1) ; hence, 
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ACE + ACJ) = ACH + ECB ; 

Taking from both the common 
angle ACE (A. 3), there re- 
mains, 

ACD = ECB. 

In like manner, wo find, 

ACD + ACE = ACD + DCB ; 
and, taking away the common angle ACD, we have, 

ACE = BCB. 
Hence, the proposition is proved. 

Cor. 1. If one of the angles about (7 is a right angle, 
all of the others will be right angles also. For, (P. L, C. 1), 
each of its adjacent angles will 
be a right angle ; and from the 
proposition just demonstrated, its 

opposite angle will also be a right A \^ B 

angle. 

Cor. 2. If one line 2>^ is ** 

perpendicular to another -4J5, then will the second line AJB 
be perpendicular to the first -DJE For, the angles DCA 
and DCB are right angles, by definition (D. 12) ; and 
from what has just been proved, the angles ACE and 
BCE are also right angles. Hence, the two lines ana 
mutually perpendicular to each other. 

Cor. 3. The sum of aD the 
angles ACB, BCD, DCE, ECF, 
EC A, that can be formed about 
a point, is equal to four right 
angles. 
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For, if two lines be drawn through the point, mutually 
perpendicular to each other, the sum of the angles which 
they form will be equal to four right angles, 'and it will 
also be equal to the sum of the given angles (A. 9). Hence, 
the sum of the given angles is equal to four right angles. 



PROPOSITION in. THEOREM. 



Tf two straight lines have 'twc points in common^ they iciU 
coincide throughout their whole extent^ aiid form one and 
the same line. 



B 




Let A and ^ be two points 
common to two lines : then will a.- 
the lines coincide throughout. 

Between A and ^ they must 
coincide (A. 11). Suppose, now, that they begin to separate 
at some point (7, beyond AJ^y the one becoming ACE^ 
and the other ACD. If the lines do separate at (7, one 
or the other must change direction at this point ; but this 
is contradictory to the definition of a straight line (D. 4): 
hence, the supposition that they separate at any point is 
absurd. They must, therefore, coincide throughout; which 
was to he proved. 

Cor. Two straight lines can intersect in only one point. 

Note. — ^The method of demonstration employed above, 
called the reductio ad ahsurdum. It consists in assuming an 
hypothesis which is the contradictory of the proposition to 
be proved, and then continuing the reasoning until the 
assumed hypothesis is shown to be false. Its contradictory is 
thus proved to be true. This method of demonstration is 
often used in Geometry. 
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EOPOsmoN rv. theoebm. 

« 

If a straight line meet two other straight lines at a com 
mon pointy making tJie sum of the contiguous angles 
equal to two right angles^ the two lines met will form 
07ie and the same straight line. 

Let DC meet AC and BG 
at Cy making the sum of the 
angles DC A and DCB equal 
to two right angles : then will 
CD be the ]»rolongation of AC, 

For, if not, suppose CE to be the prolongation of AG\ 
then will the sum of the angles DCA and DCE be 
equal to two right angles (P. I.) : We shall, consequently, 
have (A, 1), 

DCA + DCB = DCA + DCE ; 

Taking from both the common angle DGA^ there re- 
mains, 

DCB = DCB, 

which is impossible, since a part cannot be equal to the 
whole (A. 8 ). Hence, CB must be the prolongation of 
A G ; which was to be proved. 



PBOPOSinON V. THEOEBM. 

If two triangles have two sides and the ifiduded angle of 
the one equal to two sides and the included angle of 
the other^ each to eachy tJie triangles will be eqicaJ in aU 
their parts. 

In the triangles ABC and DEI] let AB be equal 
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to DE^ AG to BF^ and the angle A to the angle Bx 
then will the triangles be equal in all their parts. 

For, let ABC be 
applied to BEF^ in A D 

such a manner that the 
angle A shall coincide 
with the angle 2>, 
the side AB taking 
the direction BE^ and 

the side AG the direction BF, Then, because AB is 
equal to BE^ the vertex B will coincide with the vertex 
E\ and because AG is equal to BF^ the vertex G will 
coincide with the vertex F\ consequently, the side BG 
will coincide with the side EF (A. 11). The two triangles, 
therefore, coincide throughout, and are consequently equal in 
all their parts (I., D. 14) ; xjohich was to be proved. 



PROPOSITION VI. THEOREM. 



If two triangles have two angles and the included side of t/ie 
one equal to two angles and the included side of the other^ 
each to each^ the triangles will be equal iii all their parts* 

In the triangles 
ABG and BEF^ let 
the angle B be equal 
to the angle Ey the 
angle G to the angle 
F, and the side BG 
to the side EF: then 
will the triangles be equal in all their parts. 

For, let ABG be applied to BEF in such a manner 
that the angle B shall coincide with the angle E^ the side 
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BU taking the direction EF^ and the side BA the direc- 
tion ED, Then, because BC is equal to EF^ the vertex 
(7 will coincide with the vertex F\ and because the angle 
C is equal to the angle JFJ the side CA will take the 
direction FD. Now, the vertex A being at the sarae time 
on the lines ED and FD^ it must be at their intersection 
D (P. in., C.) : hence, the triangles coincide througho«t, 
and are therefore equal in all their parts (L, D. 14) ; 
which toas to be proved. 




PROPOSITION Vn. THEOREM. 

The sum of any two sides of a triangle is greater than the 

third side. 

Let ABO be a triangle : then will' 
the sum of any two sides, as AB^ BC^ 
be greater than the third side AC. 

For, the distance from A to (7, 
measured on any broken line ABj BC^ 
is greater than the distance measured on the straight line 
AG (A, 12): hence, the sum of AB and BC is greater 
than AC ; which was to be proved. 

Cor. If from both members of the inequality, 

AC <AP + BC, 

we take away either of the sides AB^ BC, as BC, for 
example, there will remain (A. 5), 

AC -- BC<AB\ 

that is, the difference between any two sides of a triangle is 
less than the third side. 

Scholium. In order that any three given lines may re- 
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present the sides of a triangle, the sum of any two must be 
greater than the third, and the difference of any two must 
be less than the thu'd. 




PROPOSITION Vm. THEOREM. 

If from any point within a triangle two straight lines b^ 
drawn to the extremities of any side^ their sum wiU be 
less than that of the two remaining sides of tJie triangle. 

Let be any point within the triangle 3AC^ and let 
the lines OBy OC^ be drawn to the 
extremities of any side, as BC : A. 

then will the sum of BO and 00 
be less than the sum of the sides 
BA and AC. 

Prolong one of the lines, as BO^ 
till it meets the side AC in 2> ; then, from Prop. VIL, we 
shall have, 

0C< 0J} + DC ; 

adding BO to both members of this inequality, recollecting 

that the sum of BO and OB is equal to BBy we have 
(A. 4), 

BO + 0C <BB -\- BC. 

From the triangle BAB^ we have (P. VII.), 

BB < BA •{• AB \ 

adding DC to both members of this inequality, recollecting 
that the sum of AB and BC is equal to AC^ we have, 

BB + BC<BA ^- AC. 

But it was shown that B0+ OC is less than BB^BC; 
still more, then, is BO + OC less ttan BA + AC ; %Bhich 
toaa to be proved. 
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PEOPOSinON IX THEOREM. 



If two triangles have two sides of tlie 07ie equal to two sides of 
the other^ each to each^ and the included angles U7iegualj the 
third sides will be unequal; and the greater side will belong 
to the tHangle which has the greater included angle. 

In the triangles JBAC and DEF^ let AB be equal to 
DE^ AC to DEj and the angle A greater than the an- 
gle D : then will DC be greater than EE. 

Let the line AG be drawn, making the angle CAO 
equal to the angle J) (Post. 7) ; make AG equal to DEy 
and draw GC. Then will the triangles AGO and DEE 
have two sides and the included angle of the one equal to 
two sides and the included angle of the other, each to each; 
consequently, GC is equal to EE (P. V.), 

Now, the point G may be without the triangle ABCj 
it may be on the side J5C, or it may be within the tri- 
angle ABC, Each case will be considered separately. 

A D 

1^ When G is 

without the triangle 
ABC. 

In the triangles GIC 
and AIB^ we have, 

(P. vn.), 

GI+ IC > GC, and J3I + lA > JJi ; 

whence, by addition, recollecting that the sum of £J and 
IC is equal to J}C, and the sum of GI and lA, to QA, 
vre have, 

AG + JBC > AB + GC. 
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Or, mnce AG = ABj and GO = EF^ we have, 

AB ^ BC > AB ^ EF. 
Taking away the common part AB^ there remains (A. 6), 

BG > EF. 

2^ Wh^ G is on BC. 

In this case, it is obvious 
that 6? (7 is less than BC\ or, 
since GC = EF^ we have, 

BG > EF. 

3®. When G is within the triangle ABC. 
From Proposition VllL, we have, 

BA + BG > GA + GG\ 

or, since GA = BA^ and GG = EF^ Bva 

wo have, 

BA + BG > BA ■\' EF. 

Taking away the common part AB^ 

there remains, 

BG > EF. 

' Hence, in each case, BG is greater than EF\ which was 
to be proved. 

Converedy : If in two triangles ABG and JDEF^ the 
aide AB is equal to the side DE^ the side AG to DF^ 
and BG greater than EF^ then will the angle BAG be 
greater than the angle EDF. 

For, if not, BAG must either be equal to, or less than, 
EDF. In the former case, BG would be equal to EF 
(P. v.), and in the latter case, BG would be less than 
EF\ either of which would be contrary to the hypothesis : 
hence, BAG must be greater than EDF. 
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PROPOSITION X. THEOKEM. 

If two triangles have the three sides of t?ie one ejual to the 
three sides of the other^ each to eac\ the triangles toiU be 
equal in all their parts. 

In the triangles ABC and 2>JEF, let AJ^ be equal to 
DB, AC to DF, and BC to jEF: then will the tri- 
angles be equal in all their parts. 

For, since the sides 
ABy ACy are equal to A 

JDjEy DjP\ each to each, 
if the angle A were 
greater than 2>, it would 
follow, by the last Pro- 
position, that the side 

JBC would be greater than £!F; and if the angle A were 
less than i>, the side BC would be less than JEJK But 
BC is equal to J57^ by hypothesis ; therefore, the angle A 
can neither be greater nor less than 2) : hence, it must be 
equal to it. The two triangles have, therefore, two sides and 
the included angle of the one equal to two sides and the inclu- 
ded angle of the other, each to each ; and, consequently, they 
are equal in all their parts (P. V.) ; which was to be proved. 

Scholium. In triangles, equal in all their parts, the equal 
sides lie opposite the equal angles; and conversely. 

i 

PROPOSITION XL THEOBEli. 

In an isosceles triangle the angles opposite the equal sides are 

equal. 

Let BAG be an isosceles triangle, having the lide AJ3 
equal to the side A C : then will the angle C be equal to 
the angle B. 
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Join the vertex A and the middle point D of the base 
BG, Then, AB is equal to AC^ hj hypothesis, AD 
common, and ^D equal to DCj by 
construction : hence, the triangles JBADj ^ 

aivd DAC^ have the three sides of the / 

one equal to those of the other, each to / 

each ; therefore, by the last Proposition, t>Z_ 

the angle JB is equal to the angle C; 
which toas to be proved. 

Cor. 1. An equilateral triangle is equiangular. 

Cor. 2. The angle BAB is equal to BACj and BBA 
to CBA : hence, the last two are right angles. Conse- 
quently, a straight line drawn frmn the vertex of an isosceles 
triangle to the middle of the base, bisects the angle at the vertex, 
and is perpendicular to the base. 



PROPOSITION Xn, THEOEEM. 

J^ two angles of a triangle are equals the sides opposite to 
them are also eqtialj and consequently^ the triangle is isoe^ 
celes. 

In the triangle ABCj let the angle 
AJBC be equal to the angle ACB : 
then will AC be equal to AB^ and 
consequently, the triangle will be isosceles. 

For, if AB and -4(7 are not equal, 
suppose one of them, as AB^ to be the 
greater. On this, take BB equal to AC (Post. 3), and 
draw BC. Then, in the triangles ABC^ BBCy we have 
the side BB equal to AC, by construction, the dde BG 
common, and the included angle ACB equal to the included 
angle BBC, by hypothesis: hence, the two triangles are equal 
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in all their parts (P. V.). But this is impossible, beoanse a 
part cannot be equal to the whole (A. 8) : hence, the 
hypothesis that AJS and AC are unequal, is false. They 
must, therefore, be equal ; tohich was to be proved. 

Cor. An equiangular triangle is equilateral* 




PROPOSITION Xin. THEOREM. 

fn any triangle^ the greater side is opposite the greater angle} 
and^ conversely^ the greater angle is opposite the greater 
9ide» 

In the triangle ABC^ let the angle 
ACB be greater than the angle ABC: 
then will the side AB be greater than 
the side AC. 

For, draw (7Z>, making the angle 
BCD equal to the angle B (Post. 7) : 
then, in the triangle BCBy we have the angles DCB and 
DB C equal : hence, the opposite sides JDB and D C are 
equal (P. XII.). In the triangle ACJD^ we have (P. VIL), 

AD •{- DC > AC \ 
or, rince JDC = BB, and AD + DB = AB^ we have, 

AR>AC\ 

tohich teas to be proved. 

Conversely: Let AB be greater than ACi then ^vUl tlie 
angle ACB be greater than the angle ABC. 

For, if ACB were less than ABC^ the side AB would 
be less than the side A C, from what has just been proved ; 
if ACB were equal to ABCy the side AB would J[>e 
equal to AC^ by Prop. XIL; but both conclusions are contrary 
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to the hypothesis : hence, A CB can neither be less than, 
nor equal to, AB (7 ; it must, therefore, be greater ; which 
teas to be proved. 




PEOPOSmON XIV. THEOREM. 

JPVom a given point only one perpendicular can he dravm Ik 

a given straight line. 

Let ^ be a given point, and AB 
a perpendicular to DE : then can no 
other perpendicular to DE be drawn 
from A. 

For, suppose a second perpendicular 
-4(7 to be drawn. Prolong AB till 
BF is equal to AB^ and draw CF. 
Then, the triangles ABC aud FBC will have AB equal 
to BF^ by construction, CB common, and the included 
angles ABC and FBC equal, because both are right an- 
gles : hence, the angles A CB and FCB are equal (P. V.) 
But ACB is, by a hypothesis, a right angle : hence, 
FCB must also be a right angle, and consequently, the line 
ACF must be a strjught line (P. IV.). * But this is impos- 
idble (A. 11). The hypothesis that two perpendiculars can 
be drawn is, therefore, absurd ; consequently, only one such 
perpendicular can be drawn ; which was to be proved. 

If the given point is on the given line, the proposition 
is e^qually true. For, if from A two perpendiculars AB 
and AC could be drawn to BE^ 
we should have BAE and CAE 
each equal to a right angle ; and 
consequently, equal to each other ; 
which is absurd (A. 8). 

8 
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PEOPOSinON XV. THEOKEM. 

If from a point vsithout a straight line a perpendicular he 
let faU on the line^ and oblique lines he drawn to differ- 
ent points of it : 

1**. The perpetidicular will be shorter than any oblique line. 

2°. Any two oblique lines that meet the given line at points 
equally distant from the foot of the perpendicular^ wiU 
be equal: 

3°. Of two oblique lines that meet the given line at points 
unequally distant from the foot of the perpendicular^ the one 
which meets it at the greater distance wiU be the longer. 

Let -4 be a given point, DJE a 
given straight line, AB a perpendicular 
to DEy and AB^ AC, AE oblique 
lines, BG being equal to BE, and BD 
greater than BG. Then will AB be 
less than any of the oblique lines, AG 
will be equal to AE, and AD greater 
than AG. 

Prolong AB untU BF is equal to AB, and draw 
FO^ FD. 

. l^ In the triangles ABG, FBG, we have the side 
AB equal to BF, by construction, the mde BG conimoni 
and the included angles ABG and FBG equal, because both 
are right angles : hence, FG is equal to AG (P. V.). 
But, AF is shorter than AGF (A. 12): hence, AB, the 
half of AF, is shorter than AGs the half of AGP\ which 
was to be proved. 

2**. In the triangles ABG and ABE, we have tha 
side BG equal to BE, by hypothesis, the side AB com 
mon, and the included angles ABG and ABE equal) 
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because both are right angles: hence, AC is equal to AE\ 
lohich fjoas to he proved. 

3°. It may be shown, as m the first case, that AD is 
equal to DK Then, because the point O lies within the 
triangle ADF\ the sum ot the lines AD and DF will be 
greater than the sum of the lines AC and CF (P. Vill.): 
hence, AD^ the half of ADFy is greater than ACy the 
half of A CF ; which was to he proved. 

Cor. 1. The perpendicular is the shortest distance from a 
point to a line. 

Cor. 2. From a given point to a given straight line, only 
two equal straight lines can be drawn ; for, if there could 
be more, there would be at least two equal oblique lines on 
the same side of the perpendicular ; which is impossible. 

PROPOSITION XVI. THEOREM. 

jpT a perpendicular be drawn to a given straight line at its 

middle point : 
V. Any point of ths perpendicular wiU he equally distant 

from the extremities of the line: 

2^. Any pointy without the perpendicular^ wiU he unequalfy 
distant from the extremities. 

Let AB be a given strmght line, G 
its middle point, and FF the perpendicular. 
Then will any point of FF be equally dis- 
tant from A and D ; and any point without 
FFy will be unequally distant from A and D. 

V. From any point ot-FF^ as 2>, draw 
the lines DA and DD. Then will DA 
and DD be equal (P. XV.) : hence, D is 
equally distant from A and D ; which was to 6e proved. 




86 



GEOMETRY. 



2*. From any point without JEZ^ as J, draw lA and 
IB. One of these lines, as lA^ will cut EF in some 
point D ; draw I>B. Then, from what 
has just been shown, DA and DB will 
be equal ; but IB is less than the sum 
of IB and BB (P. VII.) ; and because 
the sum of IB and BB is equal to the 
sum of IB and BA^ or Z4, we have 
IB less than lA : hence, I is unequally 
distant from A and j& ; which was to he 
proved. 

Cor. If a straight line JSF have two of its points E 
and F equally distant from A and -S, it wiU be perpen- 
dicular to the line AB at its middle point. 
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PROPOSITION XVn. THEOREM. 

If two right-angled triangles have the hypothenuse and a side 
of the one equal to the hypothenuse and a side of the 
otJieTy each to each^ the triangles wiU be eqicai in aU their 
parts. 

Let the right-angled tri- ^ 
angles AB C and BFF have 
the hypothenuse AC equal 
to BFy and the side AB B 
equal to BF: then will the 
triangles be equal in all their parts. 

If the side BO is equal to FF^ the triangles will be 
equal, in accordance with Proposition X. Let us suppose then, 
that BC and FF are unequal, and that BC is the 
longer. On ^C lay off BO equal to FF^ and draw 
AG. The triangles ABQ and BFF have AB equal to 
DJE, by hypothesis, BQ equal to FFj by construction, and 
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the angles B and E equal, because both are right angles; 
consequently, AG is equal to DF (P. V.) But, AC is 
equal to 2>jPJ by hypothesis: hence, AG and AC are equal, 
which is impossible (P. XV.). The hypothesis that BC and 
EF are unequal, is, therefore, absurd : hence, the triangles 
have all their sides equal, each to each, and are, consequently, 
equal in all of their parts ; which was to be proved. 



PEOPOSinON XVUl. THEOREM. 

If two straight lines are perpendicular to a third straight Ufw, 

they will be parallel 

Let the two lines AC^ BD^ be perpendicular to ABi 
then will they be parallel 

For, if they could meet in a 
point 0, there would be two 
perpendiculars 0-4, 0-B, drawn 
from the same point to the same 

straight line ; wliich is impossible (P. XIV.) : hencei the 
lines are parallel ; which was to be proved. 
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DEFINrnONS. 

If a strsught line FF inter- 
sect two other straight lines AB 
and CBj it is called a secanty 
with respect to them. The eight 
angles formed about the points of 
intersection have different names, 
with respect to each other. 

1**. Interior angles on the same side, are those that 
lie on the same side of the secant and within the other two 
lines. Thus, BOS and OHD are mterior angles on the 
same side. 
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2"*. ExTBBiOB ANGLES ON THE SAHB SIDE, are thoBO that He 
on the same side of the secant and toithout the other two 
lines. Thus, BGJB and D^I" 
are exterior angles on the same 
side. 

3°. Alternate angles, are 
hose that lie on opposite sides 
i>f the secant and within the 
other two lines, but not adja- 
cent. Thus, AG£r and GJZZ> 
are alternate angles. 

4°, Alternate exteeiob angles, are those that lie on 
opposite sides of the secant and toithout the other two lines. 
Thus, AGE and FHD are alternate exterior angles. 

5^. OPFOSrrB EXTEBIOS AND INTEBIOB ANGLES, are thoSO 

that lie on the same side of the secant, the one toithin and 
the other without the other two lines, but not adjacent. Thus, 
EGjB and GHD are opposite exterior and interior angles. 

PBOPOSITION XIX. THEOEEM. 

If two straight lines meet a third straight line, making the 
mm of the interior angles on the same side equal to two 
right angles^ the two lines will be parallel 

Let the lines ITC and MD meet the line £Ay making 
the sum of the angles BAC and ABD equal to two right 
angles: then will KG and HD be parallel. 

Through 6r, the middle point 
of ABy draw GF perpendicular 
to KCy and prolong it to E. 

The sum of the angles GBE 
and GBD is equal to two right "^ A F 
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angles (P. I.) ; the sum of the angles FAG and QBB is 
equal to two right angles, by hypothesis : hence (A. 1), 

GBE-^ GBD = FAG + GBB. 

Taking from both the common part GBDy we have the 
angle GBE equal to the angle FAG. Again, the angles 
BGE and AGF are equal, because they are vertical an- 
gles (P. n.) : hence, the triangles GFB and GFA have 
two of their angles and the included side equal, each to each; 
they are, therefore, equal in all their parts (P. VI.) : hence, 
the angle GFB is equal to the angle GFA. But, GFA 
is a right angle, by construction ; GFB must, therefore, be 
a right angle : hence, the lines KG and JBJ) are both per- 
pendicular to EF^ and are, therefore, parallel (P. XV III.) ; 
which was to be proved. 

Cor. 1. If two straight lines are cut by a third straight 
line, making the alternate angles equal to each other, the 
two straight lines will be parallel. 

Let the angle HGA be equal E 

to GHD. Adding to both, the 
angle HGB^ we have, ^ '/" ^ 

HGA + HGB = GRD + HGB. 
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But the first sum is equal to 

two right angles (P. I.) : hence, 

the second sum is also equal to two right angles ; therefore, 

from what has just been shown, AB and CD are parallel. 

Cor. 2. If two straight lines are cut by a third, making 
the opposite exterior and interior angles equal, the two straight 
lines will be parallel. Let the angles EGB and GHD be 
equal : Now EGB and A GH are equal, because they are verti- 
cal angles (P. 11.) ; and consequently, AGII and GHD are 
equal: hence, from Cor, 1, AB and CD are parallel. 
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PROPOSITION XX THEOREM. 

If a straight line intersect two parallel straight lineSy the sum 
of the interior angles on the same side will he equal to 
two rig^it angles 

Let the parallels -dLJ?, CD^ be cut by the secant line 
FE : then will the sum of HGB and OHJ) be equal to 
two right angles. 

For, if the sum of HGB 
and GHD is not equal to 
two right angles, let IGL be 
drawn, making the sum of HGL 
and GHD equal to two right 
angles ; then IL and CD will 
be parallel (P. XIX.) ; and consequently, wo shall have two 
lines OBy GL^ drawn thi*ough the same point G and par- 
allel to (7i>, which is impossible (A. 13) : hence, the sum 
of HGB and GHD^ is equal to two right angles ; which 
was- to be proved. 

In like manner, it may be proved that the sum of HQA 
and GHCy is equal to two right angles. 

(7ar. 1. If HGB is a right angle, GHD will be a right 
angle also : hence, if a line is perpendicvlar to one of two 
parallels^ it is perpendictdar to the other also. 

Cor. 2. If a straight line meet twc parallels^ the alternate 
angles will be equal. 

For, if AB and CD are 
parallel, the sum of BGH and 
GHD is equal to two right 
angles ; the sum of BGH and 
,HGA is also equal to two right 
angles (P. I.) : hence, these sums 
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are eqaaL Taking away the common part BOSy there re- 
mains the angle QHD equal to HGA. In like manner, 
it may be shown that BGH and GHO are equal 

• 

Cor. Z, If a straight line meet two parallels^ the op}yo8ite 
Exterior and interior angles mil be equal. The angles DHG 
and HGA are equal, from what has just been shown. The 
angles HGA and BGE are equal, because they are verti- 
cal : hence, DHG and BGE are equal. In like manner, 
it may be shown that CHG and AGE are equal. 

Scholium, Of the eight angles formed by a line cutting 
two parallel lines obliquely, the four acute angles are equal, 
and so, also, are the four obtuse angles. 



PnoposrriON xxi. theorem. 

If two straight lines intersect a third straight line, making the 
sum of the interior angles on the same side less than two 
right angles, the two lines will meet if sufficiently produced. 

Let the two lines (7i>, JZ, meet the line EF^ makmg 
the sum of the interior angles HGL^ GHD^ less than two 
right angles : then will IL and CD meet if sufficiently pro- 
duced. 

For, if they do not meet, 
they must be parallel (D. 16). 
But, if they were parallel, the 
sum of the interior angjes HGL^ 
GHBy would be equal to two 
right angles (P. XX.), which is 
contrary to the hypothesis : hence, 
7i, CZ>, will meet if sufficiently produced ; which wa$ to be 
proved. 
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Cor. It is evident that JX and CD, will meet on that 
side of JS!/^ on which the sum of the two angles is less 
than two right angles. 



PROPOSITION XXn. THEOREM. 

If two straight lines are paraUd to a third Kne^ they arc. 

parallel to each other. 

Let AB and CD be respectively 
parallel to EF: then will they be par- 
allel to each other. 

For, draw PH perpendicular to 
EF\ then will it be perpendicular to 
ABy and also to CD (P. XX., C. 1) : 
hence, AB and CD are perpendicu- 
lar to the same straight line, and consequently, they are par- 
allel to each other (P. XVHI.) ; which was to he proved. 
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PROPOSITION XXnL THEOREM. 

Two parallels one everywhere equally distant. 

Let AB and CD be parallel : then will they be every- 
where equally distant. 

From any two points of ABj as 
F and B, draw Fff and £J0 
perpendicular to CD ; they will also be 
perpendicular to AB (P. XX., C. 1), A-^ 
and will measure the distance between 

AB and CZ>, at the points F and F. Draw also FG 
The lines FjET and FG are paraUel (P. XVm.) : hence, 
the alternate angles SFG and FGF are equal (P. XX., C. 2). 
The lines AB and CD are parallel, by hypothesis : hence. 
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the alternate angles UFG and FGM are equal The tri- 
angles FGJEJ and FGH have, therefore, the angle HGF 
equal to GFE^ GFH equal to FGE. and the side FG 
common ; they are, therefore, equal m all their parts (P. VI.) 
hence, FH is equal to EG ; and consequently, AB and 
CD are everywhere equally distant ; tohich was to be pi'ovecL 

PROPOSITION XXIV. THEOREM. 

If two angles ham their sides paraUely and lying either in 
the same^ or in opposite directions^ tJiey will be equaJ>. 

V. Let the angles ABC and BEF have their sides 
parallel, and lying in the same direction : then will they be 
equal. 

Prolong FE to i. Then, because ^ / /j^ 

BE cvnd AL are parallel, the exterior / / 

angle BEF is equal to its opposite in- LA— — Z p 

terior aagle ALE (P. XX., C. 3) ; and / 
because BG and LF are parallel, the ^ 
exterior angle ABE is equal to its op- 
posite interior angle ABC : hence, BEF is equal to 
ABC ; which was to be proved, 

2^ Let the angles ABC and GHK A 

have their sides parallel, and lying in op- . 7 /M 

posite directions : then will they be equal. / B^ 

Prolong GH to M, Then, because 
and BM are parallel, the exterior 




angle OHJZ is equal to its opposite interior angle BOdB , 
and because HM and BC are parallel, the angle HMB 
is equal to iii^ alternate angle MBG (P. XX., C. 2) : hence, 
QHK is eqnul to ABC\ which was to he' proved. 

Cor. The cjrposito angles of a parallelogram are equaL 

-J- 
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PROPOSITION XXV. THEOREM. 

Tn any triangle^ tJie sum of the three Wtgles is equal to two 

right angles. 

Let CBA be any triangle : then will the sum of the 
angles C, -4, and ^, be equal to 
two right angles. 

For, prolong CA to jD, and draw 
AU parallel to JSC. 

Then, since A^ and CB are 
parallel, and CD cuts them, the ex 
terior angle DAE is equal to its 

opposite interior angle G (P. XX., C. 3). In like manner, 
smce AE and CB are parallel, and AB cuts them, the 
alternate angles ABG and BAE are equal: hence, the 
sum of the three angles of the triangle BACy is equal to 
the sura of the angles CAB^ BAEy EAD ; but this sum 
is equal to two right angles (P. I., C. 2); consequently, the 
sum of the three angles of the triangle, is equal to two 
right angles (A. 1) ; which was to be proved. 

Cor. 1. Two angles of a triangle being given, the third 
will be found by subtracting their sum from two right angles. 

Cor. 2, If two angles of one triangle are respectively 
equal to two angles of another, the two triangles are mutually 
equiangular. 

Cor. 3. In any triangle, there can be but one right angle; 
for if there were two, the third angle would be zero. Nor 
can a triangle have more than one obtuse angle. 

Cor. 4, In any right-angled triangle, the sum of the acute 
angles is equal to a right angle. 
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C(/r, 6. Since every equilateral triangle is ako equiangular 
(P. XI., C. 1), each of its angles will be equal to the third part 
of two right angles ; so that, if the right angle is expressed 
by 1, each angle, of an equilateral triangle, will be expressed 

Cor. 6. In any triangle ABO^ the extenor angle BAD 
is equal to the sum of the interior opposite angles B and 
G. For, AE being parallel to BC^ the part BAE is 
equal to the angle B^ and the othei part DAE^ is equal 
to the angle C 



PROPOSITION XXVL THEOREM. 

The sum of the interior angles of a polygon is equal tc 
two right angles taken as many times as the polygon has 
sideSj less two. 

Let AB CDE be any polygon : tnen will the sum of its 
interior angles -4, -B, (7, 2>, and E^ be equal to two right 
angles taken as many times as the polygon has sides, lees 
two. 

From the vertex of any angle -4, draw 
diagonals -4(7, AD. The polygon will be 
divided into as many triangles, less two, as 
it has sides, having the point A for a 
common vertex, and for bases, the sides of 
the polygon, except the two which form the 
angle A. It is evident, also, that the sum of the angles of 
these triangles does not differ from the sum of the angles of 
the polygon : hence, the sura of the angles of the polygon is 
equal to two right angles, taken as many times as there are 
triangles ; that is, as many times as the polygon has sides, 
lees two ; ¥>hich was to be proved. 
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Cot, 1. The sum of the mterior angles of a quadrilateral 
is equal to two right angles taken tAvice ; that is, to four 
right angles. If the angles of a quadrilateral are equal, each 
will he a right angle. 

Cot, 2. The sura of the interior angles of a pentagon is 
c<inal to two right angles taken three times ; that is, to she 
right angles : hence, when a pentagon is equiangular, each 
angle is equal to the fifth part of six right angles, or to } 
of one right angle. 

Cot, 3. The sum of the interior angles of a hexagon is 
equal to eight right angles : hence, in the equiangular 
hexagon, each angle is the sixth part of eight right angles, 
or f of one right angle. 

Cor, 4. In any equiangular polygon, any interior angle ia 
equal to twice as many right angles as the figure has sides, 
less four right angles, divided by the number of angles. 



PROPOSITION XXVn. THEOBEM. 

The sum of the exterior angles of a polygon is egtuxl to 

four right angles. 

Let the sides of the polygon ABCDE 

be prolonged, in the same order, forming 

he exterior angles a^ by c, d^ e\ then will 

the sum of these exterior angles be equal 

to four right angles. 

For, each interior angle, together with 
the corresponding exterior angle, is equal 
to two right angles (P. L) : hence, the sum of all the inte- 
rior and exterior angles is equal to two right angles takes 
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as many times as the polygon has sides. But the sum of 
the interior angles is equal to two right angles taken as 
many times as the polygon has sides, less two : hence, the 
sum of the exterior angles is equal to two right angles taken 
twice ; that is, equal to four right angles ; which was to be 
proved. 




PROPOSITION XXVnL THEOREM. 

In any pardUdogram^ the opposite sides are egual^ each to 

each. 

Let ABCD be a parallelogram: then 
will AB be equal to j9C, and AD to 
BG. 

For, draw the diagonal BD. Then, 
because AB and BO are parallel, the 
angle DBA is equal to its alternate 
angle BDC (P. XX., C. 2) : and, because AD and -B(7 
are parallel, the angle BDA is equal to its alternate angle 
DBC. The triangles ABD and CDBy have, therefore, 
the angle DBA equal to CDB^ the angle BDA equal 
to DBC^ and the included side DB common ; consequently, 
they are equal in all of their parts : hence, AB is equal 
to 2X7, and AD to BC\ which was to he proved. 

Cor. 1. A diagonal of a parallelogram divides it into two 
tri&ngles equal in all their parts. 

Got. 2. Two parallels included between two other par 
allels, are eqnaL 

Got. d» If two parallelograms have two ddes and the 
included angle of the one, equal to two sides and the induded 
angle of the other, each to each, they will be eqnaL 
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PROPOSITION XXIX. THEOREM. 

If the opposite sides of a quadrilateral are eqicalj each to 

eachy the figure is a parallelogram. 

In the quadrilateral ABCD^ let AB 
be equal to J9(7, and AD to BC \ 
then will it be a parallelogram. 

Draw the diagonal DB, Then, the 
triangles ADB and CBD^ will have 
the sides of the one equal to the sides of the other, each to 
each ; and therefore, the triangles will be equal in all of their 
parts : hence, the angle ABD is equal to the angle CDB 
(P. X., S.) ; and consequently, AB is parallel to DC (P. 
XIX., C. !)• The angle DBC is also equal to the angle 
BDAy and consequently, BG is parallel to AD: hence, 
the opposite sides are parallel, two and two ; that is, the 
figure is a parallelogram (D. 28) ; which teas to be proved* 



PROPOSITION XXX. THEOREM. 

jy two sides of a quadrilateral are equal and paraUd^ the 

figure is a parallelogram. 

In the quadrilateral ABCD^ let AB 
be equal and parallel to DCx then will 
the figure be a parallelogram. 

Draw the diagonal DB, Then, be- 
cause AB and DC are parallel, the 
angle ABD is equal to its alternate angle CDB, Now, 
the triangles ABJp and CZ>J5, have the ade DC equal 
to ABy by hypothesis, the side DB common, and the 
included angle ABD equal to BDCy from what has jiiat 
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been shown; hence, the triangles are equal in all their parts 
(P. V,) ; and consequently, the alternate angles ADB and 
DBC are equal. The sides BC and AD are, therefore, 
parallel, and the figure is a parallelogram ; tohtch was to be 
proved. 

Cor. If two points be taken at equal distances from a 
given straight line, and on the same side of it, the straight . 
line joining them will be parallel to the given line. 

PROPOSITION XXXI. THEOREM. 

The diagonals of a parallelogram divide each other inio 
eqical partSy or mutually bisect each other. 

Let ABCD be a parallelogram, and 
AG^ BD^ its diagonals: then will AE 
be equal to EG^ and BE to ED. 

For, the triangles BEG and AED^ 
have the angles EBG and ABE equal 
(P. XX., C. 2), the angles EGB and DAE equal, and the 
included sides BG and AD equal : hence, the triangles 
are equal in all of their parts (P. VI.) ; consequently, AE is 
equal to JF(7, and BE to ED ; which was to be proved. 

Scholium. In a rhombus, the sides AB^ BG^ being 
equal, the triangles AEBy EBG^ have the sides of the 
one equal to the corresponding sides of the other ; they are, 
therefore, equal : hence, the angles AEB^ BEG^ are equal, 
and therefore, the two diagonals bisect each other at right 
angles. 




BOOK II. 

BATIOS AND PB0P0BTI0K8. 
DEFINITIONS. 

1. The Ratio of one quantity to another of the same 
kind, is the quotient obtained by dividing the second by the 
first. The first quantity is called the Antecedent, and the 
second, the Consequent. 

3. A Pbopobtion is an expression of equality between 
two equal ratios. Thus, 

J. •" (7 » 

expresses the &ct that the ratio of ^ to J? is equal to 
the ratio of C7 to 2>. In Geometry, the proportion fa 
written thus, 

and read, ^.istoJ?, asCistoD. 

8. A Continued Pbopobtion is one in which several 
ratios are successively equal to each other ; as, 

A : JB : : O : D : : B : F : : Q : J, &o 

4. There are four terms in every proportion. The first 
and second form the first couplet^ and the third and fourth, 
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the second couplet. The first and fourth terms are called 
extremes/ the second and third, means^ and the fourth term, 
a fourth proportional to the other three. When the second 
term is equal to the third, it is said to be a mean 2^^oportional 
between the extremes. In this case, there are but threo 
different quantities in the proportion, and the last is said to 
be a third proportional to the other two. Thus, if we have, 

A . B W B \ Cy 

i9 is a mean proportional between A and (7, and (7 is a 
third proportional to A and B. 

6. Quantities are in proportion by altemationy when ante- 
cedent is compared with antecedent, and consequent with con- 
sequent. 

6. Quantities are in proportion by inversion^ when ante- 
cedents are made consequents, and consequents, antecedents. 

7. Quantities are in proportion by composition^ when the 
sum of antecedent and consequent is compared with either 
antecedent or consequent. 

8. Quantities are in proportion by divisioUy when the dif-' 
ference of the antecedent and consequent is compared either 
with antecedent or consequent. 

9. Two varying quantities are reciprocaUy or inversely 
proportional, when one is increased as many times as the 
other is diminished. In this case, their product is a fixed 
quantity, as a^ = m. 

10 Equimultiples of two or more quantities, are the pro- 
ducts obtained by multiplying both by the same quantity. 
Thus, mA and mi?, are equimultiples of A and B» 
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PROPOSITION I THEOREM. 

Jf f<yur quantities are in proportion^ the proditct of the 
means vsiU be equal to t?ie produ>ct of the extremes. 

Assume the proportion, 

» 7) 

A : -B : : G : D\ whence, "T = "^ > 

clearing of fractions, we have, 

JBC = AD\ 
which was to he proved. 

Cor. If J5 is equal to (7, there will be but three pro- 
portional quantities ; in this case, t?ie sqtcare of the mean it 
equal to the proditct of the extremes. 



PROPOSITION n. THEOREM, 

^ the product of two quantities is equal to the product of 
two other qitantitiesj two of them may be made the 
meansy and the other two the extremes of a prcporHon. 

If we have, 

AD = JBC, 

tfy chan^g the members of the equation, we hayei 

J3C=zADi 

dividing both members by -4(7, we have, 

S D 

2" = -^ f or A : JB ; : (7 : jD ; 

was to be proved. 
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PBOPOSITION m. THEOEEIL 

If fow qiumtitiea are in proportion^ they wiU he in pro- 
portion by altemcUion. 

Assume the proportion, 

A : £ : : C : J); whence, -j- = -^» 

Q 

Multiplying both members by ^, we have, 

-J- = -^ ; or, A : O : : B : D; 
which was to be proved. 



PROPOSITION IV. THEOBEM. 

jQf one couplet in each of two proportions is the same^ the 
other caujpkts will form a proportion. 

Aasiomfi the proportions, 

A I B : : G I D; whence, -j- = -^ ; 

and, A I B : : J^ : O; whence, -j- = =• 

From Axiom 1, we have, 

I> O ^ ^ ^ ^ ^ 

•^ = •= ; whence, G : B i t I' : Q; 

which was to be proved. 

Cor. If the antecedents, in two proportions, are the same 
the consequents will be proportional. For, the antecedents 
of the second couplets may be made the consequents of tke 
first, by alternation (P. IH.). ^.\^ 
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PBOPOSmON V. THEOREM. 

If four quantities are in proportion^ they vsiU he in pro- 
portion by inversion. 

Assume the proportion, 

A I B \ I C I D\ whence, -j- = -tt * 

If we take the reciprocals of both members (A. 7), we have, 

A C 

^ = -^; whence, B i A i x D i C\ 

which was to he proved. 



PBOPOSmON VL THEOEEIC 

Jff four quantities are in proportion^ they vnU he in pro- 
portion hy composition or division. 

Assume the proportion, 

A I B : I C I D\ whence, -j = -^ • 

If we add 1 to both members, and subtract 1 firom beCh 
members, we shall have, 

^+1 =^+l; and, ^«i = ^-i5 

whence, by reducing to a common denominator, we have, 

B + A D+G , B'-A D^G . 

— -^ — = — c~^ ^^ — A — ~ — G — * whence, 

A : B+A ; : G : 2>+ (7, and, A : B-A : : (7 : D— (7 
which was to he proved. 
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PROPOSITION Vn. THEOBEM. 

EquimvUijilea of two quantitiea are proportional to the gwm^ 

titiea themselves. 

Let A and 3 be any two quantities ; then -j- will 

denote their ratio. 

If we multiply both terms of this fraction by m, its 
value will not be changed ; and we shall have, 

— J = -J ; whence, mA : mB : : A i £i 

which was to be proved. 



PROPOSITION Vm. THEOREM, 

If four qiuintities are in proportion^ any equimultiples €f 
the first couplet toiU be proportional to any equimultiples 
of the second couplet. f 

Assume the proportion, 

A : jB : : : Di whence, -j- = -7=- • 

' ^ A C 

If we multiply both terms of the first member by m, and 
both terms of the second member by n, we shall have, 

mJB nD , ^ »» r, •> 

—J = — p ; whence, mA : mB : : nU : fU>\ 

which was to be proved. i 
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PBOPOSmON IX THSOBEM. 

If two quantities he increased or diminished hy like parte 
of eacliy the results wiU he proportional to the qiuintitiea 
themselves. 

We have, Prop. Vll., 

A I £ : : mA : mB. 

If we make m = 1 ± — , in which — is any fraction, 
we shall have, 



P 



A I B II A±^A : B±^Bi 

2 S 



which was to he proved* 



PBOPOSmON X THEOREM, 

If hoth terms of the first couplet of a proportion he in- 
creased or diminished hy like parts of each ; and if hoth 
terms of th^ second couplet he Increased or diminished hy 
any other like parts of eachj the results wiU he in pro- 
portion. 

Since we have, Prop. YULL, 

mA : mB : : nO : nBi 

if wo make m = 1 ± — , and, n = 1 ± -^ , we shall 
have, 

A±^A : B±^B :: (7±^(7 : D±^Di 
q q q' q' 

which was to he proved. 



BOOK II. 67 



PBOPOSITIOK XL THEOEEM. 

Si any contimced proportion^ the sum of the antecedents is 
to the sum of the consequents^ as any antecedent to its 
corresponding consequent. 

From the definition of a continued proportion (D. 3), 

hence, 

whence, JBA = AJB ; 



A " A' 



B _D 

A'' C 



whence, BC = AD ; 



--T = -= ; whence, BE = AF ; 



B _S^ 

A ^ G' 



whence, BG = AM ; 



&c., &c. 

Adding and factoring, we have, 

jB(^ + C^ JS+ G + &c.) = A{B +J} + 2?^+ J5r+ ifcc.) : 

hence, from Proposition XL, 

A + C + JE^G + Ao. : 5 + i> + jP+ JT+Ac •: ^ : -Bj 

which was to be proved. 
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PBOPOSmOK ZIL THEOBEM. 

If two proportions be mnJUiplied together^ term by term^ tlie 

products fjoiU be proportional. 

Assume the two proportions, 

A I B I I C I Di whence, -7 = -7^ : 

AC 

•p rr 

and, E \ F \ X O \ H\ whence, -= = ^- 
Multiplying the equations, member by member, we have, 

^ = :^; whence, AE \ BF m CO : DH\ 

which ioas to be proved. 



Cor. I. If the corresponding terms of two proportions 
are equal, each term of the resulting proportion will be the 
square of the corresponding term in either of the given pro- 
portions : hence, Jf four quantities are proportional^ their 
squares toiU be proportional 

Cor. 2. If the principle of the proposition be extended 
to three or more proportions, and the corresponding terms 
of each be supposed equal, it will follow that, like powers 
qf proportio7ud quantities are proportionals. 
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THE OIBCLB AKD THB MBASUBBMBNT OF ANGLES 

DEFTNinOKS. 

1. A CiBCLB is a plane figure, 
bounded by a curved line, every point 
of which is equally distant from a point 
within, called the centre. 

The bounding line is called the cfr- 
cum/erence, 

2. A Radius is a straight line drawn from the oentre 
to any point of the circumference. 

3. A DiAMETEB is a strsdght line drawn through the 
centre and terminating in the circumference. 

All radii of the same circle are equal. All diameters 
are also equal, and each is double the radius. 

4. An Abc is any part of a circumference. 

5. A Chord is a straight line joining the extremities of 
an arc. 

Any chord belongs to two arcs : the smaller one is meant, 
miless the contrary is expressed. 

6. A Segment is a part o^ a circle included between an 
arc and its chord. 

7. A Sector is a part of a circle included by an arc and the two 
radii drawn to its extremities. 



-^■v 
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8. An Inscbibed Akglb is an angle 
whose vertex is in the circumferencey and 
whose sides are chords. 






9. An Inscribed Polygon is a poly- 
gon whose vertices are all in the circum- 
ference. The sides are chords. 

10. A Secant is a straight line which 
cuts the circumference in two points. 

11. A Tangent is a straight line which 
touches the circumference in one point only. 
This point is called, the point of contact^ 
or, the point of tangency. 

12. Two circles are tangent to 
each otheTy when they touch each 
other in one point. This point is 
called, the point of contact^ or the 
point of tangency. 

13. A Polygon is circumscribed about 
a cirdCy when all of its sides are tangent 
to the circumference, 

14. A Circle is inscribed in a polygon^ 
when its circumference touches all of the 
sides of the polygon. 

POSTULATE. 

A circumference can be described from any point at % 
centre^ and with any radius. 
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PBOPOSinON I. THEOEEM. 

Any diameter divides the circle^ and also its circumfercficej 

into two equal parts. 

Let AEBF be a circle, and AB 
any diameter : then will it divide the 

circle and its circumference into two 
equal parts. 

For, let AFB be applied to AEB^ 
the diameter AB remaining common ; 
then will they coincide; otherwise there would be some points 
m either one or the other of the curves unequally distant 
from the centre ; which is impossible (D. 1) : hence, AB 
divides tne circle, and also its circumference, into two equal 
parts ; which was to be proved. 




PROPOSITION XL THEOREM. 

A diameter is greater than any other chord. 

Let AD be a chord, and AB a diameter through one 
extremity, as A : then will AB be greater than AD. 

Draw the radius CD. In the tri- 
vigle ACD^ we have AD less than 
the sum of AC and CD (B. L, P, 
VTL). But this sum is equal to 
AB (D. 3) : hence, AB is greater 
than AJD^ which was to be proved. 
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PROPOSITION nL THEOREM. 

A straight line cannot meet a circumference in more than 

two points. 

Let AEBF be a circumference, and 
AB a straight line : then AB cannot 
meet the circumference in more than two 
points. 

For, suppose that they could meet in 
three points. We should then have three 
equal straight lines drawn from the same point to the same 
straight line ; which is impossible (B. I., P. XY., C. 2) : 
hence, AB cannot meet the circumference in more than 
two points ; which was to he proved. 




PROPOSITION IV. THEOREM. 

In equal drdes, equal arcs are subtended by equal chorde f 
and conversely^ equal chords subtend equal area. 

• 1®. In the equal cir- 
cles ABB and EQF, 
let the arcs AMD and 
ENG be equal : then 
will the chords AD and 
EG- be equal. 

Draw the diameters AB and EF. If the semi-drolc 
ADB be applied to the semi-circle EGFy it will coinddfi 
with it, and the semi-circumference ADB will coincide with 
the semi-circumference EGF, But the part AMD is equal 
to the part ENG^ by hypothesis : hence, the point D wiU 
fitll on G\ therefore, the chord AD will coincide with 
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EO (A. 11), and is, therefore, equal to it; fjohich was to 
be proved. 

2\ Let the chords AD and UG be equal: then will 
the arcs AMD and UNG be equal. 

Draw the radu CD and OG. Tlie triangles A CD 
and JEJOG have all the sides of the one equal to the cor- 
responding sides of the other; they are, therefore, equal m 
all their parts: hence, the angle A CD is equal to JSOO. 
If, now, the sector A CD be placed upon the sector EOG, 
so that the angle A CD shall coincide with the angle BOGj 
the sectors will comcide throughout ; and, consequently, the 
arcs AMD and HlfG will coincide: hence, they will be 
equal ; which was to he proved. 



PROPOSITION V. THEOREM. 

In equal circles^ a greater arc is subtended by a greater 
chord ; and conversely y a greater chord subtends a greater 
arc, 

V^. In the equal circles _ ^^r~^ 
ADL and EGK, let the 
arc EGP be greater than 
the arc AMD : then will 
the chord EP be greater 
than the chord AD, 

For, place the circle EOK upon AHL^ so that the cen- 
tre O shall fiill upon the centre (7, and the point E upon 
A ; then, because the arc EGP is greater than AMD^ the 
point P will M at some point H^ beyond D, and the 
chord EP will take the position AH. 

Draw the radii CA^ CD^ and CH, Now, the rides 
ACy CHy of the triangle ACHy are equal to the rides 
4(7, CDy of the triangle ACDy and the angle ACH is 




64 



GEOMETRY. 



greater than A CD : hence, the side AH^ or ii/ equal jEP, 
is greater than the side AD (B. I., P. IX.) ; which was to 
be proved. 

2°. Let the chord jEP, 
or its equal AJBCy be great- 
er than AD : then will the 
arc JEOPy or its equal 
ADHy be greater than 
AMD. 

For, if ADH were equal to AMDy the chord AH 
would be equal to the chord AD (P. IV.) ; which is con- 
trary to the hypothesis. And, if the arc ADS were leas 
than AMDy the chord AH would be less than AD\ 
which is also contrary to the hypothesis. Then, rince the 
arc ADHy subtended by the greater chord, can neither be 
equal to, nor less than AMDy it must be greater than 
AMD ; which was to be proved. 




PROPOSITION VI. THEOREM. 

The radius which is perpendicular to a chordy bisects that 
chordy and also the arc subtended by U. 

Let CG be the radius which is 
perpendicular to the chord AD : 
then will this radius bisect the chord 
ADy and also the arc AOB. 

For, draw the radii CA and OB. 
Then, the right-angled triangles CDA 
and CDB will have the hypothenuse 
CA equal to CBy and the side CD 
common ; the triangles *kre, therefore, equal in all dieir 
parts : hence, AD is equal to DB. Again, because CO 
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is perpendicular to AJBy at its middle point, the chords 
OA and GB are equal (B. I., P. XVI.) ; and consequently, 
the arcs GA and GJ^ are also equal (P. IV.) : hence, CO 
bisects the chord A B^ and also the arc A GB ; which toas 
to be proved. 

Cor. A straight line, perpendicular to a chord, at its mid 
die point, passes through the centre of the circle. 

Scholium. The centre (7, the middle point D of the 
chord ABy and the middle point G of the subtended arc, 
are points of the radius perpendicular to the chord. But 
two points determine the position of a straight line (A. 11): 
hence, any straight line which passes through two of these 
points, will pass through the third, and be perpendicular to 
the chord. . 

PROPOSITION Vn. THEOREM. 



Through any three points^ not in the same straight line, one 
circumference may be made to pass, and but one. 

Let Ay By and (7, be any three points, not in a 
straight line : then may one circumference be made to pass 
through them, and but one. 

Join the points by the lines 
ABy BCy and bisect these lines 
by perpendiculars BJ^ and l^^G : 
then will these perpendiculars 
meet in some point 0. For, 
if they do not meet, they are 
parallel ; and if they are parallel, 

the line ABKy which is perpendicular to DEy is also per- 
pendicular to KG (B. L, P. XX^ C. 1) ; consequently, there 
are two lines BK and BFy drawn through the siame 

5 
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point £y and perpendicular to the same line ^G ; which 
U impossible : hence, DJE and JFG meet in some pomt O. 

Now, O is on a perpendicu- 
lar to AJB at its middle point, 
it is, therefore, equally distant 
from ^ and B (B. L, P. XVI.). 
For a like reason, O is equally 
distant from S and (7. If, 
therefore, a circumference be de- 
scribed from as a centre, with a radius equal to 0-4, 
it will pass through -4, -B, and C, 

Again, is the only point which is equally distant from 
Ay . -S, and C : for, J)^ contains all of the points which 
are equally distant from A and j9; and JF^O all of the 
points which are equally distant from 3 and C ; and con- 
sequently, their point of intersection 0, is the only point 
that is equally, distant from A^ By and C : hence, one 
djTcumference may be made to pass through these pointai and 
Imt one ; which was to be proved. 

Cor, Two circumferences cannot intersect in more than 
two points ; for, if they could intersect in three points, dMre 
would be two circumferences passing through the same three 
points ; which is impossible. 



PROPOSITION Vm. THEOREM. 

Jn equal circleSy eqical chords are equally distant from the 
centres / and of two up£qtud ehordSy the less is at the 
greater distance from the centre. 

l^ In the equal circles ACH and KLO^ let the 
chords A C and KL be. equal : then will they be equally 
difeftant from the centres. 
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For, let the circle KLQ be placed upon AC 11^ so that 
the centre R shall fall upon the centre O, and the point 
K upon the point A : 
then will the chord KL B 

coincide with AC (P. MijVt\ S^^^ 
IV.) ; and consequently, 
they will be equally dis- 
tant from the centre ; 
which was to be proved. 

2^. Let AB be less than ITL : then will it be at a 
greater distance from the centre. 

For, place the circle KLQ upon ACJS^ so that R 
shall fall upon O, and K upon A, Then, because the 
chord KL is greater than AB^ the arc KSL is greater 
than AMB ; and consequently, the point L will £ill at a 
point C, beyond B^ and the chord KL will take the 
direction A C. 

Draw OD and OE^ respectively perpendicular to -4C 
and AB ; then will OE be greater than OF (A. 8), and 
OF than OD (B. L, P. XV.) : hence, OE is greater than 
OB. But, OE and OD are the distances of the two 
chords from the centre (B. I., P. XV., C. 1) : hence, the less 
chord is at the greater distance from the centre ; which was 
to he proved. 

Scholium, All the propositions relating to chords and area 
of equal circles, are also true for chords and arcs of one and 
the same drdo. For, any drcle may be regarded as made 
np of two equal drcles, so placed, that they coincide in all 
their parts. 
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PROPOSITION IX THEOREM. 

If a straiqlit line is pcrpendmilar to a radius at its outer 
extremity, it will le tangent to the circle at that point; 
conversely, if a straight line is tangent to a circle at any 
fwint, it will he perpendicular to the radius draion to 
that point. 

1®. Let JBD be perpendicular to the radius (7-4, at 
A : then will it be tangent to the circle at A. 

For, take any other point of 
BDy as jEJ and draw CE i 
then will CE be gi*eater than 
CA (B. I., P. XV.) ; and con- 
sequently, the point E will lie 
without the circle : hence, £D 
touches the circumference at the 

point -4 ; it is, therefore, tangent to it at that point (D. 11) ; 
which was to be proved. 

2^, Let BD be tangent to the circle at A : then fdll 
it be perpendicular to CA, 

For, let E bo any point of the tangenti except the 
point of contact, and draw CE. Then, because !AD is a 
tangent, E lies without the circle; and cona^quei^ty, <^ 
is greater than CA : hence, CA is shorter than mj Other 
line that can be drawn from C to JBD i it is, tjierefore, 
perpendicular to BB (B. I., P. XV., C. 1) ; fohich was to 
he proved. 

Cor. At a given point of a circumference, only one tan- 
gent can be drnwn. For, if two tangents could be drawn, 
they would both be perpendicular to the same radius at the 
same point ; which is impossible (B. I., P. XTV.). 
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PROPOSinOK X. THEOREM. 

ISjoo paraUda intercept equal area of a ctrcumference. 

There may be three cases: both parallels may be secants; 
one may be a secant and the other a tangent ; or, botb 
may be tangents. 

1^. Let the secants AB and D£I be parallel : then 
will the intercepted arcs MIT and PQ be eqnal. 

For, draw the radius CJS^ 
perpendicular to the chord 
MP ; it will also be per- 
pendicular to IfQ (B. L, P. 
XX., C. 1), and JST will be at 
the middle point of the arc 
MHP^ and also of the arc 
NHQ : hence, MN^ which is 
the difference of HN and HM^ 

is equal to PQy • which is the difference of SQ and 
(A. 3) ; which was to he proved. 




2^. Let the secant AB and tangent DE^ be parallel* 
then will the intercepted arcs MH and PH be equaL 

For, draw the radius CH 
to the point of contact H ; 
it will be perpendicular to DE 
(P. IX.), and also to its par- 
allel MP. But, because CH 
is perpendicular to JfP, H 
is the middle point of the arc 
MHP ( P. VI.) : hence, MR 
and PIT are equal ; which 
was to be proved. 
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8^. Let the tangents DE and IL be parallel, and let 
H and K be their points of contact : then will the in- 
tercepted arcs HMK and HPK be equal. 

For, draw the secant AB 
parallel to DE ; then, from 
what has just been shown, we 
shall have HM equal to HP^ 
and MK equal to PK\ hence, 
HMK^ which is the sum of 
HM and MKy is equal to 
HPKy which is the sum of 
BP and PK\ which was to 
be proved. 




PROPOSITION XL THEOREM. 

J(f two circumferences intersect each other, the points of in- 

iersection will he in a perpendicular to the straight line 
- joining their centres, and at equal distances from it. 



Let the circumferences, whose centies are C and Dj 
intersect at the points A and 
B : then tvtII CD be perpen- 
dicular to AB, and AF will 
be equal to BF. 

For, the points A and B, 
being on the circumference 
whose centre is (7, are equally 
distant from C ; and being on 

the circumference whose centre is J9, they are equally dis^ 
tant from D : hence, CD is perpendicular to AB at its 
middle point (B. L, P. XVI., C.) ; which was to be proved^ 
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PROPOSITION Xn. THEOREM. 

Tf two circumferences intersect each other^ the distance h^ 
tween tJieir centres will he less than the sunij and greater 
than the difference^ of their radii. 

Let the circumferences, whose centres are C and J9, 
intersect at A : then will CD 
be less than the sum, and 
greater than the difference of 
the radii of the two circles. 

For, draw AC and ADy 
forming the triangle A CD. 
Then will CD be less than 
the sura of AC and ADy 

and greater than their difference (B. I., P. Vll.) ; which loas 
to be proved. 




PROPOSITION Xni. THEOREM. 

7J^ the distance between the centres of two circles is e^[ual 
to the sum of their radiiy they will be tangent extemaUy, 

Let C and D be the centres of two circles, and let 
the distance between the centres be equal to the sum of the 
radii : then will the circles be tangent externally. 

For, they A\ill have a point 
Ay on the line CZ>, common, 
and they will have no other 
point in common ; for, if they 
had two points in common, the 
distance between Iheir centres 
would be less than the sum of 
their radii ; which is contrary to the hypothesis : hence, they 
are tangent extemaUy ; which was to be proved. 
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PBOPOSmON XIV. THEOBEM. 

If the distance between the centres of two circles is equal to 
the difference of their radii^ one will be tangent to the 
other internally. 

Let C and D be the centres of two circles, and let 
the distance between these centres be equal to the difference 
of the radii : then will the one be tangent to the other in- 
ternally. 

For, they will have a point -4, on 
DCy common, and they will have no 
other point in common. For, if they 
had two points in common, the distance 
between their centres would be greater 
than the difference of their radii ; 
which is contrary to the hypothesis : 

hence, one touches the other internally ; which ioas to be 
proved. 

Cor, 1. If two circles are tangent, either externally or 
mternally, the point of contact will be on the straight Hne 
drawn through their centres. 

Cor. 2. All circles whose centres are on the same straight 
line, and which pass through a common point of that line, 
are tangent to each other at that point. And if a straight 
line be drawn tangent to one of the circles at their common 
point, it will be tangent to them all at that pcHiit. 

Scholium. From the preceding proportions, we infer that 
two circles may have any one of six positions with respect 
to each other, depending upon the distance between lUm 
centres : 

l^*. When the distance between their centres is greater 
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tban the 8um of their radii, they are extemaly one to the 
other: 

2^. When this distance is equal to the sum of the radii, 
they are tangent^ externally: 

3°. When this distance is less than the sura, and greater 
than the difference of the radii, they intersect each other : 

4**, When this distance is equal to the difference of theii 
radii, one is tangent to the other^ internally: 

5^. When this distance is less than the difference of the 
radii, one is wholly within the other: 

6^ When this distance is equal to zero, they have a 
common centre; or, they are concentric. 



PROPOSITION XV. TIIEORE^I. 

In equal circles^ radii making equal angles at th4> centrey 
intercept equal arcs of the circumference ; coui*ersely^ 
radii which intercept equal arcSy make equal angles at the 
centre. 

1®. In the equal circles ADH and JEJGI\ let the an. 
gles A CD and JE^OG be equal: then will the arcs AMD 
and ElfG be equal. „ ^ 

For, draw the chords AD y "^v ^^ "\ 

and EG : then will the tri- / \ / \ 

I C W O \ 

angles ACD and EGG have I /\ I I /\ ) 

wo sides and their included \/ X/ V/ \/ 

angle, in the one, equal to '^^TT^^ ^^^^^~^^ 
two sides and their included 

angle, in tlie other, each to each. They are, therefore, equal 
in all their parts ; consequently, AD is equal to EG. 
But, if the chords AD and EG are equal, the arcs AMD 
and ENG are also equal (P. IV.) ; which was to be f^oved. 
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2**. Let the arcs AMD and ENQ be equal : then will 
the angles ACD and EOQ be equaL 

For, if the arcs AMD 
and ENO are equal, the 
chords AD and EO are 
equal (P. IV.) ; consequently, 
the triangles AQD and EOQ 
have their sides equal, each 
to each ; they are, therefore, 

equal in all their parts : hence, the angle A CD is equal 
to the angle EGG ; which was to he proved. 




PROPOSITION XVI. THEOREM. 

In eqficU circles^ commensurable angles at the centre are pro- 
portional to their intercepted arcs. 

In the equal cu-cles, whose centres are C and 0, let 

the angles A CB and D OE be commensurable ; that is, 

be exactly measured by a common unit: then will they be 
proportional to the intercepted arcs AB and DE. 




Let the angle Jf be a common unit ; and suppose, f<jr 
example, that this unit is contained 7 times in the angle 
AC By and 4 tunes m the angle DOE. Then, suppose 
ACB be divided into 7 angles, by the radii (7m, Cn^ Cp^ 
&c. ; and D OE into 4 angles, by the radii Osc, Oy^ and 
Ocs, each equal to the unit M. 
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From the last proposition, the arcs Am^ muj <fec., Dx^ 
ay, <&c., are equal to each other ; and because there are t 
of these arcs in AJ^y and 4 in DJEj we shall have, 

arc AJ^ : arc DJEJ : : 1:4. 

But, by hypothesis, we have, 

angle A CB : angle D OE : : 7:4; 

hence, from (B, 11., P. IV.), we have, 

angle AGB : angle DOE : : arc AB : arc BE 

If any other numbers than *l and 4 had been used, the 
same proportion would have been found ; Mohich was to be 
proved. 

Cor. It* the intercepted arcs are commensurable, they will 
be proportional to the corresponding angles at the centre, 
as may be shown by changing the order of the couplets in 
the above proportion. 



PBOPOsmoN xvn. theorem. 

In equal circleSy incommensuraUe ayigles at the centre are 
proportional to their intercepted arcs. 

In the equal circles, whose 
centres are. G and 0, let 
ACB and FOR be mcom- 
mc!)surabjf : then will they >< 
be propoHional to the area 
AB and FB[. 

For, let the less angle FOH^ be placed upon the greater 
angle AGBy so that it shall take the position A CD. 
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Then, it the proposition is not 
true, let us suppose that the 
angle ACB is to the angle 
FOIT, or its equal A CD, 
as the arc AB is to an arc 
AOy greater than FH, or 
its equal AD ; whence, 




DI^ 



angle ACB 



angle A CD 






arc AB 






aro AO. 



Conceive the arc AB to be divided into equal parts, 
each less than DO : there will be at least one point of 
division between D and \ let Z be that point ; and 
draw CL Then the arcs AB^ AI^ will be commensura- 
ble, and we shall have (P. XVL), 



angle ACB : angle ACI 






aro AB 



aro AI. 



Comparing the two propoitions, we see that the anteoedenta 
are the same in both : hence, the consequents are pr<^or* 
tional (B. II., P. IV., C.) ; hence. 



angle A CD 



angle A CI 






aro AO 



uo AZ 



But, AO is greater than AI : hence, if this proportioii is 
true, the angle A CD must be greater than the angfte ^G£ 
On the contrary, it is less: hence, the fourth term of the 
assumed proportion cannot be greater than AD. 

In a similar manner, it may be shown that the fimrtb 
term cannot be loss than AD ; henc^, it must be equal to 
AD ; therefore, we hate, ^ 

angle ACB : angle A CD : : aro AB • 9^ JM 

which was to be proved. 



Cor. 1. The intercepted arcs are proportional to the <50r- 
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responding angles at the centre, as may be shown by chaug* 
. big the order of the couplets in the preceding proportion. 

Cor. 2. In equal circles, angles at the centre are pro- 
portional to their intercepted arcs ; and the reverse, whether 
they are commensurable or incommensurable. 

Cor 3. In equal circles, sectors are proportional to their 
angles, and also to their arcs. 

Scholium, Since the intercepted arcs are proportional to 
the corresponding angles at the centre, the arcs may be 
taken as tlie measures of the angles. That is. If a circum- 
ference be described from the veitex of any angle, as a cen- 
tre, and with a fixed radius, the arc intercepted between the 
sides of the angle may be taken as the measure of the 
angle. In Geometry, tlie right angle which is measured by 
a quarter of a circumference, or a quadrant ^ is taken as a 
unit. If, therefore, any angle be measured by one-half or 
two-thirds of a quadrant, it will be equal to one-half or 
two-thirds of a right angle. 



PROPOSITION XVni. THEOREM. 

An inscribed angle is measured by half of the arc included 

between its sides. 

There may be three cases : the centre of the circle may 
lie on one of the sides of the angle ; it 
may lie within the angle ; or, it may 
lie without the angle. 

1**. Let EAD be an inscribed an- 
gle, one of whose sides AE passes 
through the centre : then will it be 
measured by half of the arc DE. 
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For, dra^ the radius CD. The external angle DCSf 
of the triangle DC Ay is equal to the sum o( the opposite- 
interior angles CAD and CD A (B L, P. XX V^ C. 6). 
But, the triangle DC A being isosceles, 
the angles D and A are equal ; 
therefore, the angle DCE is double 
tlic angle DAE. Because DCE is 
at the centre, it is measured by the 
arc DE (P. XVII., S.) : hence, the, 
angle DAE is measured by half of 
the are DE ; which toas to be proved. 




2°. Let DAB be an inscribed angle, and let the centre 
lie within it : then will the angle be measured by half of . 
the arc DED. 

For, draw the diameter AE. Then, from what has just 
been proved, the angle DAE is measured by half of DE, 
and the angle EAD by half of ED : hence, BAD^ which 
is the sum of EAB and DAE^ is measured by half of 
the sum of DE and JEZ?, or by half of BED ; which 
toas to be proved. 

3^. Let BAD be an inscribed angle, and let the centre 
lie without it : then will it be measured by half of the arc 
BD. 

For, draw the diameter AE. Then, 
from what precedes, the angle DAE 
is measured by half of DE, and the 
angle BAE by half of BE : henoe, 
BABy which is the difference of BAE 
and DAE, is measured by half of the 
difference of BE and DE, or by 
half of the are BD ; tohich vsaa to be 
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Cot. 1. AD the angles JSAC^ 
BDC^ HECj inscribed in the same 
segment, are equal ; because they are 
each measured by half of the same 
arc BOC. 




Cor. 2. Any angle BAD^ in- 
scribed in a semi-circle, is a right an- 
gle ; because it is measured by half 
the semi-circumference BOD^ or by 
a quadrant (P. XVII., S.). 




Cor. 3. Any angle BAC^ in- 
scribed in a segment greater than a 
semi-circle, is acute ; for it is mea- 
sured by half the arc BOC^ less 
than a semi-circumference. 

Any angle BOC^ inscribed in a 
segment less than a semi-circle, is 
obtuse ; for it is measured by half the arc BA C, 
than a semi-circumference. 




greater 



Cor. 4. The opposite angles A 
and (7, of an inscribed quadrilateral 
ABCD^ are together equal to two 
right angles ; for the angle DAB 
is measured by half the arc DCB^ 
the angle DCB by half the arc 

DAB : hence, the two angles, taken together, are me^ 
sured by half the circumference : hence, their sum is equal 
to two right angles. { 




80 



GEOMETRY. 




PKOPOSITION XIX. THEOREM. 

Any angle formed by tico choi'ds^ which intersect^ is meo- 
sured by half the sum of the included arcs. 

Let DEB be an angle formed by the intersection of 
cho chords AB and CD : then wiU it be measured by 
half the sum of the arcs AC and DB, 

For, draw AF parallel to DC: 
then, the arc DF wiU be equal to 
AG (P. X.), and the angle FAB 
equal to the angle DEB (B. I., P. 
XX., C. 3). But the angle FAB is 
measured by half the arc FDB (P. 
XVm.); therefore, DEB is measured 

by half of FDB \ that is, by half the sum of FD and 
Z>J5, or by half the sum of A C and DB ; which was to 
be proved. 

PROPOSITION XX. THEOREM. 

, The angle formed hy two secants, intersecting without the circum- 
ference, is measured hy half the difference of the included arcs. 

Let AB, AC, be two secants : them will the angle 
BAC be measured by half the differ- 
ence of the arcs BC and DF 

Draw DE parallel to AC : the 
arc EC will be equal to DF (P. X.), 
and the angle BDE equal to the an- 
gle BA C (B. L, P. XX., C. 3.). But 
BDE is measured by half the arc 
BE (P. XVm.) : hence, BAC is 
ftlso measured by half the arc BE ; 
that is, by half the difference oi BC 
and EC, or by half the difference of i? (7 and DF\ whicli 

was to be proved. 
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PBOPOSmON XXI. THEaREM. 

An angle formed by a tangent and a chord meeting it at 
tlie point of contact^ is measured by haJf the in^uded 
arc. 

Let J?-& be tangent to the circle AMCj and let AC ^ 
be a cliord drawn from the point of contact A : then 
will the angle BAG be measured 
by half of the arc AMG. 

For, draw the diameter AD. 
The angle BAD is a right angle 
(P. IX,), and is measured by half 
the pemi-circumference AMD (ip* 
XVn., S.) ; the angle DAG '^is 
measured by half of the arc DG 
(P. XVm.) : hence, the angle BA G, 

which is equal to the sum of the angles BAD and DAG^ 
is measured by half the sum of the arcs AMD and J9(7, 
or by half of the arc AMG ; v)hieh was to he proved 

The angle GAE, which is the difference of DAE and DA C 
is measured by half the difference of the arcs DGA and DO; 
or by half the arc GA. 
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PRACTICAL APPLICATIONS. 



PROBLEM 



To bisect a given straight line. 

Let AJ3 be a given straight line. 

From A and J3j as centres, with 
A radius greater than one half of AJ^^ 
describe arcs intersecting at JS and 
F: join B and JPJ by the straight 
Une JEK Then will JEJF bisect the 
given line AM. For, F md F 
are each equally distant from A and 
JS ; and consequently, the line FF 
bisects AJS (B. L, P. XVL, C). 



A 



)* 



4- 
B 



P 



PROBLEM IL 



7b erect a perpendicular to a given straight Kne^ eU a fiom 

point of that line. 

Let FF be a given line, and let J. be a given point o 

that line. 

From Ay lay off the equal 
distances AB and '-4 (7; from 
B and (7, as centres, with a 
radius greater than one half £ B 



>l<p 



t 



F 
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of UCy describe aics intersecting at 2>; draw tie line ADi 
then will AD be the perpendicular required. For, D and A 
are each equally distant from B and C; consequently, DA is 
perpendicular to ^(7 at the given point A (B. I., P. XVL, C). 






PROBLEM in. 

To draw a perpendicular to a given straight line^ from a 

given point without that line* 

Let BD be the given line, and A the ^ven point. 

From ^, as a centre, with a ra- 

A 
dius- sufficiently great, describe an arc • 

cutting BD in two points, B and j 

D ; with B and D as centres, and X, ;£ — -^ 

a radius greater than one-half of BD^ 
describe arcs intersecting at E\ draw 
AE : then will AE be the perpendi- 
cular required. For, A and E are each equally distant 
from B and D : hence, AE is perpendicular to BD 
(B. L, P. XVI., C). 

PBOBLEM TV. 

At a point on a given straiglit liney to construct an angle 

equal to a given angle. 

Let A be the given pomt, AB the pven line, and 
riCZ the given angle. 

From the vertex JT as a 
centre^ with any radius EJ, 

describe the arc JX, terminat- k-*^— t^lt 

mg in the sides of the angle. 

From -4 as a centre, with a radius AB^ equal to -ff7, 
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describe the indefinite arc BO \ then, with a radius equal 
to the chord i/, from ^ as a centre, describe an arc 
cutting the arc BO in 2> ; 
draw AD : then will BAD 
bo equal to the angle K. 

For the arcs BDy IL^ 
have equal radii and equal 

chords : hence, they are equal (P. IV,) ; therefore, the angles 
BAD, IKL^ measured by them, are also equal (P. XY.). 




PBOBLEM V. 

To bisect a given arc, or a given angle. 

1^. Let AEB be a given arc, and C its centre. 

Draw the chord AB ; through (7, 
draw CD perpendicular to AB (Prob, 
IIL) : then will CD bisect the arc 
AEB (P. VI.). 




2®, Let ACB be a ^ven angle. 

With (7 as a centre, and any 
radius CB^ describe the arc BA ; 
bisect it by the line CD, as just 
explained : then will CD bisect the angle ACB^ 

For, the arcs AE and EB are equal, from what was 
just shown ; consequently, the angles A CE and ECB are 
also equal (P. XV.). 

Scholium. If each half of an arc or angle be bisected, 
the orig^al arc or angle will be divided into four equal 
parts ; and if each of these be bisected, the original arc or 
angle will be divided into eight equal parts ; and so on. 
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PROBLEM VL 

Through a given pointy to 'draw a straight line parallel io 

a given straight line. 

Let ^ be a given point, and BC a given line. 

From the point ^ as a centre, 
with a radius A^j greater than the 
shortest distance from A to jDC^ 
describe an indefinite arc JSO ; from 
J? as a centre, with the same ra- 
dius, describe the arc AF; lay off 

JSD equal to AJF\ and draw AD: then will AD be the 
parallel required. 

For, drawing A^^ the angles AEF^ EAD^ are equal 
(P. XV.) ; therefore, the Hues AD^ EF are parallel (B, L, 
P. XIX., C. 1.). 

PROBLEM Vn. 

GHveuy two angles of a triangle^ to construct the third 

angle. 

Let A and B be given angles of a triangle. 

Draw a line DF^ and at some 
point of it, as E^ construct the an- 
gle FEJI equal to A, and JIEG 
equal to B. Then, will CED be 
equal to the required angle. 

For, tlie sum of the three angles at ^ is equal to two 
right angles (B. I., P. L, C. 3), as is also the sum of the 
three angles of a triangle (B. I., P. XXV.). Consequeutlj, 
the third ang^e CED must be equal to the third angle of 
the triangle. 
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PROBLEM VnL 

Oiveii^ two sides and the induded angle of a triangle^ to 

construct the triangle. 

Lot B and C denote the given sidesi and A the glvoD 
angle. 

Draw the mdefinite Une DF^ 
and at D construct an angle 
FDE^ equal to the angle A ; on 
DF^ lay off DH equal to the 
nde iU^and on DE, lay off 
DG equal to the Bide(a#; draw 
GS : then will DGM be the required triangle (B. L, P. V.). 




PROBLEM IX, 

Oivenj one side and two angles of a triangle^ to ccnstrud 

the triangle. 

The two angles may be either both adjacent to the given 
ride, or one may be adjacent and the other opposite to it 
In the latter case, construct the third angle by Problem VIL 
We shall then have two angles and their included side. 

Draw a straight line, and on it 
lay off DE equal to the given 
nde ; at J) construct an angle 
equal to one of the adjacent an- 
gles, and at E construct an angle 
equal to the other adjacent angle ; 

produce the sides DF and EG till they intersect at H \ 
then will DEH be the triangle required (B, I, P. VL). 
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PROBLEM X 

QiveHi the three sides of a triangle^ to coristmct the tri- 
angle. 

Lot Ay J^y and (7, be the given sides. 

Draw J)Ey and make it equal 
to the side A ; from ^ as a 
centre, with a radius equal to the 

side J?, describe an arc ; from J^ Al H 

as a centre, with a radius equal q , 

to the side C, describe an arc 

intersecting the former at -F; draw JDF and JKF: th^ 

will DBF be the triangle required (B. L, P. X.). 

Scholium. In order that the construction may be possible, 
any one of the given sides must be less than the sum of the 
other two, and greater than their difference (B. I., P, VII., S.). 



PROBLEM XI. 

GUven^ two sides of a triangle^ and the angle opposite one 

of theniy to construct the triangle. 

Let A and J3 be the given sides, and C the given 
angle. 

Draw an indefinite line 2>6r, 
and at some point of it, as j9, 
construct an angle GBE equal 
to the given angle ; on one side 
of this angle lay off the distance 
DIE equal to the side B adjacent 

to the given angle ; from J^ as ^ 

a centre, with a radius equal to the side opposite the given 
angle, describe an aic cutting the side DG at G \ draw 
EG. Then will DEG be the required triangle. 




^i^ 
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For, the sides DE and EO are equal to the given 
sides, and the angle Dy opposite one of them, is equal to 
the given angle. 

Scholium, When the side opposite the given angle is 
'greater than the other given side, there will be but one 
solution. When the given angle is acute, and the side 
opposite the given angle is less 
than the other given side, and 
greater than the shortest dis- 
tance from ^ to DGy there 
will be two solutions, DEG 
and DEF. When the side 
opposite the given angle is 

equal to the shortest distance from E to DG^ the arc 
will be tangent to DGy the angle opposite DE will be 
a right angle, and there will be but one solution. When 
the side opposite the given angle is shelter than the distance 
from E to DGy there will be no/ solution. 

PROBLE^I Xn. 

Oiven^ two a€(;acent sides of a parallelogram and their 
ijwluded angle, to construct the parallelogram. 

Let A and S be the given sides, and C the given 
angle. 

Draw the line DITj and 
at some point as 2>, construct 
the angle IIDF equal to the 



angle C. Lay off DE equal D^^ ^i H 




I 



f 






/ 



to the side A, and DF equal 
to the side B ; draw FO 
parallel to DE, and EG par- 
allel to DF* then will DFGE be the parallelogram re. 
onired. 
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For, tbc opposite sides are parallel by construction ; and 
consequently, the figure is a parallelogram (D. 28) ; it is 
also formed with the given sides and given angle. 

PROBLEM Xm. 
To find tJie centre of a given circumference. 

Take any three points A^ 
J?, and C, on the circumference 
or arc, and join them by the 
chords ABy BC\ bisect these 
chords by the perpendiculars J)E 
and J'Yr : then vnUl tbw point 
of intersection (7, be the centre 
required (P. VII.). 

Scholium, The same construc- 
tion enables us to pass a circumference through any three 
points not in a straight line. If the points are vertices of 
8 triangle, the circle will be circumscribed about it. 




^ 



PROBLEM XIV, 

Thro^igh a given pointy to drato a tangent to a given circle. 

There may be two cases : the given point may lie on 
the circumference of the given circle, or it may lie without 
the given circle. 

1®. Let C be the centre of the 
given circle, and A a point on the 
circumference, through which the tan- 
gent is to be drawn. 

Draw the radius (7-4, and at A 
draw AD perpendicular to AC: then 
will AD be the tangent required (P. IX.). 




^ 
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2®. Let C be the centre of the given circle, and A a 
point without the circle, through which the tangent is to be 
drawn. 

Draw the line AC \ bisect it at 
0, and from as a centre, with a 
radius OCy describe the circumference 
ABCD\ join the point A with the 
points of intersection D and B : / 
then will both AD and AB be ; 
tangent to the given circle, and there 
will be two solutions. 

For, the angles ABC and ADC 
are right angles (P. XVm., C. 2) : 

hence, each of the lines AB and AD is peri)endicular to 
a radius at its extremity ; and consequently, they are tangent 
to the given circle (P. IX.), 

C(yroUary, The right-angled triangles ABC and ADC^ 
have a common hypothenuse -4(7, and the side BC equal 
to DC\ and consequently, they are equal in all their parts 
(B. I., P. XVn.) : hence, AB is equal to AD^ and 
the angle CAB is equal to the angle CAD^ The tan- 
gents are therefore equal, and the line AC bisects the 
angle between thenu 



PROBLEM 'SY. 



To inscribe a circle in a given triangle. 

Let ABC be the given 
triangle. 

Bisect the angles A and 
2?, by the lines AO and 
BO^ meeting in the point O 
(Prob. V.) ; from the point 
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let fall the perpendiculars Oi>, OJEJ OFy on the sides of 
the triangle : these perpendiculars will all be equal. 

For, m the triangles £0D and BOBy the angles OBB 
and OJiD are equal, by construction ; the angles ODB 
and OBB are equal, because both are right angles ; and 
consequently, the angles BOD and BOE are also equal 
(B. L, P. XXV., C. 2), and the side OB is common ; and 
therefore, the triangles are equal in all their parts (B. I., 
P. VI.) : hence, OD is equal to OE. In like manner, it 
may be sho>vn that OD is equal to OF, 

From as a centre, with a radius 02>, describe a 
circle, and it will be the circle required. For, each side is 
perpendicular to a radius at its extremity, and is therefore 
tangent to the circle. 

CoroUary. The lines that bisect the three angles of a 
triangle all meet in one point. 



PEOBLKM XVI. 

On a given straight line, to construct a segment that shall 

contain a giveyi angle. 

Let AB be the given line. 




o-D 




1 *roduce AB towai ds 2> ; at i? construct the angle 
DBE equal to me given angle draw BO perpendicular 
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to SJBj and at the middle point 0^ of AJB^ draw GO 
perpendicular to AJ3 ; from their point of intersection 0, 
as a centre, with a radios OB^ describe the arc A MB : 
then will the segment AMB be the segment required. 





For, the angle ABF^ equal to EBD^ is measured by 
half of the arc AKB (P. XXL) ; and the inscribed angle 
AMB is measured by half of the same arc : hence, the 
angle AMB is equal to the angle EBD^ and conse- 
quently, to the given angle. 



BOOK IV. 

MBASUBBMBXT AND BELATION OF P0LT00N8. 

DEFTNTnONS, 

1. SoniAR Polygons, are polygons which are matnally 
equiangtilar, and which have the sides about the equal angles, 
taken in the same order, proportional. 

2. In similar polygons, the parts which are similarly 
placed in each, are called homologous. 

The corresponding angles are homologous angles^ the 
corresponding sides are homologous sides^ the corresponding 
diagonals are homologous diagonals^ and so on. 



3. Similar Arcs, Sectors, or Segments, in different circles, 
are those which correspond to equal angles at the centre. 

Thus, if the angles A and are A. 

equal, the arcs £FC and DGB are 
similar, the sectors 

are similar, and the segments J3FC p^ ^n^G^ 

and DGE are simil: 



mgles A and are A 

BFC and DGE are A ^ 

PS BAC and DOE / \ /\ 

the segments BFC p /^J^^ q=^^ 
dmilar. F"^ 



4. The Altitudb 07 a Tbianglb, is the perpendicular 
distance from the vertex of either an- 
gle to the oppo^te dde, or the oppodte 
side produced. 

The vertex of the angle from which 
the distance is measured, is called the 
vertex of the triangle^ and the opposite 
side, is called the base of the triangle. 




y 
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6. The Altttudb op a Parallelogram, is the perpen- 
dicular distance between two opposite 
sides. 

These sides are called haseB ; one the 
uppevy and the other, the lower base. 

6. Tlie ALTmjDB of a Trapezoid, b the perpendicular 
distance between its parallel sides. 

These sides are called bases ; one the 
uppeTy and the other, the lower base. 

7. The Area of a Surface, is its numerical yalao 
expressed in terms of some other surface taken as a unit. 
The unit adopted is a square described on the linear unit, 
as a dde. 

PROPOSITION I, THSOBEM. 

Parallelograms which have equal bases and equal altitudes^ 

are equal. 

Let the parallelograms ABCD and EFOH have equal 
bases and equal altitudes : then will the parallelograms be 
equaL 

For, let them be so placed p rr 

that their lower bases shall 





coincide ; then, because they 
have the same altitude, their 
upper bases will be in the 
same line 2>(?, parallel to AB 

The triangles DAH and CBOy have the rides AD and 
BC equal, because they are opposite rides of the parallel- 
ogram ^ (7 (B. I., P. XXVm.) ; the rides AH and BQ 
equal, because they are opporite sides of the parallelogram 
AQ ; the angles DAH and CBG equal, because their 
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sides are parallel and lie in the same direction (B. L, 
P. XXIV.) : hence, the triangles are equal (B. I., P. V.), 

If from the quadrilateral ABGD^ we take away the tri- 
angle DAIIy there will remain the parallelogram AG \ if 
from the same quadrilateral ABGD^ we take away the triangle 
CBG<, there will remain the parallelogram AC\ hence, the par- 
allelogram AC \& equal to the parallelogram EG (A, 3) ; which 
was to be proved. 




PROPOSITION n. THEOREM. 

A triangle is eqital to one-half of a parallelogram having 
an equal base and an equal altitude. 

Let the triangle ABC^ and the parallelogram ABFDy 
have equal bases and equal altitudes : then will the triangle 
be equal to one-half of the parallelogram. 

For, let them be so 

placed that the base of \ ?— ^ — ^^ C 

the triangle shall coin- 
cide with the lower base 
of the parallelogram ; 
then, because they have equal altitudes, the vertex o. the 
triangle will lie in the upper base of the parallelogram, or 
in the prolongation of that base. 

From Ay draw AE parallel to BCy forming the par- 
allelogram ABCE. This parallelogram will be equal to 
the parallelogram ABFD^ from Proposition L But the 
triangle ABO is equal to half of the parallelogram ABCiL 
(B. I., P. XXVm., C. 1) : hence, it is equal to half of 
the parallelogram ABFD (A. 7) ; %xihich toas to be proved 

Cor. Triangles having equal bases and equal altitudes are 
equal, for they are halves of equal parallelograms. 
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PROPOSITION ni. THEOREM!. 

Rectangles having equal altitudes^ are proportional to their 

bases. 

There may be two cases : the bases may be commensu- 
rable, or they may be incommensurable. 

1°. Let ABCB and IIEFK^ be two rectangles whose 
altitudes AD and JIK are equal, and whose bases AB 
and IIE are commensurable : then will the areas of the 
rectangles be proportional to their bases. 

D 



r 




Suppose that AB is to HE^ as 7 is to 4, Conceive 
AB to be divided into 7 equal parts, and IIE into 4 
equal parts, and at the points of division, let perpendiculars 
be dra^vn to AB and HE. Then will ABCB be divi- 
ded into 7, and HEFK into 4 rectangles, all of which will 
be equal, because they have equal bases and equal altitudes 
(P. I.) : hence, we have, 

ABCD : HEFK : : 7 : 4. 



But we have, by hypothesis, 



AB : HE : : 7 



4. 



Prom these proportions, we have (B. 11., P. IV.), 
ABCB : HEFK : : AB : HE. 

Had any other numbers than 7 and 4 been used, the same 
proportion would have been found ; tohich toas to be proved. 
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2®. Let the bases of the rectangles be incommensarable : 

then will the rectangles be proportional to their buses. 

For, place the rectangle HEFK 

upon the rectangle ABCD^ so that D F_K__C 

it shall take the position AEFD, 
Then, if the rectangles are not pro- 
portional to their bases, let us sup- Jf ^"tUlJ 

pose that 

ABCD : AEFD \ \ AB : A0\ 

in which AO is greater than AE. Divide AB into 
equal parts, each less than OE ; at least one point of 
division, as ij will fall between E and ; at this point, 
draw IK perpendicular to AB. Then, because AB and 
AI are commensurable, we shall have, from what has just 
been shown, 

ABCD : AIED : : AB : AI. 

The above proportions have their antecedents the same 
in each ; hence (B. 11., P. IV., C), 

AEFD : AIED : : AO : AI. 

The rectangle AEFD is less than AIKD \ and if the 
above proportion were true, the line AO would be less 
than AI ; whereas, it is greater. The fourth term of the 
proportion, therefore, cannot be greater than AE. In like 
manner, it may be shown that it cannot be less than AE ; 
consequently, it must be equal to AE : hence, 

ABCD : AEFD : : AB AE ; 

which toas to be proved. 

Cor. If rectangles have equal bases, they are to eadi 
other as their altitudes. 
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PEOPOSinON IV. THEOEEM. 

Any two tectangUs are to each other as the products qf 

their bases and aUitudes. 

Let ABCD and AEGF be two rectangles: then wfl 
ABCD be to AEGF, as AB x AD is to AE x AF. 

For, place the rectangles so 
that the angles BAB and EAF 
shall be opposite or vertical ; 
then, produce the sides CD 
and GE till they meet in JSi 

The rectangles ABCB and 
AlDHE have the same altitude 
AD : hence (P. IH), 

ABCD : ADHE : : AB : AE. 

The rectangles ADHE and AEGF have the same 
altitude AE : hence, 

ADHE : AEGF : : ^12> : ^IJR 

Multiplying these proportions, term by term (B, IL, P. 
XJLi.), and omitting the common &ctor ADHE (6. IL^ 
P. Vn.), we have, 

ABCD : AEGF i x AB x AD : AE x AF; 

which toas to be proved. 



Scholium 1. If we suppose AE and AF, each to be 
equal to the linear unit, the rectangle AEGF will be the 
•uperficial unit, and we shall have, 



ABCD 



1 : : AB x AD : 1 ; 
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ABCD z= AJ3 xAB : 

hence, the area of a rectangle is equal to the product of 
its base and altitude ; tbat is, th^ number of superficial 
units in the rectangle, is equal to the product of the number 
of linear units in its base by the number of linear units in 
its altitude. 

Scholium 2. The product of two lines is sometimes called 
the rectangle of the lines, because the product is equal to 
the area of a rectangle constructed with the lines as sides. 



PROPOSITION V. THEOREM. 

The area of a parallelogram is equal to the product of its 

base and altitude. 




E 




liCt ABCD be a parallelogram, AB its base, and BJS 
its altitude : then will the area of ABCD be equal to 
AB X BK 

For, construct the rectangle 
ABEF^ haying the same base 
and altitude : then will the rec- 
tangle be equal to the parallelo- 
gram (P. L) ; but the area of the 
rectangle is equal to AB x BE\ 

hence, the area of the parallelogram is also equal to 
AB X BE ; vshich teas to be proved. 

Cor. Parallelograms are to each other as the products 
of their bases and altitudes. If their altitudes are equal, 
they are to each other as their bases. If their bases are 
equal, they are to each other as their altitudes. 
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PROPOSITION VL THEOREM. 




The area of a triangle is equal to half the product of its 

base and altitude. 

Let AUG bo a triangle, £C its base, and AD h 
nltitude : then will the area of the triangle be equal to 
'^BO X AD. 

For, from (7, draw CB 
(larallel to DAy and from Ay 
draw AB parallel to CD. The 
area of the parallelogram DCEA 
is DC X AD (P. V.) ; but the 
triangle ADC is half of the par- 
allelogram BCEA : hence, its area is equal to \DC X AD\ 
which was to be proved 

Cor, 1* Triangles are to each other, as the products of 
their bases and altitudes (B. 11., P. VII.). K their alti- 
tudes are equal, they are to each other as their bases. If 
their bases are equal, they are to each other as their alti* 
tndes. 

Cor. 2. The area of a triangle is equal to half the pro- 
duct of its perimeter and the radius of the inscribed oircle. 

For, (et DBF be a cu-cle 
inscribed in the triangle ADC. 
Draw ODy OBy and OFy to 
the points of contact, and OA^ 
ODy and 0(7, to the verti- 
ces. 

The area of ODC will be 
equal to \0B x DC ; the 
area of OAC will be equal to ^OF x AC ; and the area 
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of OAB will be equal to ^OD x AB ; and since 02), 
OE^ and OF^ are equal, the area of the triangle ABC 
(A. 9), will be equal to \0D {AB + BC + CA). 



PROPOSITION Vn. THEOREM. 

The area of a trapezoid is equal to t/ie product of its alti- 
tude and half the sum of its parallel sides. 

Let ABCD be a trapezoid, BE its altitude, and AB 
and DC its parallel iddes : then will its area be equal to 
BEv. \{AB ^BC\ 

For, draw the diagonal -4(7, form- 
ing the triangles ABC and ACB. 
The altitude of each of these trian- 
gles is equal to BE, The area of 
ABC is equal to iAB x BE (P. A E B 

VX) ; the area of A CB is equal to 

iBC X BE: hence, the area of the trapezoid, which is the 
gum of the triangles. Is equal to the sum of ^AB x BE 
and iBC x BE, or to BE x i{AB + BC) ; tohich was 
to be proved. 





PROPOSITION Vin. THEOREM. 

The square described on the sum of two lines is equal to 
the sum of the squares described on the lines, increased 
by twice tJie rectangle of the lines 



Let AB and BC be two lines, 
and A C their sum : then will 

AC"" = Al? + BO" + 2AB X BC. 

On AC, construct the square 
AC BE I from By draw BIT par- 



E 



I 
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F 



IL 







allel to AE I lay off AF equal to AJB^ and from 
i; draw jFY? parallel to AC : then will 10 and /ZZ be 
each equal to J3C i and IJB and ZZ^ to ^^. 

The square ACDE is composed 
of four parts. The part ABIF is 
a square described on AB ; the part 
IGDH is equal to a square described 
on B(j \ the part JBCGI is equal 
to the rectangle of AB and BG ; 
and the part FIHE is also equal to 
the rectangle of AB and BG : and 

because the whole is equal to the sum of all its parts (A. O), 
we have, 

AG^ = A& + BO" + lAB X BG ; 

vohich fjoas to be proved, 

Gor. If the lines AB and BG are equal, the four 

parts of the square on AG will also be equal : hence, the 

square described on a line is equal to four times the square 
described on half the line. 



PROPOSITION DC THEOREM. 

The square described on the difference of two lines is equal 
to t/ie sum of the squares described on the lineSj dimin- 
ished by twice the rectangle of t/ie lines. 

Let AB and BG be two lines, and AG their differ- 
ence: then will 

AG^ = AW' + B(P - 2AB X BG. 

On AB constiuct the square ABIF; from C draw 
C0 parallel to BI ; lay off GB equal to AGy and 
from 2> draw BJT parallel and equal to BA ; complete 
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E 



G 



D 



the square EFLK \ then will EK be equal to -B(7, and 
EFLK will be equal to the square of BC. 

The whole figure ABILKE is 
equal to the sum of the squares 
described on AB and i?a The \ 

part CBIG is equal to the rect- 
angle of AB and BC \ the part 

DGLK is also equal to the rect- ^ q ^ 

angle of AB and BG, If from 

the whole figure ABILKE^ the two parts CBIG and 
DGL^ be taken, there will remain the part ACBE^ 
which is equal to the square ot AG i hence, 



AC'' = AIT + BC^ - 2AB x BC ; 



which was to be proved. 



PROPOSITION X. THEOREM. 

The rectangle contained by the sum and difference of two 
lines^ is equal to tJie difference of their squares. 

Let AB and BC be two lines, of which AB is the 
greater : then ^^'ill 

(AB + BC) {AB - BC) = aW - BG^^ 



F 
£ 



G I 



D 



H 



iL 



On AB^ construct the square 
ABIF \ prolong AB^ and make 
BK equal to BG\ then will AK 
be equal to AB + BC i from 
K, draw IlL parallel to BI^ and 
make it equal to AG ; draw ZE 
parallel to JO, and GG parallel 
to BI : then BG is equal to 

BCy and the figure BB^IG is equal to the square on 
iSC, and EBGF is equal to BKLH. 



C B K 
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If we add to the figure ABIIE^ 
we shall have the rectangle AKLE^ 
the rectangle of AB -{^ BC and 
AB — BC. If to the same figure 
ABJIEy we add the rectangle 
DGFE, equal to BKLH, we 
shall have the figure ABHDGF, 
which is equal to the difference of 
the squares of -4/? and BC* But 
the sums of equals are equal (A. 2), 
hence, 



the rectangle BKLH^ 
which is equal to the 



£ 



G I 



D 



(AB -h BC) {AB ^BC) = ABi" -^BC^'^ 



which was to be proved. 



]L 
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PROPOSITION XL THEOREM. 

The square described on the hypothermse of a rffjht-angled 
trianglcy is equal to the sum of the squares described on 
the other two sides. 

Let ABO be a triangle, right-angled at A : then will 
BO' = AB^ + ^iC\ 

Construct the square BG on the side BO^ the square 
AIT on the side ABy and 
the square AI on the side 
AG ; from A draw AJD 
perpendicular to BO^ and 
prolong it to E : then will 
J)JE bo parallel to BF ; 
draw AF an<l 170. 

In the triangles HBO 
and ABF^ we liave HB 
equal to A /?, because they 
are sides of the same square; 
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BC equal to BF^ for the same reason, and the included 
angles lIHC and AJBF equal, because encli is equal to the 
angle ABC plus a right angle : hence, the triangles are 
equal m all their parts (B. L, P. V.). 

The triangle ABF^ and the rectangle HE^ have tlie 
same base BF^ and because DF is the |>rol()ngaiion of 
J)A^ their altitudes are equal : hence, the triangle ABF 
is equal to half the rectangle BF (P. II.). The triangle 
HBCy and the square -Z?X, have the same l)ase BIT, and 
because AC is the prolongation of AL (I>. I., P. IV.), 
their altitudes are equal: hence, the triangle JlliC is equal 
to half the nquare of AH, But, the triangles ABF and 
HBC are equal : hence, the rectangle BE is equal to the 
square All, In the same manner, it may be shown that 
the rectangle DG is equal to the square AI \ hence, the 
sum of the rectangles BE and DG^ or the square BG^ 
is equal to the sum of the squares All and AI \ or, 
BC^ = AB^ -^AC^i which was to be jmxjed. 

Cor, 1. The square of either side about the right angle 
is equal to the square of the hypothenuse diminished by the 
square of the other side : thus, 

AB^ = 7777' - AC^ ; or, AC"" = BC"" - AS^- 

Cor, 2. If* from the vertex of the riu^ht angle, a per- 
pendicular be drawn to the hypothenuse, dividing it into two 
eegmeiHs^ />/> and DCy the square of the hypothenuse wiU 
"be to the mjnnre of either of the other shJeH^ as the hypo- 
thenuse is to the .ser/ment adjacent to thoi i<iile. 

For, the s«|uare BGy is to the rectani^le BE^ as BC 
to BD (P in.) ; but the rectangle HE is equal to the 
square AJI : hence, 

nr' : AB^ XI BC : liD, 



106 



GEOMETRY. 



lu like maimer, we havei 



BC* : AC* : 2 BG : DC. 

Cor, 3. The squares of the sides about the right angle 
are to each other as the ac^acent 
segments of the hypothenuse. 

For, by combining the propor- 
tions of the preceding corollary 
(B, n., P. IV., C), we have, 




AB'- : AC* : : BB : DC. 



H D O 



Cor. 4. The square described on the diagonal of a 
square is double the given square. 

For, the square of the diagonal is 

equal to the sum of the squares of the 

two sides; but the square of each side j 

is equal to the given square : hence, 

E B P 




AC = 2AB* ; or, AC* = 2BC\ 



Cor. 6. From the last corollary, we have. 



A(J^ : AB^ : : 



1 ; 



hence, by extracting the square root of each term, we have, 

AC : AB : : V2 : 1 ; 

that is, the diagonal of a square is to the side^ as the 
square root of two to one/ consequently, t/ie diagonal and 
the side of a square are incommensurable. 



BOOK IV. 107 



PRorosmoN xii, theorem. 

In any triangle^ the square of a side opposite an acute 
anglCy is equal to the sum of the squares of iJie base and 
tJie other side^ diminished by twice the rectangle of the 
base and the distance from the vertex of the acute angle 
to the foot of the perpendicvlar dravm from the vertex 
of the opposite angle to tlie base^ or to the base produced. 



Let ABO be a triangle, C one 
of its acute angles, BG its base, and 
AD the perpendicular dra^vll from A 
to £Cj or BG produced ; then wUl 




AB" = BG' + AG* - 2BG x GD. 



For, whether the perpendicular meets the base, or the 
base produced, we have BD equal to the difference of 
^(7 and CD : hence (P. IX.), 

B& = BG^ + CS* - 2BG X GD. 

Adding AJf to both members, we 
have, 




BD^ + AD'' = BG^ + GD' +AD* - 2BG x GD. 

Bat, BS^ + AD^ = Jl5^, and CD^ + A& = J^ : 

hence, 

Al^ = BC'' + -J^* - 2i?C X GD ; 

v)hich was to be proved. 
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PROPOSITION XnL THEOltEM, 

Tn any obtuse-angled triangle^ t/ie square of the side oppoaiU 
the obtuse angle is equal to the sum of the squares of 
the base and the other side^ increased by twice the rect* 
angle of the base and the distance from the vertex of the 
obtuse angle to the foot of t/ie perpendicular draion from 
the vertex of tJie opposite angle to the base produced. 

Let ABO be an obtuse-angled triangle, i? its obtuse 
angle, DG its base, and AD the perpendicular drawn 
from A to BG produced; then will 



AG*:=BC' +AU' + 2liC X BD. 

For, GD is the sum oi BC A 
and BD : hence (P. Vm.), 

aS^ = BG^ + BW + 2BC X BD. 

Adding AD^ to both members, ^ ^ ^ 

and reducing, we have, 

5^' = BG^ + AB^ + 2BG X BD ; 
which was to be proved. 

/Scholium. The right-angled triangle is the only one m 
which the sum of the squares described on two sides is 
equal to the square described on the third side. 

PROPOSITION XIV. TIIEORE^l 

Tn ajiy triangle^ the sum of the squares described on two 
sides is equal to twice the square of half the third side 
increased by twice t/ie square of the line draicn from 
tlie middle point of that side to the vertex of the opposite 
angle. 
Let ABC be any triangle, and JEA a line drawn from 
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the middle of the base BC to the vertex A : then will 

Draw AD perpendicular to BC\ then, from Proposition 
XII., we have, 

AG^ = EG^ + EA^ - 2EG X ED. Jt 

From Proposition Xm., we have, 

XB* = BE"^ + .ES* + 2BE X ED. ^ ^ ^ 

Adding these equations, member to member (A. 2), recollect* 
ing that BE is equal to EC^ we have, 

AW + AO^ = 2BE' + 2.E2* ; 
which was to be proved. 

Cor. Let ABCD be a parallelogram, and BD^ AOy 
its diagonals. Then, since the diagonals 

mutually bisect each other (B. L, P. b Q 

XXXL), we shall have. 




CD" + da!" = 2CE^ + 2DE^ ; 



whence, by addition, recollecting that AE is equal to CJE^ 
and -Bj& to DE^ we have, 

^5" + BG* -^ CD^ ^ DJ? = 4C^* + ^DS^ ; 

but, 4C^ is equal to AG^y and A.DE'*^ to .SS' 
(P.Vm., C): hence, 

Aj^ + -B^ + o^* + dt = j:^ + 55^. 

That is^ the sum of the squares of the sides of a paralldo* 
grarn^ is equal to the sum of the squares of its diagonals. 
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PROPOSITION XV. THEOREM. 

In any triangle^ a line drawn paraUd to the base divider 

the other sides proportionally. 

Let ADC be a triangle, and I>£J a line parallel to 
the base BC : then 

AD : D£ : : AJS : BO. 

Draw -E7? and DC. Then, because 

the triangles AJEJD and DEB have their 

bases in the same line ADj and their 

vertices at the same point ^, they will 

have a common altitude : hence, (P. YL, 

C.) 

AJSD : DUB : : AD : DB. 

The triangles AJED and EDCy have their bases in the 
same line AC^ and their vertices at the same point 2>; 
they have, therefore, a common altitude ; hence, 

AED : EDC : : AE : EG. 

But the triangles DEB and EDC have a common base 
DE^ and their vertices in the line BC^ parallel to DE \ 
they are, therefore, equal : hence, the two preceding propor* 
tions have a couplet in each equal ; and consequently, the 
remaining terms are proportional (B. IL, P. IV.), hence, 

AD : DB : : AE : EC ; 
which was to be proved. 

Cor. 1. We have, by compomtion (B. H., P. YL), 
AD + DB : AD : : AE -{• EC \ Ali. \ 
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HI 



or. 



AB : AD : : AC : AE i 



and, in like manner, 

AS : DJi 






AC : JEJC. 



Cor. 2. If any number of parallels be drawn cutting two 
lines, they will divide the lines proportionally. 

For, let be the point where AJS 
and CD meet. In the triangle OBF^ q 

the line A being parallel to the base 
JEJF^ we shall have. 



oje: 



AE 






OF 



CF. 



In the triangle 06M, we shall have, 
OE '. EO :-. OF : FH ; 




hence (B. H, P. IV., C), 



AE 

In like manner, 

EQ 
and so on. 






EQ 






CF 



FH. 



QB 






FR 



HD ; 



PROPOSITION XVL THEOREM. 

If a straight line divides ttvo sides of a triangle proportionally^ 

it will be parallel to the third side. 

Let ABC be a triangle, and let D.E 
divide AB and ACy so that 

AjD : DB : : AJS : JSC ; 

then will DE be parallel to BC. 

Draw BC and HB. Then the tri. 
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angles ADE and DEB will have a common altitude ; and 
consequently, we shall have, 

ADE : DEB : : AD : DB. 

The triangles ADE and EDO have also 
a cx>mmon altitude ; and consequently, we 
shall have, 

ADE : EDO : : AE : EO ; 

but, by hypothesis, 

AD : DB : : AE : EG ; 

hence (B. 11., P. IV.), 

ADE : DEB : : ADE : ^2X7. 

The antecedents of this proportion being equal, the con- 
sequents will be equal ; that is, the triangles DEB and 
EDO are equaL But these triangles have a conmion base 
DE : hence, their altitudes are equal (P. VI., C.) ; that is, 
the points B and (7, of the line BC^ are equally distant 
from DEj or DE prolonged : hence, BC and DE are 
l^arallel (B. L, P. XXX., C.) ; tohich teas to be proved. 



PROPOSITION XVn. THEOREM. 

In any triayigU, the straight line which bisects the angle at 
the vertexy divides the base into two segments proportional 
tc the adjacent sides. 

Let AD bisect the vertical angle A of the triangle 

BAG : then wiU the segments BD and DC be propor* 

tional to the adjacent sides BA and GA. 

From Gf draw GE parallel to DA, and produce tt 
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until it meets BA prolonged, at M Then, because CE 
and DA are parallel, the angles BAD and AEC are 
equal (B. L, P. XX., C, 3) ; the 
angles DAO and ACE are 
also equal (B. L, P. XX., C, 2). 
But, BAD and DAC are 
equal, by hypothesis ; consequent- 
ly, AEG and ACE are equal: 
hence, the triangle ACE is 
isosceles, AlE being equal to 
AC. 

In the triangle BECy the line AD is parallel to the 
base EC i hence (P. XV.), 

BA : AE : : BD i DC i 

or, substituting AC for its equal AE^ 

BA : AC II BD : DC ; 
which toaa to be proved. 




PROPOSITION XVTTL THEOBEM. 

Triangles which qre mutuaUy equiangular^ are similar. 

Let the triangles ABC and DEE have the angle A 
equal to the angle i>, the angle B to the angle E, and 
the angle C to the angle F: then wiU they be similar. 

For, place the triangle 
DEE upon the triangle 
ABCy so that the angle 
E shall coincide with the / \ \ / \ i 





angle B then wiU the 
point E fall at some ^ H C 

pom^ Hy of BC; the point D at some point ff, of BA; 

8 
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the side DF will take the position OH^ and BOH will 
be equal to EBF. 

Since the angle JBHQ 
is equal to BCA^ GH 
will be parallel to AO 
(B. I., P. XIX., a 2) ; 
and consequently, we shall 
ha> e (P. XV.), 

BA X BO : : BO : BIT; 
or, since BO is equal to -EZ>, and BIT to JEPJ 

BA X EB i: BG X EF. 





In like manner, it may be shown that 



and also, 



BC X EF 



CA X FD 









CA 



AB 



FD ; 
DE\ 



hence, the sides about the equal angles, taken in the same 
order, are proportional ; and consequently, the triangles are 
omilar (D. 1) ; which toaa to he proved. 

Cor. If two triangles have two angles in one, eqnel to 
two angles in the other, each to each, they will be similar 
(B. L, P. XXV., C. 2). 



PROPOSITION XIX THEOREM, 

Trianglee which have their corresponding sides proportional^ 

are similar. 

In the triangles ABC and BEF^ let the corresponding 
sides be proportional ; that is, let 
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BA \ ED w BG X EF \\ CA \ FD \ 

then will the triangles be similar. 

For, on BA lay oE BO equal to ED\ on BO lay 

off BH equal to FF, 
and draw OIL Then, 

bccjiuse BO is equal to 

BD, and BIT to FF, 
we have, 

BA : BO : 

hence, OIT is parallel to AC (P. XVL) ; and consequently, 
the triangles BAG and BOS' are equiangular, and there- 
fore similar : hence, 

BC : BH :: CA : HO. 

But, by hypothesb, 

BG : FF : : GA : FD I 

hence (B. IL, P. IV., C), we have, 

BH \ EF .. HO : FD. 

But, BH is equal to ^i^; hence, HO is equal to FD. 
The triangles BUO and ^i^ have, therefore, their sides 
equal, each to each, and consequently, they are equal in all 
their parts. Now, it has just been shown th.at BHO and 
BGA are similar: hence, FFD and BGA are also simi- 
lar ; which was to be proved. 

Scholium. In order that polygons may be similar, they 
must fulfill two conditions : they must be mutuaJUy equianf 
gulavy and the corresponding; sides must be proportional. In 
the case of triangles, either of these conditions involves the 
other, which is not true of any other species of polygons. 
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PBOPOSinON XX. THEOREM. 

Triangles which have an angle in each eqical^ and the ifh 
eluding sides proportional^ are similar. 

Iq the triangles AJBC and DEF^ let the angle S be 
equal to the angle JS ; and suppose that 

BA : JED : : BC : JEF; 

then will the triangles be similar. 

For, place the angle F 
apon its equal J) ; J^ 
will fall at some point of 
BC, as JBT; 2> will fall 
at some point of £A^ as B 
Q ; DJF will take the position Offj and the triangle 
DBF will coincide with OBH^ and consequently, will be 
equal to it. 

But, from the assumed proportion^ and because BG is 
equal to JEZ>, and BH to EF ire have, 

BA . BG : . BC : BH \ 

hence, GH is parallel to AG \ and consequently, BAG 
afid BOH are mntnally equiangular, aod therefore similar. But, 
EDF is equal to BGH : hence it is also similar to BAG; which 
uxu to be proved. 





PROPosrnoK xxl thsobem. 

Triangles which have their sides paraUelj each to e€tch^ or 
perpendicular^ each to eachj are similar. 

l^. Let the triangles ABG and BFF have the ffid€ 
AB parallel to BE, BG to EF, and GA to FD : 
then will they be nmilar. 
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For, since the ride AB is parallel to DE^ and BG 
to j&jPJ the angle B is equal to the angle £! (B. L, P. 
XXrV.) ; in like manner, 
the angle C is equal to 
the angle F^ and the an- 
gle A to the angle J9 ; 
the triangles are, therefore, 
mutually equiangular, and 
consequently, are similar (P. XVLLL) ; tohich was to be 
proved. 





DEF have the side 
JEjF; and CA to 




2®. Let the triangles ABC and 
AB perpendicular to DE^ BO to 
FD : then will they be similar. 

For, prolong the sides of the tri- 
angle DEF till they meet the sides 
of the triangle ABC. The sum of 
the interior angles of the quadrilateral 
BIEO is equal to four right angles 
(B. I., P. XXVI.) ; but, the angles 
EIB and EGB are each right 

angles, by hypothesis ; hence, the sum of the angles lEO 
IBG is equal to two right angles ; the sum of the angles 
lEO and DEF b equal to two right angles, because thej 
are adjacent ; and since things which are equal to the same 
thing are equal to each other, the sum of the angles lEQ 
and IBO is equal to the sum of the angles lEO and DEF\ 
or, taking away the common part lEO^ we have the angle 
IBQ equal to the angle DEF. In like manner, the angle 
GCn may be proved equal to the angle EFD^ and the 
angle HAI to the angle EDF \ the triangles ABC and 
DEF are, therefore, mutually equiangular, and consequently 
omilar ; tohich was to be proved. 

Cot. 1. In the first case, the parallel sides are homolo* 



118 GEOMETRY. 

gous ; in the second cose, the perpendicular sides are homo- 
logous. 

Cor. 2. The homologous angles are those included by 
sides respectively parallel or perpendicular to each other. 

Scholium. When two triangles have their sides perpen- 
iicular, each to each, they may have a different relative 
position from that shown in the figure. But we can always 
construct a triangle within the triangle ABC^ whose sides 
shall be parallel to those of the other triangle, and then the 
demonstration will be the same as above. 



p'^oposmoN xxn. theorem. 

If a straight line be drawn parallel to the base of a triangle, 
and straight lines be drawn front the vertex of the triangle 
to points of the base, these lines will divide the base and 
the parallel proportionally. 

Let ABC be a triangle, BG its base, A its vertex, 
DE parallel to BC, and AI\ AG, AH, lines drawn 
from A to points of the base : then will 

DI . BF w IK . FO i: KL i GH : i LE i BC. 

For, the triangles AID and 
AFB, bemg rinular (P. XXL), we 
have, 

AI . AF :i DI : BF ; 

and, the triangles AIE and AFG, ^ — ^ ^ — ^-A 

being similar, we have, 

AI : AF :. IK I FG \ 
hence, (B. IL, P. IV.), we have, 
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DI : BF : : IK : FG. 



Id like manner, 

IK : FG 



and, 



KL : GB 









KL 



LE 



no ; 



hence (B. 11., P. IV.), 



DI I BF . I IK I FG : I KL I on : . LE : HC \ 

which was to he proved. 

Cor, 11 BO VA divided into equal parts at Fy G^ and 
Hy then will DE he divided into equal parts, at ij JT, 
And L. 



PROPOSITION XXTII. THEOREM. 

Tfy in a right-angled triangUy a perpendicular he drawn from 
the vertex of the right angle to the hypothenuse : 

i^. The triangles on ^ach side of the perpendicular wiU be 
similar to the given trianglCy and to each other : 

2®. Each side about the right angle will he a m^an propor- 
tional between t/ie hgpothenicse and the adjacent segment : 

8*^. The perpendiddar will be a mean proportional between 
the two segmetits of the hypothenuse, 

V. Let ABC he a right-angled triangle, A the vertex 
of the right angle, BC tlie hypo- 
ihenuse, and AD perpendicular to 
BC : then wUl ADB and ADC 
be similar to ABCy and conse- 
qaently, similar to each other. 

The triangles ADB and ABC 
have the angle B common, and the angles ADB and 
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BA C equal, because both are right angles ; they are, there 
fore, smular (P. XVIIL, C). In like manner, it may be 
shown that the triangles ADC and ABC are similar; 
and since ADB and ABC are both similar to ABC 

« 

they are similar to each other ; which was to be proved. 

2^. AB will be a mean pro- 
))ortional between BC and BB\ 
and A C will be a mean propor- 
tional between CB and CD. 

For, the triangles ADB and 
BAC being similar, their homo- 
logons sides are proportional : hence. 




BC 

In like manner, 
BC 



AB 






AB 



BD. 



AG 






AC \ DC \ 



which toas to be proved. 



3°. AD will be a mean proportional between BT and 
DC. For, the triangles ADB an<l ADC being amilar, 
their homologous sides are proportional ; hence. 



BD 



AD 






AB 



BC i 



which was to be proved. 



Cor. \, From the proportions, 



and, 



BC 
BC 



AB 
AC 









AB 

AC 



: BD, 
I BC, 



we have (B. n., P. I), 



and, 



AJEl* =z BC X BB, 
AC* = BC X BC ; 
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whence, by addition, 



or, 

IS" + AC^ = i?C' ; 

as was shewn in Proposition XL 

Cor. 2. If from any point -4, in a semi-drcnmferencc 
BAG J chords be drawn to the 
extremities B and C of the diam- 
eter BCy and a perpendicular AD 
be drawn to the diameter : then !^ — ^ 

will AB C be ' a right sngled tri- 
angle, right-angled at A ; and from what was proved above, 
each chord will be a mean proportional between the diameter 
and the adjacent segment ; and, tJie perpendicular will be a 
mean proportional between the 8egme9U8 of the diameter. 




PROPOSITION XXIV. THE0RE3L 

Triangles which have an angle in each eg^mlj are to each 
other as the rectangles of the indtiding sides. 

Let the triangles GIIK and ABC have the angles 
and A eqtial : then will they be to each otiter as tl»' 
rectangles of the sides about these angles. 

For, lay off -^/> equal 
to GH, AB to GA^y and 
draw BB ; then will the 
triangles ABE and GITK 
be equal in all their parts. 
Draw BB. 
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The triangles ADE and ABE hare their bases in the 

same line AB, and a common vertex E ; therefore, they 

have the same altitude, and consequently, are to each other 
as their bases ; that is, 



ADE 



ABE 






AD 



AH. 




The triangles ABE and 
ABCy Lave their bases in 
the same lino AC^ and a 
common vertex B ; hence, 

ABE : ABC : : AE : AC; 

multiplying these proportions, term by term, and omitting 
the common factor ABB (B. II., P. VIL), wo have, 

ABE : ABC : : AD x AE : AB x AC; 

substituting for ABE^ its equal, GITKy and for AB x AE^ 
its equal, GH X GKy we have, 

GIIK : ABC : : GJI x GK : AB x AC; 
tohich was to be proved. 

Cor. If ABE and ABC are similar, the angles J) 
and B being homologous, BE will be parallel to 2?(7, 
and we shall have, 

AB : AB : : AE : AC \ 



hence (B. IT., P. TV.), we have, 

ABE : ABE : : ABE : ABC ; 

that is, ABE is a mean proportional be- 
tween ABE and ABC. 
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PROPOSITION XXV. THEOREM. 

Similar tricmgles are to each other as the squares of their 

homologous sides. 

Let the tnangles AJ3G and DEF be similar, the angle 
A being equal to the angle 2>, J? to E^ and C to F. 
then will the triangles be to each other as the squares of 
any two homologous sides. 

Because the angles A and D are equal, we have (P. 
XXIV.), 

ABC I DEF :: AJ3 x AG : DE x DF ; 

and, because the triangles 
are similar, we have, 

AB : J>E : : AC : DF\ 

multiplying the terms of 
this proportion by the cor- 
responding terms of the proportion, 

AC X DF . : AC I BFy 
we have (B. H., P. XIL), 

AB X AC : DE x BF : : AG^ : BF^; 

oombining this, with the first proportion (B. II., P. IV.), 
we have, 

ABC : BEF : : AC^ ' BF\ 

In like manner, it may be shown that the triangles are 
to each other as the squares of AB and BE^ or of BC 
and EF; which was to be proved. 
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PROPOSITION XXVL THEOREM. 

Similar polygons may be divided into the same number of 
triangles^ similar^ each to ea^ch, and similarly placed, 

let ABODE and FGHIK be two siniilar polygonp, 
t)ie angle A being equal to the angle F^ B \o G^ C to 
JT, and so on : then can they be divided into the same 
number of similar triangles, similarly placed. 

For, from A draw 
the diagonals A C , 
ADj and from -F, 
homologous with A , 
draw the diagonals 
FITy FI, to the ver- 
ticca IT and i^ hom- 
ologous with C and D, 

Because the polygons are similar, the triangles ABC and 
FGH have tliC angles B and G equal, and the sides 
about these angles proportional ; they are, therefore, similar 
(P. XX.). Since these triangles are similar, we have the 
angle ACB equal to FIIG^ and the sides AO and FH^ 
proportional to BC and GH^ or to CD and HI, The 
angle BCD being equal to the angle GIII^ if we take 
from the first the angle AC By and from the second the 
equal angle FIIG^ we shall have the angle A CD equal 
to the angle FHI : hence, the triangles A CD and FID 
bave an angle in each equal, and the including sides propor- 
tional ; they are therefore similar 

In like manner, it may be shown that ADE and FIK 
are similar ; which toas to be proved. 

Cor. 1. The corresponding triangles in the two polygons 
are homologous triangles^ and the corresponding diagonals are 
homologous diagonals. 
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Cor, 2. Any two homologous triangles are like parts of 
the polygons to which they belong. 

For, the homologous triangles being similar, we haye. 





ABC : FOH : : 


; AC^ 


: FH^i 


slid, 


ACB : FHI : 


: AC" 


: FH"; 


whence, 


ABC : FGII : , 


: ACD 


: F//L 


But, 


ABC : Fan : ; 


; ABC 


: FOR; 


and. 


ABC : FGH : , 


ADE 


: FIK; 



by composition, 

ABG . FGH : : ACD+ABC+ADE: Fffl+FGir+FIS; 
that is, ABO : FGH : : ABODE : FGHIK. 

Cor. 3. If two polygons are made up of similar triangles, 
similarly placed, the polygons themselves will be similar. 



PROPOSITION XXVII. THEOREM. 

The perimeters of similar polygons are to each other as any 
two homologous sides ; and the polygons are to each 
other as the squares of any two homologous sides. 

1®. Let ABODE and FGHIK be amilar polygons: 
then will their perimeters be to each other as any two 
homologous sides. 

For, any two homo- 
logous sides, as A3 
and FG^ are like parts 
of the perimeters to 
which they belong : 
hence (B. H, P. IX.), 
the perimeters of the 

polygons are to each other as AB to FG^ or as any 
other two homologous sides ; which was to be proved. 
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2°. The polygons will be to each other as the sqnares 
of any two homologons sides. 

For, let the poly- 
gons be divided into 
homologous triangles 
(P. XXVL, C. 1) ; 
then, because the 
homologous, triangles 
ABC and FGH are 

like parts of the polygons to which they belong, the poly- 
gons will be to each other as these triangles ; but these 
triangles, being similar, are to each other as the squares of 
AB and FG : hence, the polygons are to each other as 
the squares of AB and FG^ or as the squares of any 
other two homologous sides ; which was to be proved. 

Cor, 1. Perimeters of similar polygons are to each other 
as their homologous diagonals, or as any other homologous 
lines ; and the polygons are to each other as the squares of 
their homologous diagonals, or as the squares of any other 
homologous lines. 

Cor, 2, If the three sides of a right-angled triangle be 
made homologous sides of three similar polygons, these poly- 
gons will be to each other as the squares of the sides of 
the triangle. But the square of the hypothenuse is equal 
to the sum of the squares of the other sides, and conse- 
quently, the polygon on the hypothenuse wiU be equal to 
he sum of the polygons on the other sides. 



PROPOSITION XXVin. THEOREM. 

]^ two chords intersect in a circle^ their segments wiU be 

reciprocally proportional. 

Let the chords AB and CB intersect at : then 
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will their segments be reciprocally proportional ; that is, one 
segment of the first will be to one segment of the second, 
as the remaining segment of the second is to the remaining 
segment of the first. 

For, draw CA and J3D. Then 
will the angles OJDB and OAC be 
equal, because each is measured by half 
of the arc CB (B. m., P. XVUI.). 
The angles OBD and OCAy will also 
be equal, because each is measured by 
half of the arc AD: hence, the triangles OBD and OCA 
are similar (P. XVIII., C), and consequently, their homolo- 
gous sides are proportional : hence, 

BO : AO : : OB : OC ; 
ufhich was to he proved. 

Cor. From the above proportion, we have, 

BO X OC = AOx OB ; 

that is, the rectangle of the segments of one chord is equal 
to the rectangle of the segments of the other. 



PROPOSITION XXIX. TIEEOBEM. 

^ from a point vnthoiU a eircky two secants be drawn ter- 
minating in the concave arc^ thet/ wiU be reoiprocaUy 
proportional to their external segments. 

Let OB and OC be two secants terminating in the 
concave arc of the circle BCB : then will 

OB : OC : : OB : OA. 
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For, draw AC and DJB. The triangles ODB and 
OAC have the angle O common, and the angles OJiD 
and OCA equal, because each is measured 
by half of the arc AD : hence, they are 
fliuilar, and consequently, their homologous 
sides are proportional ; whence, 

OB \ OC \ : OD : OA; 




which w(u to be proved. 

Cor, From the above proportion, we 

have* 

OB X OA = OC X OD \ 

that is, th^ rectangles of each secant and its external seff^ 
ment are equal. 



PROPOSITION XXX. THEOBEM. 

jy from a point without a circle^ a tangent and a secaM 
be drawn^ the secant terminating in the concave arCj the 
tangent wiU be a mean proportional between the secant 
and its external segment. 

Let ADC be a circle, OC a secant, and OA a tan- 
gent : then will 

OC I OA IX OA t OD. 



For, draw AD and AC. The tri- 
angles OAD and OAC will have the 
angle conmion, and the angles OAD 
and A CD equal, because each is mea- 
sured by half of the arc AD (B. HI., 
P. XVnL, P. XXL) ; the triangles are 
therefore similar, and consequently, their 
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faomologoos sides are proportional: hence, 

OC : OA : : OA : ODi 

which VHJLS to he proved. 

Cor. From the above proportion, we have, 

AO^ =z OC X OD ; 

that is, the square of the tangent is equal to the rectangle 
of the secant and its external segment. 



PKACTICAL APPLICATIONS. 



PBOBLKM I. 

To divide a given straight line into parts proportional to given 

straight lines : also into equal parts. 

1**. Let ^^ be a given straight line, and let it be required 
to divide it into parts proportional to the lines P, Q, and R. 

From one extremity -4, 
draw the indefinite line AO^ 
making any angle with AJB ; 

lay oS AC equal to P, CD ^ 

equal to Q, and DE equal ^ 

to B ; draw ^P, and 
from the points C and 2>, 
draw CI and DJF parallel to EB : then will AT, IF, 
and -KZ?, be proportional to P, Q, mi R (P XV., C. 2). 

9 
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2°. Let AH be a given straight line, and let it be required 
to divide it into any number of equal parts, say five. 

From one extremity 

w4, draw the indefinite j^,,^ C 5 ? E- — ^ 

liuo A G ; take AI equal 

to any convenient line, 

and lay off IK, KL, 

LM^ and MB, each 

equal to AL Draw 

BR, and . fi-om JT, K, i, and Jf, draw the lines IC, 

KB, LE, and MF, parallel to BH \ then will AS be 

divided into equal parts at (7, J!>, j^ and F (P. XV., 

C. 2). 

PROBLEM IL 



To construct a fourth proportioned to three given straight lines. 

Let -4, -B, and (7, be 
the given lines. Draw 
BF and BFy making 
any convenient angle with 
each other. Lay off BA 
equal to A, BB equal 
to B, and BC equal 

to C ; draw A (7, and fi*om B draw J^JS" parallel to 
AC : then will 2>X be the fourth proportional required. 

For (P. XV., C), we have. 




BA 



or. 



2>^ 



B 



. « 






BC : BX; 



C : 2>X 



Cor. If i>(7 is made equal to BB^ BX will be 
third proportional to BA and BBy or to -4. and B. 
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PROBLEM UL 

To construct a mean proportional between two given straight 

lines. 

Let A and JB be the given 
Knes. On an indefinite line, lay oflF 
DB equal to -4, and J^J^ equal 
to J5 ; on JD^ as a diameter de- 
scribe the semi-circle DGF^ and 
draw EG perpendicular to DF : 
then "will JEO be the mean proportional required. 

For (P. XXm, C. 2), we have, 




Al 1 



DE : EG : : EG : EF; 



or. 



A : EG 



EG : B. 



PROBLEM IV. 



To divide a given straight line into two such parts, thai the 
greater part shall be a mean proportional between the whoh 
line and the other part. 

Let AB be the ^ven line. 

At the extremity J?, draw 
£C perpendicular to ABj and 
make it equal to half of AB. 
With (7 as a centre, and CJS 
as a radius, describe the arc 
DBE ; draw A (7, and produce 

it till it terminates in the concave arc at E ; with A as 
centre and AJ) as radius, describe the arc DF i then 
will AF be the greater part required. 
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For, AB bebig perpendicular to 
gent to the arc DBE : hence 
(P. XXX.), 

AE . AB i: AB I AD\ 

and, by diviedon (B. IL, P» VL), ^ 



CB at B^ is tan- 




AE" AB : AB : : AB -- AB : AB. 

But, BE is equal to twice (7J5, or to AB : hence, 
AE — AB is equal to ^i>, or to AE; and ^J5 — AB 
is equal to AB — ^i^, or to EB : hence, by substitution, 

AE : AB : : EB : AEi 
and, by inversion (B. BE., F. V.), 



Scholium, When a straight line is diyided so that the 
greater segment is a mean proportional between the whole 
line and the less segment, it is said to be diyided in extreme 
and mean ratio. 

Since AB and DE are equal, the line AE is divided in 
extreme and mean ratio at D\ for we have, from the first 
of the above proportions, by substitution, 

AE : DE : : DE : AD. 



BOOK IV. MS 




PROBLEM V. 

Through a given pointy in a given angle^ to draw a straight 
line so thai the segments letween the point and the sides of 
the angh shall le equoL 

Let BCD'hQ the given angle, and A the ^ven point. 

Through -4, draw AE parallel to 
DC \ lay off EF equal to CE^ and 
draw FAD\ then will AF and AD 
be the segments required* 

For (P. XV.), we have, 

FA : AD : : FE : EC ; 
but, FE is equal to EC ; hence, FA is equal to AD. 

PROBLEM VL 

To construct a triangle equal to a given polygon. 

Let ABCDE be the given polygon. 

Draw CA ; produce jEL4, and 
draw DO parallel to OA ; draw 
the line CO. Then the triangles 
BAC and OAO have the com- 
mon base ACy and because their 
vertices B and G^ lie in the 

same line BG parallel to the base, their altitudes are equal, 
and consequently, the triangles are equal : hence, the polygon 
OCDE is equal to the polygon ABCDE. 

Again, draw CE \ produce AE and draw DF parallA 
to CE \ draw also CF \ then will the triangles FCE 
and DCE bo equal: hence, the triangle OCF is cquai 
to the polygon QCDEy and consequently, to the given 
polygon. In like manner, a triangle may be conptructed 
equal to any other given polygon. 
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PBOBLBM TH. 



To construct a square equal to a given triangle. 

Let ABC be the given triangle, AD its altitude, and 
MG its base. 

Construct a mean pro- 
portional between AD 
and half of DO (Prob. 
m.). Let XT be that 
mean proportional, and on 
it, as a side, construct a 

square: then will this be the square required* For, from 
the construction. 




XY' = iDO X ^1Z> = area AJBC. 

Scholium. By means of Problems VI. and VIL, a square 
may be constructed equal to any given polygon. 



PROBLEM Vin. 

On a given straight line, to construct a polygon similar to a 

given polygon. 

Let FG be the given line, and ABODE the ^ven 
polygon. Draw -4(7 and AD. 

At JFJ construct 
the angle QFH equal 
to BAO^ and at Q 
the angle FGH equal 
to ABC ; then will 
FGH be similar to 

ABC (p xvm., C.) 
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In like manner, construct the triangle FHI similar to ACDy 
and FIK similar to ADE-, then will the polygon FGHIK 
be similar to the polygon ABODE (P. XX VL, C. 3). 




PROBLEM IX. 

ib construct a square equal to the sum of two giveyi 
squares : also a square equal to the difference of two 
given squares. 

1^. Let A and JB be the sides of the given squares, 
and let A be the greater. 

Construct a right angle 
CDJ^ ; make DB equal 
to -4, and DC equal to 
3 ; draw CEy and on it 

construct a square : this square will be equal to the sum 
of the given squares (P. XI.). 

2**. Construct a right angle CDE. 

Lay oS DC equal to J5 ; with C 
as a centre, and CE, equal to -4, as 
a radius, describe an arc cutting DE at 
E ; draw CE^ and on DE construct 
a square : this square will be equal to 
the difference of the given squares (P. XI., C. 1). 

Scholium, A polygon may be constructed similar to either 
of iwo given polygons, and equal to their sum or difference. 

For, let A and B be homologous sides of the given polygons 
Find a square equal to the sum or difference of the squares 
on A and B ; and let X be a side of that square. On X as 
a side, homologous to A or B^ construct a polygon similar 
to the given polygons, and it will be equal to their sum or 
difference (P. XXVIL, C. 2). 




BOOK V. 

BXOUL^B POLYGONS. — ABBA OF THB CIBCLB* 

DEFINITION. 

1. A Regulab Polygon is a polygon which is both 
equilateral and equiangular. 



PROPOSITION L THEOREM. 
Regular polygons of the same number of sides are similar. 

Let ABCDEF and ahcdef be regular polygons of the 
same number of sides : then will they be similar. 

For, the corresponding 

angles in each are equal, E ^ 

because any angle in 

either polygon is equal 

to twice as many right 

angles as the polygon 

has sides, less four right 

angles, divided by the number of angles (B. L, P. XXVI ^ 

C. 4); and further, the corresponding sides are proportional, 

because all the sides of either polygon are equal (D. 1): hence, 

the polygons are similar (B. IV., D. 1) ; which was to be proved. 
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PROPOSITION n. TnEOREM. 

The circumference of a circle may be circumscribed about any 
regular polygon ; a circle may also be inscribed in it. 

V Let ABCF be a regular polygon: then can the 
cdrcuniference of a circle be circumscribed about it. 

For, til rough three consecutive ver- 
tices A^ By (7, describe the circum- 
ference of a circle (B. m., Problem 
XIII., S.). Its centre will lie 
on I*Oy drawn perpendicular to -Z?C, 
at its middle point P; draw OA 
and OD, 

Let the quadrilateral OPCD be 
turned about the line OP, until PG 

falls on PB ; then, because the angle C is equal to By 
the side CD will take the direction BA ; and because CD 
is equal to BA^ the vertex 2>, will fall upon the vertex 
A ; and consequently, the line OB will coincide with 0-4, 
and is, therefore, equal to it : hence, the circumference which 
passes through Ay By and O, will pass through B. In 
like manner, it may be shown that it will pass through all 
of the other vertices : hence, it is circumscribed about the 
polygon ; which was to be proved, 

2^. A circle may be inscribed in the polygon. 

F^r, llie sides ABy BCy <fcc., being equal chords o 
tHe circumscribed circle, are equidistant from the centre 
hence, if a circle be described from as a centre, with 
OP as a radius, it will be tangent to all of the sides d 
the polygon, and consequently, will be inscribed in it; which 
was to be proved. 
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Scholium. If the circumference of a circle be divided 
into equal arcs, the chords of these arcs will be sides of a 
regular inscnbed polygon. 

For, the sides are iequal, because they are chords of equal 
arcs, and the angles are equal, because they are measured by 
halves of equal arcs. 

If the vertices A^ B^ (7, &c., 
of a regular inscribed polygon be 
joined with the centre O, the tri- 
angles thus formed will be equal, 
because their sides are equal, each 
to each : hence, all of the angles 
about the point are equal to 
liach other. 




DEFINinONS. 



1, The Centre op a Regular Polygon, is the common 
centre of the circumscribed and inscribed circles. 



2. The Angle at the Centre, is the angle formed by 
drawing lines from the centre to the extremities of either 
side. 

The angle at the centre is equal to four right angles 
divided by the number of sides of the polygon. 

3. The Apothem, is the shortest distance from the centre 
to either side. 

The apothegm is equal to the radius of the inscribed 
circle. 
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PBoPOsmoN in. problem. 

lb inscribe a sqicare in a given circle. 

Let ABCD be tire given cir- 
cle. Draw any two diameters AC 
and JBD perpendicular to each 
other ; they will divide the circum- 
ference into four equal arcs (B. lEL, 
P. XVn., S.). Draw the chords 
AB, BC, CD, and DA\ then 
will the figure ABCD be the 
square required (P. 11., S.). 

Scholium, The radius is to the side of the inscribed 
square as 1 is to y^ 




PROPOSITION IV. THEOREM. 

^f a regvlar Jiexagon he inscribed in a circle, any side wiU 
be equal to the radius of the circle. 

Let ABD be a circle, and ABCDEH a regular in- 
scribed hexagon : then will any side, as AB, be equal to 
the radius of the circle. 

Draw the radii OA and OB. 
Then will the angle A OB be 
equal to one-sixth of four right 
angles, or to two-thirds of one 
right angle, because it is an an- 
gle at the centre (P. 11., D. 2). 
The sum of the two angles OAB 
and OBA is, consequently, equal 

to four-thirds of a right angle (B. L, P. XXV., C. 1) ; but, 
the angles OAB and OBA are equal, because the opposite 
ffldes OB and OA are equal : hence, each is equal to 




140 



GEOMETRY. 



two-Uiirds of a right angle. The three angles of the triangle 
A OB are therefore, equal, and consequently, the triangle is 
equilateral : hence, AB is equal to OA ; which was to be 
proved. 



PROPOSITION V. PR0BLE3I. 



To inscribe a regular heocagon in a given circle. 



its centre. 



Let ABE be a circle, and 
Beginning at any point of 
the circumference, as A^ ap- 
ply the radius OA six times 
as a chord ; then will 
ABCDEF be the hexagon 
required (P. FV.). 



Cor. 1. If the alternate 
vertices of the regular hexagon 
be joined by the straight lines 
AC, CE, and EA, the inscribed 
triangle ACE will be equilateral (P. II., S.). 

Cor, 2. If we draw the radii OA and 0(7, the figure 
AOOB will be a rhombus, because its sides are equal: 
hence (B. IV., P. XIV., C), we have, 

AJS" + BC^ + OA^ + OC^ = AC^ + OB" I 

or, taking away from the first member the quantity 0A\ 
and from the second its equal OB^y and reducing, we have 




ZOA' = AC'\ 



whence (B. BL, P EL), 



AC' 



OJ' 



1; 
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or (B. H, P. Xn., C. 2), 

AC : 0^ : : v/3 : 1 ; 

that iS| thA side of an inscribed equilateral triangle is to the 
radiiis^ as the square root of Z is to 1. 



PROPOSITION VI. THEOREM. 

^ the radius of a circle be divided in extreme and mean 
ratiOj the greater segment wiU be equal to one side of a 
regular inscribed decagon. 

Let ACG be a circle, OA its radius, and AJB^ equal to 
OMj the greater segment of OA when divided in extreme 
and mean ratio : then wiU AJS be equal to the side of a 
regular inscribed decagon. 

Draw OJB and JBM. We 
have, by hypothesis, 

AO : OM : : OM : AM; 

or, since AB is equal to 
OM, we have, 

AO : AJ^ : : AB : AM; 

hence, the triangles OAJB 
and BAM have the sides 
about their common angle 

BAM^ proportional ; they are, therefore, similar (B. IV., 
P. XX.). But, the triangle OAB is isosceles ; hence, BAM 
is also isosceles, and consequently, the side BM is equal to 
AB. But, AB is equal to OM^ by hypothesis : hence, 
BM is equal to OJf, and consequently, the angles MOB 
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and MBO are equal. The angle AMB being an exterior 
angle of the triangle OMB^ is equal to the sum of the 
angles MOB and MBOy or 
to twice the angle MOB ; 
and because AMB is equal to 
OABy and also to OBA^ the 
sura of the angles OAB and 
OBA is equal to four times 
the angle A OB : hence, A OB 
is equal to one-fifth of two 
right angles, or to one-tenth of 
four right angles ; and conse- 
quently, the arc AB is equal 
to one-tenth of the circumfer- 
ence : hence, the chord AB is equal to the dde of a 
regular inscribed decagon ; which was to he proved. 

Cor. 1. If AB be applied ten times as a chord, the 
resulting polygon will be a regular inscribed decagon. 

Cor. 2. If the vertices -4, (7, jEJ ff, and ij of the 
alternate angles of the decagon be joined by straight lines, 
the resulting figure will be a regular inscribed pentagon. 




Scholium 1. If the arcs subtended by the sides of any 
regular inscribed polygon be bisected, and chords of the semi- 
arcs be drawn, the resulting figure will be a regular inscnot>d 
polygon of double the number of sides. 

Scholium 2. The area of any regular inscribed polygon 
is less than that of a regular inscribed polygon of double 
the number of sides, because a part is less than the whole 
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PROPOsmoN vn. problem. 

lb circumsci'iie, about a circle, a polygon which shall he 
similar to a given regular inscribed polygon. 

Let TNQ be a circle, its centre, and ABCDEF 
a regular inscribed polygon. 

At the middle points 
7J -ZV; P, &c., of the arcs 
subtended by the sides of 
the inscribed polygon, draw 
tangents to the circle, and 
prolong them till they in- 
tersect ; then will the re- 
sulting figure be the poly- 
gon required. 

1°. The side H& be- 
ing parallel to BA^ and 

HI to J5(7, the angle H is equal to the angle B. In 
like manner, it may be shown that any other angle of the 
circumscribed polygon is equal to the corresponding angle of 
the inscribed polygon : hence, the circumscribed polygon in 
equiangular. 

2^ Draw the straight lines Off, OT, OH, ON, and 01. 
Then, because the lines HT and HN are tangent to the 
circle, OH will bisect the angle NHT, and also the angle 
NOT (B. in., Prob. XIV., S.) ; consequently, it will pass 
through the middle point B of the arc NBT. In like 
manner, it may be shown that the straight line drawn 
from the centre to the vertex of any other angle of the 
circumscribed polygon, wiU pass through the corresponding 
vertex of the inscribed polygon. 

The triangles OHG and OHI have the angles OHQ 
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and Oni equal, from what has just been sho\ni ; the an- 
gles GOn and JIOI equal, because they are measured by 
the equal arcs AB and 
BC, and the side Oil 
winmon ; tbey are, there- 
fore, equal in all their 
parts : hence, Gil is 
equal to III. In like 
manner, it may be shown 
that ni is equal to JZlJ 
IK to JTX, and so on : 
hence, the circumscribed 
polygon is equilateral. 

The circumscribed poly- 
gon being both equiangular and equilateral, is regular ; and 
since it has the same number of sides as the inscribed poly- 
gon, it is similar to it. 

Cor. 1. If straight lines be drawn from the centre of a 
regular circumscribed polygon to its vertices, and the consec- 
utive points in which they intersect the circumference be 
joined by chords, the resulting figure will be a regular 
inscribed polygon similar to the given polygon. 

Cor. 2. The sum of the lines HT and UN" is equal 
to the sum of JET and TG^ or to HG ; that is, to one 
of the sides of the circumscribed polygon. 

Cor. 3. If at the vertices -4, By (7, &c., of the in- 
scribed polygon, tangents be drawn to the circle and pro- 
longed till they meet the sides of the circumscribed polygon, 
the resulting figure will be a circimiscribed polygon of double 
the number of sides. 



Cor. 4, The area of any regular circumscribed polygOD 
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is greater than that of a regular circumscribed polygon of 
double the number of sides, because the whole is greater 
than any of its parts. 

Hcholium. By means of a circumscribed and inscribed 
square, wo may construct, in succession, regular circumscribed 
and inscribed polygons of 8, 16, 32, &c., sides. By means 
of the regular hexagon, we may, in like manner, conslruct 
regular polygons of 12, 24, 48, &c., sides. By means of the 
decagon, we may construct regular polygons of 20, 40, 80, 
<&c., sides. 



PROPOSITION Vin. THEOEEM. 



The area of a regular polygon is equal to half the product 

qf its perimeter and apothem. 

Let QHIK be a regular polygon, its centre, and 
OT its apothem, or the radius of the inscribed circle : 
then will the area of the polygon be equal to half the 
product of the peiimeter and the apothem. 

For, draw lines from the centre 
to the vertices of the polygon. 
These lines will divide the polygon 
into triangles whose bases will be 
the sides of the polygon, and 
whose altitudes will be equal to 
the apothem. Now, the area of 
any triangle, as OHG^ is equal to 
lialf the product of the side HG 
and the apothem : hence, the area 

of the polygon is equal to half the product of the perimeter 
and the apothem ; which was to be proved. 

10 
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PROPOSITION IX. THEOREM. 

The perimeters of similar regular polygons are to each 
other as the radii of their circumscribed or inscribed 
circles ; and their areas are to each other as the squares 
of those radii, 

1°. Let ABC and KLM be similar regular polygons, 
Let OA and QK be the radii of their circumscribed, OB 
and QR be the radii of their inscribed circles : then will 
i.he perimeters of the polygons be to each other as OA is 
.0 QK^ or as OB is to QR. 

For, the lines 
!>A and QK are A^ — !=; — ^B 

homologous lines 
if the polygons 
'.o which they be- 
long, as are also 
Jie lines OB and 
QR : hence, the 
i^icrimcter of ABC 

:a to the perimeter of KLM^ as 0-4 is to QK^ or as 
OB is to QR (B. IV., P. XXVn., C. 1) ; which was to bt 
ftroved. 

2°. The areas of the polygons will be to each other as 

OA^ is to QK^\ or as OB^ is to QR\ 

For, OA being homologous with QJT, and OB with 
QR, we have, the area of ABO is to the area of irZ3f 
as 02'^ is to QK\ or as OB^ is to QS^ (B. IV., P 
XXVEL, C. 1) ; which was to be proved. 
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PROPOSITION X. THEOREM. 



7\do regular polygons of the same number of sidtis can bt 
constructed^ the one circumscribed about a circle and the 
other inscribed in ity which shaU differ from each othef 
by less than any given surface. 



Lefc ABCE be a circle, its centre, and Q the side of 
a square equal to or less than the given surface; then can 
two mmilar regular polygons be constructed, the odo circum- 
scribed about, and the other inscribed within the given circle, 
which shall differ from each other by less than the square 
of §, and consequently, by less than the given sur&ce. 

Inscribe a square in the 
given circle (P. IH.), and by 
means of it, inscribe, in succes- 
sion, regular polygons of 8, 16, 
32, 4fcc., sides (P. VJI., S.), un- 
til one is found whose side is 
l«ss than Q ; let AB be the 
side of such a polygon. 

Construct a similar circum- 
scribed polygon ahcde : then 

will these polygons differ from each other by less than the 
square of Q. 

For, from a and J, draw the lines aO and bO\ they 
will pass through the points A and J5. Draw also OK 
to the point of contact K\ it will bisect AB at / and 
be perpendicular to it. Prolong AO to E. 

Let P denote the circumscribed, and /> the inscribed 
polygon ; then, because they are regular and similar, we 
fihaU have (P. IX.), 
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P 






ok" 



or 



OJ! : of'. 



hence, by division (B, 11., P, VI.), we have, 



P : P -p : : OA^ : OA' 



or 



or, 
P : 



P -p :: OA' 



AI\ 



Multiplying the terms of the 
second couplet by 4 (B. 11., P. 
VII), we have, 




whence (B. IV., P. VIII., C), 
P : P-p : : Z^* : AJ5\ 



But P is less than the square of AJS (P. VII., C. 4) ; 
hence, P -— p is less than the square of -4P, and conse 
quently, less than the square of §, or than the given sur- 
face ; which was to be proved. 

Definition, — The limit of a variable quantity is a quantity to- 
wards which it may be made to approach nearer than any given 
quantity, and which it reaches under a particular supposition. 

Lemma, — Two variable quantities which constantly approach 
towards equality^ and of which the difference become less than 
anyfiriite magnitude^ are xdtimately equal. 

For if they are not ultimately equal, let D be their ultimate 
difference. Now, by hypothesis, the quantities have approached 
nearer to equality than any given quantity, as J9; hence D 
denotes their difference and a quantity greater than their differ- 
ence, at the same time, which is impossible ; therefore, the two 
quantities are ultimately equal.* 

♦ Newton's Principia, Book I., Lemma I. 
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Cor, If we take any two similar regular polygons, the one cir- 
cumscribed about, and the other inscribed within the circle, and 
bisect the arcs, and then circumscribe and inscribe two regular 
polygons having double the number of sides, it is plain that by 
continuing the operation, two new polygons may be found which 
shall differ from each other by less than any given surface ; 
hence, by the lemma, the two polygons will become ultimately 
equal. But this equality cannot take place for any finite number 
of sides ; hence, the number of sides in each will be infinite, and 
each will coincide with the circle, which is their common limit. 
Under this hypothesis, the perimeter of each polygon will coin- 
cide with the circumference of the circle. 

Scholium, — The circle may be regarded as a regular polygon 
having an infinite number of sides. The circumference may be 
regarded as the perimeter^ and the radius as the apothem, 

PROPOSITION XI. PROBLEM. 

2%6 area of a regular inscribed polygon^ and that of a 
similar circumscribed polygon being given, to find the 
areas of the regular inscribed and circumscribed polygons 
having double the number of sides. 

Let AB be the side of the given inscribed, and EF 
that of the given circumscribed polygon. Let C be their 
common centre, AMB a portion of the circumference of 
the circle, and M the middle point of the arc AMB, 

Draw the chord AM, and 
at A and B draw the tangents 
AP and BQ\ then will AM 
be the side of the inscribed 
polygon, and PQ the side of 
the circumscribed polygon of 
double the number of sides (P. 
VIL). Draw CE, GP, CM, 
and CF. 
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Denote the area of the given inscribed polygon by jo, 
the area of the given circumscribed polygon by P, and the 
areas of the inscribed and circumscribed polygons having 
doable the number of sides, respectively by p* and P'. 



r. The triangles CAD, CAM, 
and GEM, are like parts of the 
polygons to which they belong : 
hence, they are proportional to the 
polygons themselves. But GAM 
is a mean proportional between 
GAD and GEM (B. IV., P. 
XXTV., C.) ; consequently p* 
is a mean proportional between 
p and P\ hence, 




/>' = -|/p X P. 



(1.) 



2°. Because the triangles GPM and GPE have the 
common altitude GM, they are to each other as their 
bases : hence, 

GPM : GPE :.: PM : PE ; 

and because GP bisects the angle AGM, we have (B. IV., 

P. xvn.), 

PM : PE : : GM : GE : : GD : GA; 

hence (B. H., P. lY.), 

GPM : GPE II GD I GA or GM. 

But^ the triangles GAD and GAM have the common 
altitude AD ; they are therefore, to each other as theii 
bases : hence, 

GAD : GAM : : GD i GM \ 
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or, because CAB and CAM are to each other as the 
polygons to which they belong, 

p : p' I : CD \ CM \ 
hence (B. II., P. IV.), we have, 

CPM : CFE : : p : p\ 
and, by composition, 

CFM : CPM+ CPE or CME : : p : p+p' ; 
hence (B. 11., P. VH.), 

2CPM or CMPA : CME : : 2p : /)+/>'. 

But, CMPA and CME are like parts of P' and P, 

hence, 

P' : P : : 2p : p + jt>' ; 
or, 

P = ?^ (2.) 

P +P ' 

Scholium. By means of Equation ( 1 ), we can find p\ 
and then, by means of Equation (2), we can find P'. 



PROPOSITION Xn. PPwOBLE^^I. 

To find the approximate area of a circle tshose radius is 1. 

The area of an inscribed square is equal to twice the square 
described on the radius (P. III., S.), toMch square i: the unit 
of measure^ and is denoted by 1. The area of the circr^mscribed 
square is 4. Making p equal to 2, and P equal to 4, we have, 
from Equations (1) and (2) of Proposition XL, 

y = V^ = 2.8284271 • . . inscribed octagon; 

1 c 

P' = ■=. = 3.3137085 . . . circumscribed octagon. 

2 + \/8 
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Making p equal to 2.8284271, and jP equal to 3.3137085, 
we have, from the same equations, 

jt)' = 3.0614674 . . . inscribed polygon of 16 sides. 
P' = 3.1825979 . . . circumscribed polygon of 16 sidea 

By a continued application of these equations, we find 
I lie areas indicated below, 



NrMBER OF $vn>n. 


IXSCRIBEO POLTG02«8. 


CmcuaiscKiBEO Poltgoss. 


4 


2.0000000 


4.0000000 


8 


2.8284271 


3.3137085 


16 


3.0614674 


3.1825979 


32 


3.1214451 


3.1517249 


64 


3.1365485 


3.1441184 


128 


3.1403311 


3.1422236 


256 


3.1412772 


3.1417504 


512 


3.1415138 


3.1416321 


1024 


3.1415729 


3.1416025 


2048 


3.H15877 


3.1415951 


4096 


3.1415914 


3.1415933 


8192 


3.1415923 


3.1415928 


16384 


3.1415925 


3.1415927 



Now, the figures which express the areas of the two last 
polygons are the same for six decimal places; hence, those areas 
differ from each other by less than one-millionth of the measuring 
unit But the circle differs from either of the polygons by less 
than they differ from each other. Hence, 1^ taken 3.141502 times, 
expresses the area of a circle whose radius is 1, to less than one- 
millionth of the measuring unit; and by increasing the number 
of sides of the polygons, we should obtain an area still nearer the 
true one. Denote the number of times which the square of the 
radius is taken, by at, we have, 

^ X 1* = 3.141592; 
tliat is, the area of a circle whose radius is 1, is 3.14150?^, in 
which the unit of measure is the square on the radius. 

S:h. For ordinary accuracy, -r is taken equal to 3.1 41 G. 
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PROPOSITION Xm. THEOREM, 

The circumferences of circles are to each other as their radll^ 
and the areas are to each other as the squares of their 
radii. 

Let C and be the centres of two cLrclcs wlio^o 
radii are CA and OB : then will the circuiuferences l»c 
to each other as their radii, and the areas will be to each 
other as the squares of their radii. 




For, let similar regular polygons MNPST and EFGKL 
be inscribed in the circles : then will the perimeters of these 
polygons be to each other as their apothems, and the areas 
will be to each other as the squares of their apothems, what- 
ever may be the number of their sides (P. IX.). 

If the number of sides be made infinite (P. X. Sch.), the 
polygons will coincide with the circles, the perimeters with 
the circumferences, and the apothems with the radii : hence, 
the circumferences of the circles are to each other as their 
radii, and the areas are to each other as the squares of the 
radii ; which was' to be proved. 

Cor. 1. Diameters of circles are proportional to their 
radii : hence, the circumferences of circles are proportional 
to their diametersy and the areas are proportional to the 
squares of the diameters. 
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Cot. 2. Similar arcs, as AB and DE^ are like parts 
of the circumferences to which 
they belong, and similar sectors, 
as A CB and D OE^ are like 
parts of the circles to which 
they belong : hence, similar 
arcs are to each other as their 
radii, and similar sectors are 
to each other as the squares of their radii. 

Scholium, The term infinite^ used in the proposition, is to 
be understood in its technical sense. When it is proposed to 
make the number of sides of the polygons infinite^ by the 
method indicated in the scholium of Proposition X., it is sim- 
ply meant to express the condition of things, when the in- 
scribed polygons reach their limits; in which case, the dif- 
ference between the area of either circle and its inscribed 
polygon, is less than any appreciable quantity. We have seen 
(P. XII.), that when the number of sides is 16384, the areas dififer 
by less than the millioath part of the measuring utiit. By increas- 
ing the number of sides, we approximate still nearer. 



PROPOSITION XrV, THEOBEM. 

The area of a circle is equal to half the product of its 

circumference and radius. 



Let be the centre of a circle, 
A CDE its circumference : then will 
the area of the circle be equal to half 
the product of the circumference and 
radius. 

For, inscribe in it a regular poly- 
gon ACDE. Then will the area of 
this polygon be equal to half the pro- 



OC its radius, and 
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dact of its perimeter and apothem, whatever may be the 
Dumber of its sides (P. VHE.). 

If the number of sides be made infinite, the polygon will 

coincide with the circle, the perimeter with the circumfercuco, 

and the apothem with the radius : hence, the area of tlu 

circle is equal to half the product of its circmnferenoe anl 

adius ; which was to be proved. 

Cor. 1. The area of a sector is equal to half the pro- 
duct of its arc and radius. 

Cor, 2. The area of a sector is to the area of the cu'cle, 
as the arc of the sector to the circumference. 

PROPOSITION XV. PROBLEM. 

To find an expression for the area of any circle in terms 

of its radius. 

Let C be the centre of a circle, and CA its radius. 
Denote its area by area CAy its radius 
by JJ, and the area of a circle whose 
radius is 1, by -ar x 1' (P. XIL, S.). 

Then, because the areas of circles 
are to each other as the squares of their 
radii (P. XIII.), we have, 

area G^ : 's' x 1' : : ^' : 1 ; 
whence, area CA = tJ?^. 

That is, th>e area of any circle is 3.1410 times the square 
of th^ radius 

PROPOSITION XVI. PROBLEM. 

To find an expression for the circumference of a circle^ m 

terms of its radius^ or diameter. 

Let C be the centre of a circle, and CA its radius. 
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Denote its circumference by circ. CAj its radius by iJ, and 
its diameter by i>. From the last Proposition, we have, 

area CA = ciS* ; 
and, from Proposition XTV., we have, 

area CA = ^drc. CA x E \ A 
hence, \circ. CA x H = *Ii^ ; 

whence, by reduction, 

circ. CA = 2flriJ, or, circ. CA = *D, 

That is, the circumference of any circle ie equal to 3.1416 
times its diameter. 

Scholium 1. The abstract number «', equal to 3.1416, de- 
notes the number of times that the diameter of a circle is 
contained in the circumference, and also the number of times 
that the square constructed on the radius is contained in the 
area of the circle (P. XV.). Now, it has been proved by 
the methods of Higher Mathematics, that the value of if is 
incommensurable with 1 ; hence, it is impossible to express, 
by means of numbers, the exact length of a circumference 
in terms of the radius, or the exact area in terms of the 
square described on the radius. We may also infer that it 
.s impossible to square the circle / that is, to construct a 
square whose area shall be exactly equal to that of the circ.e. 

Scholium 2. Besides the approximate value of r, 3.1416, 
usually employed, the fractions ^ and fff are also used to 
express the ratio of the diameter t3 the . circumference. 

4 



BOOK VI. 

FLAXES AND POLYSDBAL ANGLBS. 

DEFINITIONS. 

1. A Straight line is peupendiculab to a plane, when 

it is perpendicular to every straight line of the plane which 
passes through its foot; that is, through the j)0i7it in which 
it meets the plane. 

In this case, the plane is also perpendicular to the line. 

2. A straight line is parallel to a plane, when it can- 
not meet the plane, how far soever both may be produced. 

In this case, the plane is also parallel to the line. 

3. Two Planes are parallel, when they cannot meet, 
how far soever both may be produced. 

4. A DiEDRAL ANGLE is the amouut of divergence of two 
planes. 

The line in which the planes meet, is called the edge of 
the angle^ and the planes themselves are called faces of the 
angle. 

The measure of a diedral angle is the same as that of a 
plane angle formed by two straight lines, one in each face, 
and both perpendicular to the edge at the same point. A 
diedral angle may be actUe, obtuse, or a right angle. In the 
latter case, the faces are perpendicular to each other. 
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5. A PoLYEDBAL ANGLB is the amount of divergence of 
several planes meeting at a common point. 

This point is called the vertex of the angle ; the lines in 
which the planes meet are called edges of the angle^ and 
the portions of the planes lying between the edges are 
called faces of the angle. Thus, 8 
is the vertex of the polyedral angle, 
whose edges are 8A^ SB^ SOy 
SDy and whose faces are ASBy 
BSa, CSD, DSA. 

A polyedral angle which has but 
three faces, is called a triedral 
angle. 




POSTULATE. 



A straight line may be drawn perpendicular to a plane from 
any point of the plane, or from any point without the plane. 



PROPOSITION I. THEOREM. 

If a straight line has two of its points in a plane, it will 

lie whoUy in that plane. 

For, by definition, a plane is a surface such, that if any 
two of its points be joined by a straight line, that line will 
lie wholly in the surface (B. I., D. 8). 

Cor, Through any point of a plane, an infinite number 
of straight lines may be drawn which will lie in the plane. 
For, if a straight line be drawn from the given point to any 
other point of the plane, that line will lie wholly in the plane. 

ScJioUum. If any two points of a plane be joined by a 
straight line, the plane may be turned about that line as an 
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axis, so as to take an infinite number of positions. Hence, 
we infer that an infinite number of planes may be passe<^ 
through a given straight line. 

PROPOSITION n. THEOREM. 

Through three points^ not in the same straight line^ one 
plane can he passed^ and only one. 

Let -4, J?, and C be the three points : then can one 
plane be passed through them, and only one. 

Join two of the points, as A and 
B, by the line AB. Through AB 
let a plane be passed, and let this plane 
be turned around AB until it contains 
the point C ; in this position it will 
pass through the three points -4, -B, 
and (7. If now, the plane be turned 

about ABy in either direction, it will no longer contain the 
point C : hence, one plane can always be passed through 
three points, and only one ; which was to be proved. 

Cor, 1. Three points, not in a straight line, determine the 
position of a plane, because only one plane can be passed 
through them. 

Cor. 2. A straight line and a point without that line, 
determine the position of a plane, because only one plane 
can be passed through them. 

Cor. 3. Two straight lines which intersect, determine the 
position of a plane. For, let AB and AC intersect at 
A : then will either line, as ABy and one point of the 
other, as (7, determine the position of a plane. 

Cor. 4. Two parallel straight lines determine the position of a 
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plane. For, let AB and CD be parallel. By definition 
(B. L, D. 16) two parallel lines always lie in the same plane. 
But either line, as ABy and any point 

of the other, as JFJ determine the posi- . 

lion of a plane : hence, two parallels 

determine the position of a plane. F 



r 



PROPOSITION in. THEOREiM. 

The intersection of two planes is a straight line. 

Let A B and CD be two planes : then will their inter- 
section be a straight line. 

For, let JE and F be any two 
points common to the planes; draw 
the strsdght line EF, This line hav- 
ing two points in the plane ABy 
win lie wholly in that plane ; and 
having two points in the plane CD^ 

will lie wholly in that plane : hence, every pomt of EF is 
common to both planes. Furthermore, the planes can have 
no common point lying without EF^ otherwise there would 
be two planes passing through a straight line and a point 
lying without it, which is impossible (P. 11., C. 2) ; hence, 
the intersection of the two planes is a straight line ; which 
was to he proved. 




F*^ 



PROPOSITION rv. THE0RE3I. 

Jff a straight line is perpendicular to two straight lines at 
their point of intersection^ it is perpendicular to the pla7ie 
of those lines. 

Let JOT be the plane of the two lines BBy CCy and 
let AP be perpendicular to these lines at P : then will 
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AP be perpendicular to every straight line of the plane which 
passes through P, and consequently, to the plane itself. 

For, through P, draw in 
the plane MN'^ any line PQ\ 
through any point of this line, 
as Q^ draw the line J? (7, so 
that BQ shall be equal to QO 
(B. IV., Prob. V.) ; draw AB, 
AQ, and AC. 

The base BC^ of the triangle BPC^ bemg bisected at 
Q, we have (B. IV., P. XIV.), 




PO" + PB' = 2PQ' + 2QC\ 
In like manner, we have, from the triangle ABC^ 



AC" + AB" = 2AQ' -{- 2QC\ 

Subtracting the first of these equations from the second, 
member from member, we have, 

AC^ - jPG' + AS" - PB^ = 210" - 2/^. 
But, fi-om Proposition XI., C. 1, Book IV., we have, 

AG^ ^ PG^ = AP\ and AB" -- PW = AP ] 
hence, by substitution, 



2^P' = 2A^ - 2PC L 
whence, 



AP" ^AQ^ ^PQ^\ or, AP^ ^- m = A^. 

The triangle APQ is, therefore, right-angled at P (B. IV., 
P. Xin., S.), and consequently, AP is perpendicular to 
PQ : hence, AP is perpendicular to every line of the 
plane MR passmg through P, and consequently, to the 
plane itself ; which was to he proved, 

11 
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Cor. 1. Only one perpendicular can be drawn to a plane 
from a point without the plane. 
For, suppose two perpendiculars, 
as AP and AQ^ could be 
drawn from the point A to the 
plane MN, Draw PQ ; then 
the triangle APQ would have 
two right angles, APQ and 
A QP ; which is impossible (B. L, P. XXV., C. 3). 

Cor, 2. Only one perpendicular can be drawn to a plane 
from a point of that plane. For, suppose that two perpen- 
diculars could be drawn to the plane Mlf^ from the point 
P. Pass a plane through the perpendiculars, and let PQ 
be its intersection with MIT\ then we should have two per- 
pendiculars drawn to the same straight line from a point of 
that line ; which is impossible (B. I., P. XIV.). 



PROPOSITION V. THEOREM. 

]^ from a point without a plane^ a perpendicular be drawn 
to the plane^ and oblique lines be drawn to different 
points of ths plane : 

1®. The perpendicular wiU be shorter than any oblique line : 

2°. Oblique lines which meet the plane at eqiuxl distances 
from the foot ,of the perpendicular^ wiU be equal: 

$.** Of two oblique lines which meet the plane at unequai 
distances from the foot of the perpendicular^ the one which 
meets it at the greater distance wiU be the longer. 

Let -4 be a point without the j)lane JJfZV ; let AF 
be perpendicular to the plane ; let A. (7, ADy be any two 
oblique lines meeting the plane at equal distances from the 
foot of the perpendicular; and let AC and AS be any 
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two oblique lines meeting the plane at unequal distances from 
the foot of the perpendicular : 

1**. AP will be shorter 
tlian any oblique line AC. 

For, draw PC; then will 
AP be less than AC (B. 
I., P. XV.) ; which was to 
be proved, 

2°. AC and AJ) will be equal 

For, draw PD ; then the right-angled triangles APC^ 
APD^ will have the side AP common, and the sides P(7, 
PZ>, equal : hence, the triangles are equal in all their parts, 
and consequently, A C and AD will be equal ; which was 
to be proved. 

3**. AE will be greater than AC. 

For, draw PE^ and take PB equal* to PC ; draw 
AB : then will AE be greater than AB (B. I., P. XV.) ; 
but AB and A C are equal : hence, AE is greater than 
A C ; which wets to be proved. 

Cor. The equal oblique lines ABy ACj -42>, meet the 
plane MJf in the circumference of a circle, whose centre ia 
P, and whoso radius is PB : hence, to draw a perpendi- 
cular to a given plane MJfTy from a point -4, without that 
plane, find three points P, (7, P, of the plane equally dis- 
tant from Aj and then find the centre P, of the circle 
whose circumference passes through these points : then wiU 
AP be the perpendicular required. 

Scholium. The angle ABP is called the incli7iation of 
the oblique line AB to the plane MNl The equal oblique 
lines ABy ACy ABy are all equally inclined to the plane 
MN". The inclination of AE is less than the inclination of 
any shorter line AB. 
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PROPOSITION VI. THEOREM. 

If from the foot of a perpendicular to a plane, a straigld Km 
he draion at right angles to any straight line of that pla?iey 
and the point of intersection le joined xoith any point of the 
perpemliculary the last line will be perpendicular to the line 
of the plane. 

Let AP be perpendicular to the plane MN'^ P its foot, 
B G the given Une, and A any point of the perpendicular ; 
draw PD at right angles to J? (7, and join the point D 
with A : then will AD be perpendicular to BC. 

For, lay off DB equal to 
DC^ and draw PB, PC, AB, 
and AC. Because PD is per- 
pendicular to BCy and BB 
equal to 2>(7, .we have, PB 
equal to PC (B. I, P. XV.) ; 
and because AP is perpendicu- 
lar to the plane MN^ and PB 

equal to P(7, we have AB equal to AC (P. V.). The 
line AD has, therefore, two of its points A and 2>, each 
equally distant fiom B and C : hence, it is perpendicular 
lo BG (B. I., P. XVL, C.) ; which was to be proved. 

Cor. 1. The line BC is perpendicular to the plane of 
tke triangle APD ; because it is perpendicular to AD and 
PD, at D (P. IV.). 

Cor 2. The shortest distance between AP and BC is 
measured on P2>, perpendicular to both. For, draw BE 
between any other points of the lines : then will BE be 
greater than PJ?, and PB will be greater than PD : 
hence, PD is less than BE. 
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Scholium. The lines AF and J?C, though not in tho 
Bame plane, are considered perpendicular to each other. In 
general, any two straight lines not in the same plane, are 
considered as making an angle with each other, which angle 
is equal to that formed by drawing through a given point, 
two lines respectively parallel to the given lines. 




PROPOSITION TIL THEOIlEil. 

J^ one of two parallels is perpendicular to a plane^ tfie other 
one is also perpendicular to the same plar^. 

Let AP and ED be two parallels, and let AP be 
perpendicular to the plane MIT : then will ED be also 
perpendicular to the plane MIT. 

For, pass a plane through the 
parallels ; its intersection with 
MN wiU be PD ; draw AD, 
and in the plane MN" draw 
BC perpendicular to PD at 
2>. Now, BD is perpendicular 
to the plane APDE (P. VI, C. 1); 

the angle BDE is consequently a right angle ; but the a»- 
gle EDP is a right angle, because ED is parallel to AP 
(B. I., P, XX., C. 1) : hence, ED is pei*pondicular to BD 
and PDy at their point of intersection, and consequently, to 
their plane MIT (P. IV.) ; which was to be proved. 

Cor. 1. If the lines AP and ED are perpendicular to 
the plane MIT, they are parallel to each other. For, if 
not, draw through D a line parallel to PA ; it will l»e 
perpendicular to the plane MIT, from what has just been 
proved ; we shall, therefore, have two perpendiculars to the 
the plane MIT, at the same point ; which is impossible (P. 
IV, C. 2). 
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Cor. 2. If two straight lines, A and By are parallel to a 
third line (7, they are parallel to each other. For, pass a 
plane porpendicular to (7; it will be perpendicular to both 
A and B\ hence, A and B are parallel. 





PROPOSITION Vin. THEOREM. 

If a straight line w parallel to a line of a plane, it is parallel 

to that plane. 

Let the line AB be parallel to the line CD of the 
plane MN \ then will AB be parallel to the plane MN, 

For, through AB and CD 
pass a piano (P. IL, C. 4) ; CD ^ 3 

vnil be its intersection with 
the plane MN. Now, smce AB 
lies in this plane, if it can meet 
the plane MN, it will be at 
some point of CD ; but this is 

impossible, because AB and CD are parallel : hence, AB 
cannot meet the plane MK, and consequentlj, it is parallel 
to it ; which was to be proved. 

PROPOSITION IX. THXOSKBL 

ff two planes are perpendiculaT to the same straight line, 

thet/ are parallel to each other. 

Let the planes MN and PQ 
be perpendicular to the line AB, 
at the points A and B : then 
will they be parallel to each 
other. 

For, if they are not parallel, 




BOOK VI. 167 

they ^ill meet ; and let be a point common to both. 
From draw the lines OA and OB : then, since OA 
lies in the plane MN^ it will be perpendicular to BA at 
A (D. 1). For a like reason, OB will be perpendicular 
\^ AB at 5 : hence, the triangle OAB will have two 
right angles, which is impossible ; consequently, the planes 
cannot meet, and are therefore parallel ; which was to be 
proved, 

PKOPOSinON X THEOREM. 

If a plane intersect two parallel planes^ the li?ics of inter' 

sectio7i will be parallel. 

Let the plane jEff" intersect the parallel planes MN" and 
FQ, in the lines UI" and GBT : then will £JF and GS 
be parallel 

For, if they are not parallel, 
they will meet if sufficiently pro- 
longed, because they lie in the 
same plane ; but if the lines meet, 
the planes MIf and JPQ^ in 
which they lie, will also meet ; 
but this is impossible, because 
these planes are parallel : hence, 
the lines JELF and G^JST cannot meet ; they are, therefore, 
parallel ; which was to be proved, 

PROPOSITION XI. THEOREM. 

-5^ a Straight li9ie is perpendicular to one of two parallel 
planeSj it is also perpe7idicitlar to the other. 

Let MN and PQ be two parallel planes, and let the 
line AB be perpendicular to PQ then will it aliw) be 
perpendicular to MN, 




168 



GEOMETRY. 



For, through AB pass any plane ; its intersections with 
MN and PQ will be parallel (P. X) ; but, its intersection 
with FQ is perpendicular to AB at B (D. 1) ; hence, 
its intersection with MN is 
also perpendicular to AB at A 
(B. I, P. XX., C. 1) : hence, 
AB is perpendicular to every 
line of the plane MN through 
A^ and is, therefore, perpendicu- 
lar to that plane ; which toas to 
be proved. 
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PROPOSITION Xn. THEOREM. 

Parallel straight lines included between parallel planeSy are equal 

Let JEG and jKET be any two parallel lines included 
between the parallel planes MN and PQ : then will they 
be equal 

Through the parallels conceive 
a plane to be passed ; it will 
intersect the plane MN in the 
line UI] and PQ in the line 
GBT ; and these lines will be 
parallel (Prop. X.). The figure 
EFHO is, therefore, a parallelo- 
gram : hence, GE and HF 
are equal (B. L, P. XXVIU.) ; which toas to be proved. 

Cor. 1. The distance between two parallel planes is met^ 
sured on a perpendicular to both ; but any two perpendiculars 
between the planes are equal : hence, parallel planes are every- 
where equally distant. 

Cor, 2. If a straight line OH is parallel to any plane MN, 
then can a plane be passed through GH parallel to 3fN: 
hence, if a straight line is parallel to a plane, all of its points 
are equally distant from that plane. 
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PROPOSITION Xni. THEOREM 

If two anglesy not situated in the same plane^ have their 
sides parallel and lying in the same direction^ the angles 
toiU be equal and their planes parallel. 

Let CAJS^ and DBF be two angles lying in the planes 
M2T and PQ^ and let the sides AC and AE be re- 
spectively parallel to JBD and J5i^ and lying in the same 
direction : then will the angles GAE and DBF be equal, 
and the planes MN and FQ will be parallel 

Take any two points of AG and AE^ as G and E^ and 
make BD equal to -4(7, and 
BF to AE\ draw OEj DF, 
AB, CD, and EF. 

1^ The angles CAE and 
DBF wiU be equal 

For, AE and BF being 
parallel and equal, the figure 
ABFE is a parallelogram (B. 
L, P. XXX.) ; hence, EF is 
parallel and equal to AB, For 
a like reason, CD is parallel and equal to AB : hence, 
CD and EF are parallel and equal to each other, and 
consequently, CE and DF are also parallel and equal to 
each other. The triangles CAE and DBF have, therefore, 
their corresponding sides equal, and consequently, the corres- 
ponding angles GAE and DBF are equal ; which toas to 
be proved. 

2\ The planes of the angles MIf and PQ btq parallel 

For, if not, pass a plane through A parallel to PQ^ 

and suppose it to cut the lines CD and EF in Q and 

JK Then will the lines GD and HF be equal respect- 
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ively to AB (P. XIL), and consequently, QD will be 
equal to CZ>, and MF to jEF; wbich is impossible : bence, 
the planes MJf and FQ must be parallel; tohich was to 
be proved. 

Cor. If two parallel planes M2f and P§, are met by 
two other planes AD and AJF\ the angles CAJE and 
I>JBI\ formed by their intersections, will be equal 



PEOPOSmON XIV. THEOBEM. 



j[f^ three straight lines^ not situated in the same plane^ are 

equal and parallel^ the triangles formed by joining the 

extremities of these lines toiU be eqv^ and their planes 
parallel. 

Let ABy CD^ and EF be equal parallel lines not m 
the same plane : then will the triangles A CE and BDF 
be equal, and their planes parallel. 

For, AB being equal and 
parallel to EF^ the figure ABFE 
is a parallelogram, and conse- 
quently, AE is equal and par- 
allel to BF. For a like reason, 
AC is equal and parallel to 
BD : hence, the included angles 
CAE and DBF are equal and 
their planes parallel (P. JUJJL). 
Now, the triangles CAE and 
DBF have two side^ and their 

mcluded angles equal, each to each : hence, they are equal 
in all their parts. The triangles are, therefore, equal and 
their planes parallel ; which was to be proved. 
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PROPOSITION XV. THEOREM. 

If tMoo straight lines are cut by three parallel planes^ they 

will be divided proportionally. 

Let tho lines AB and CD be cut by the parallel 
Planes MNj FQy and ESy in the points A^ Ey B^ and 
C, F, D\ then 

AE \ EB \\ GF \ FD. 



For, draw the line JJD, and 
suppose it to pierce the plane 
PQ m G\ draw AC, BD, 
EG, and GF. 

The plane ABB intersects 
the parallel planes RS and FQ 
in the lines BD and EG ; 
consequently, these lines are par- 
allel (P. X.) : hence (B. IV., 
P. XV.), 




AE X EB .'.AG 



GD. 



The plane A CD intersects the parallel planes j 
PQ, in the parallel Unas AC and GF : hence, 

I GD i: CF I FD. 



AG 



Combining these proportion^ (B. IL, P. IV.), we have, 

AE I EB 11 CF : FD ; 



toAicA v)a8 to be proved. 

Cor. 1. If two straight lines are cut by any number of 
parallel planes, they will be divided proportionally. 

Cor. 2. If any number of straight lines are cut by three 
parallel planes, they will be divided proportionally. 
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PROPOSITION XVT. THEOREM. 

If a straight line is perpcyidicidar to a plane, every plane passed 
through the line will also be perpendicular to that ])lane. 

Let AP be perpendicular to the plane MlTy and let 
BF be a plane passed through AP : then will JBF bo 
perpendicular to MIT, 

In the plane Jl/iV, draw PB A^ 

perpendicular to BC^ the intersec- 
tion of BF and MN. Since AP 
is perpenflicular to MN^ it is per- 
pendicular io BG and DP (D. 1); 
and since AP and J9P, in the 
planes BF and MNy are perpendicular to the intersection 
of these planes at the same point, the angle which they 
form is equal to the angle formed by the planes (D. 4) ; 
but this angle is a right angle : hence, BF is perpendicu- 
lar to MN ; which was to be proved. 

Cor. If three lines AP^ BP^ and -DP, are perpen- 
dicular to each other at a common point P, each line will 
be perpendicular to the plane of the other two, and the 
three planes will be perpendicular to each other, 

PROPOSITION XVn. THEOREM. 

If two planes are perpendicular to each other, a straight lint 
drawn in one of them, perpendicular to their intersection, 
win be perpendicular to the other. 

Let the planes BF and MN be perpendicular to each 
other, and let the line APy drawn in the plane BF^ be 
perpendicular to the intersection BC i then will AP be 
perpendicular to the plane MN. 
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For,* in tbe plane JfiVJ draw PI) perpendicular to BC 
at P, Then because tbe planes BF and MN" arc pcrpen- 
dicolar to eacb otber, tbe angle APD 
will be a right angle : hence, AP is 
perpendicular to tbe two lines PD 
and BCy at their intersection, and 
consequently, is perpendicular to their 
plane MN^ which was to he proved* 

Cor. If the plane BF is perpendicular to tbe plane 
MNy and if at a point P of their intersection, we erect 
a perpendicular to the plane MN'^ that perpendicular will 
be in the plane BF. For, if not, draw in tbe plane BFy 
PA perpendicular to PC, the common intersection ; AP 
\idll be perpendicular to the plane ilfiV, by the theorem ; 
therefore, at the same point P, there are two perpendiculars 
to tbe plane MN ; which is impossible (P. IV., C. 2). 



PROPOSITION x\an. tiieorem. 

If two planes ait each other, and are perpendictdar to a 
third plane, their intersection is also perpendictdar to 
that plane. 

Let the planes BF, BIT, be perpendicular to JOT : 
then will their intersection AP be perpendicular to MN". 

For, at tbe point P, erect a p(?r- 
pendicular to the plane JlfiV ; that 
perpendicular must be in the plane 
BF, and also in the plane BIT 
(P. XVn., C.) ; therefore, it is their 
common intersection AP; which wae 
to be proved. 




FS--^ 
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PROPOSITION XTX. THEOREM. 

The sum of any two of the plane angles formed by the 
edges of a triedral angle^ is greater than the third. 

Let SA, 8By and 8C^ be the edges of a triedral 
angle : then will the sum of any two of the plane angles 
formed by them, as ASC and CSB^ be greater than the 
third ASB. 

K the plane angle ASB is equal to, or less than, either 
of the other two, the tnith of the proposition is evident. Let 
us suppose, then, that ASB is greater than either. 

In the plane ASBy construct 
the angle BSD equal to BSG ; 
draw AB in that plane, at plea- 
sure ; lay off 8C equal to >SZ>, 
and draw AC and CB. The 
triangles BSD and BSC have 
the side SC equal to SD^ by 
construction, the side SB com- 
mon, and the included angles BSD and BSC equal, by 
construction ; the triangles are therefore equal in all their 
parts : hence, BD is equal to BC. But, from Proposition 
VJi., Book L, we have, 

BC -h CA> BD + DA. 

Taking away the equal t>arts BC and J?2>, we have, 

CA > DA ; 

hence (B. L, P. IX.), we have, 

angle ASC > angle A8D ; 

and, adding the equal angles BSC and BSD^ 
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angle ASC + angle CSB > angle ASD ^ angle D8B ; 
or, angle ASC + angle CSB > angle ASB ; 

which toaa to he proved, 

PROPOSITION XX. THEOREM. 

The sum of the plane angles formed hy the edges of any 
polyedral angle^ is less than four right angles. 

Let S be the vertex of any polyedral angle whose edges 
are SA, SB, SC, SD, and SB; then will the sum of 
the angles about S be less than four right angles. 

For, pass a plane cutting the edges 
in the points -4, J5, (7, -D, and J5J 
and the faces in the linos AB, BCy 
CI), DE, and EA. From any point 
within the polygon thus formed, as 0, 
draw the straight lines OA, OB, OC, 
OB, and OE. 

We then have two sets of triangles, 
one set having a common vertex S, the 

other having a common vertex O, and both having com- 
mon bases AB, BC, CD, BE, EA. Now, in the set 
which has the common vertex ^S^, the sum of all the angles 
is equal to the sum of all the plane angles formed by the 
edges of the polyedral angle whose vertex is S, together 
with the sum of all the angles at the bases : viz., SAB, 
SB A, SBC, &c. ; and the entire sum is equal to twice 
as many right angles as there are triangles. In the set 
whose common vertex is 0, the sum of all the angles is 
equal to the four right angles about 0, together with the 
interior angles of the polygon, and this sum is equal to 
twice as many" right angles as there are triangles. Since 
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the ipimber of triangles, in each set, is the same, it followfl 
that these suras are equal. But in the triedral angle whose 
vertex is 7?, we have (P. XIX.), 



ABS + SBG > ABC \ 



S 




and the like may be shown at each 

ol' the other vertices, (7, -Z>, JEJ A : 

hence, the sum of the angles at the 

bases, in the triangles whose common 

vertex is /S, is greater than the sura 

of the angles at the bases, in the set 

whose common vertex is : therefore, 

the sura of the vertical angles about Sy is less than the 

sura of the angles about : that is, less than four right 

angles ; which toas to be proved. 

Scholium, The above demonstration is made on the sup- 
position that the polyedral angle is convex, that is, that the 
diedral anorles of the consecutive faces are each less than two 



right angles. 



PROPOSITION XXI. THEOREM. 

If t/ie plane angles formed by the edges of two triedral 
angles are equal, each to eachy tlie planes of the equal 
angles are equally . inclined to each other. 

Let S and T be the vertices of two triedral angles, 
and let the angle ASG be equal to DTF, ASB to DTE, 
and BSC to ETF : then will the planes of the equal 
angles be equally inclined to each other. 

For, take any point of SBy as J5, and from it draw 
in the two faces ASB and CSB, the lines BA and J7C, 
respectively perpendicular to SB: then will the angle ABC 
measure the inclination of those faces. Lay off TE equal 
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to AB, and from JE draw in the faces DTE and FTE, 
the Imes ED and EF^ respectively perpendicular to TE • 
then will the angle DEF 

measure the inclination of these A\ T 

faces. Draw AG and DF. /j \ AK 

Tlie right-angled triangles Ay/--/--^;AP / / \ 

SB A and 7!SZ>, have the 7^^'"^\ ^^k±^^ 

side /Si? equal to 7!£; and ^ ' / / ^ 

the angle ASD equal to 

DTE; hence, ^i? is equal to i>J?, and AS to 7!D. 
In like manner, it may be shown that DO is equal to EF, 
and OS to -FT! The triangles ASC and i>ri^ have 
the angle ASC equal to DTF, by hypothesis, the side AS 
equal to J97^, and the side CJS to FTy from what haa 
just been shown ; hence, the triangles are equal in all their 

* 

parts, and consequently, AC is equal to DF. Now, the 
triangles ADC and DEF have their sides equal, each to 
each, and consequently, the corresponding angles are also 
equal ; that is, the angle AD C is equal to DEF : hence, 
the inclination of the planes ASD and CSDy is equal to 
the inclination of the planes DTE and FIE. In like 
manner, it may be shown that the planes of the other equal 
angles are equally inclined ; which was to be proved. 

Scholium. If the planes of the equal plane angles are 

like placed, the triedral angles are equal in all respects, for 

they may be placed so as to coincide. If the planes of the 

equal angles are not similarly placed, the triedral angles are 

equal by symmetry. In this case, they may be placed so 

Uiat two of the homologous faces shall coincide, the triedral 

angles lying on opposite sides of the plane, which is then 

called a plane of symmetry. In this position, for every point 

on one side of the plane of symmetry, there is a correspond- 

inff point on the other side. 

12 
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POLYBDEONS. 



DEFTNTTIOKS. 



1. A PoLYEDrvOX is a volume bounded by polygons. 

Tho hounding polygons nre called fares of tlie polycdron; 
the lines in which the faces meet, are called edges of the 
polj'cdron ; the points in which the edges meet, are called 
vertices of the polyedron. 






A Pnis^r is a polyedron in which two of 
the faces arc polygons equal in all their parts, 

and having their homologons sides parallel. The 

other faces are parallelograms (B. I., P. XXX.). 

Tlie equal polygons are called bases of the 

prism ; one the tipper^ and the other the 

lower lase / tho parallelograms taken together 

make up the lateral or convex surface of the prism 

lines in which the lateral faces meet, are called lateral 

of the prism. 




; th? 

edges 



3. Tho ALTmiDE of a prism is tho perpendicular dis- 
tance between the planes of its bases. 



4. A Right Pkism is one whose lateral 
edges are perpendicular to the planes of the 
bases. 

In this case, any lateral edge is equal to 
the altitude. 



B\ 



y--\ 
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6. An Obliqitk Prjs^i is one whose lateral edges are 
oblique to the pianos of tlie bases. 

lu this c:ise, any lateral edge is gi eater than the altitude. 



C. Prisms are named from the number of sides of their 
bases; a trltnigular ^)?7'.9??i is one "wliose bases are triangles; 

H ]^<:iil>jiuj(dar prism is one "wlioso bases are pentagons, cS:c. 

7. A PAiiALLELOriPEDOX is a prism whose bases are 
parallelograms. 



\ 



\ 



A riUjlit ParalMopijycdon is one whose lat- 
eral iii\'^<!S> are pcrpeiuliciilar to tlie planes 
of the bases. 

A Ikcfanfjuhr ParaV.dopipcdon is one 
whose faces are all rectanirles. 

A Cuhc is a reef angular parallelopipedon 
whose faces are squares. 

8. A Pyr^utid is a polyedron bounded 
by a polygon called the hase^ and by tri- 
angles meeting at a common point, called the 
vertex of the pyramid. 

The triangles taken together make up the 
lateral or convex surface of the pyramid ; 
the lines in wliich the lateral fices meet, are 
called the laic red edtjcs of the pyramid. 



9. Pyramids are named from the number of sides of 
their bases ; a triaj^gidar pi/ramid is one whose base is a 
tnangle ; a quadrangular pyramid is one whose base is a 
quadrilateral, and so on. 

10. The Altitude of a pyramid is the perpendicular 
distance from the vertex to the plane of its base. 
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11. A Right Pyramid is one whose base is a regular 
polygon, and in which the perpendicular drawn from the 
vertex to the plane of the base, passes through the centre 
of the base. 

This perpendicular is called the axis of the pyramid. 

12 The Slant Height of a right pyramid, is the per- 
pendicular distance from the vertex to any side of the base. 

13. A Truncated Pyramid is that 
portion of a pyramid included between 
the base and any plane which cuts the 
pyramid. 

When the cutting plane is parallel to 
the base, the truncated pyramid is called 
a FRUSTUM OP A PYRAMID, and the inter- 
section of the cutting plane with the pyramid, is called tlie 
upper base of the frustum ; the base of the pyramid is call- 
ed the lower base of the frustum. 

14. The Altitude of a frustum of a pyramid, is the per- 
pendicular distance between the planes of its bases. 

16. The Slant Height of a frustum of a right pyramid, 
is that portion of the slant height of the pyramid which lies 
between the planes of its upper and lower bases. 

16, Similar Polyedroxs are those which are bounded bv 
Hie same number of similar polygons, similarly placed. 

Parts which are similarly placed, whether fiices, edges, o; 
angles, are called homologous, 

17. A Diagonal of a polyedron, is a straight line join- 
ing the Yortioes of two polyedral angles not in the same 
fttce. 
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18. The VoLUMB op a Polykdeon is its numerical value 
expressed in terms of some other polyedron as a miit. 

The unit generally employed is a cube constructed on tbe 
linear unit as an edge. 



PROPOSITION I. THEOREM. 



The convex surface qf a right prism is equal to the perim' 
eier of either base multiplied by the altitude. 

Let ABGDE-K be a right prism : then is its convex 
surface equal to, 

{AB + J5(7 + GZ> + DE + EA) x AF. 

For, the convex surface is equal to 
the sum of all the rectangles AQ^ BHj 
CI^ DK^ EEy which compose it. l^owy 
the altitude of each of the rectangles 
AEj BGj CITj &c., is equal to the 
altitude of the prism, and the area of 
each rectangle b equal to its base mul- 
tipUed by its altitude (B. IV., P. V.) : 
hence, the sum of these rectangles, or 
the convex surface of the prism, is equal to, 

• 

{AB + BC+ CI) + BE-h EA) x AE ; 

that is, to the perimeter of the base multiplied by the alti. 
tudo ; which toas to be proved. 




Cor. If two right prisms have the same altitude, their 
oonvex surfeices are to each other as the perimeters of their 
bases. 
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PROPOSITIOX II. TUEORE:\r. 



In any 2^^^ism, tlie sections made lij jmrallcl ^;7«?zc5 are j^ohjgoiis 

equal in all ilicir parts. 

Let tlie prism All be intersected by the parallel plan (^3 
^^l\ SV : then are the eectious NOI'Qll, ISTVXY, 
equal polygons. 

For, the sides ITO^ ST^ are parallel, 
being the intersections of parallel planes 
with a third plane A]jGI^\ these sides, 
iVO, ST^ are mcludod between the par- 
allels XS^ 0T\ hence, NO is equal to 
ST (D. I., P. XXYIIL, C. 2). For like 
reasons, the sides OP^ T* Qt Q^^t <-^c., 
of KOl^QIl^ arc equal to tlie sides 
TV, fa; ifec., of STVXY, each to 
each ; and since the equal sides are par- 
allel, each to each, it follows that the 

ani^les NOP, OPQ^ etc., of tjie first section, are equal to 
the angles aS'Z^T^ TVX, <S:c., of the second section, each to 
each (1). VL, P. XIII.) : hence, the two sections NOPQE, 
STVXYy arc equal in all their parts; which was to be 2^^oved. 

Cor. The bases of a prism, and every section of a prism, 
parallel to the bases, are equal in ull their parts. 




ri:oposiTiox iii. tiieoiiem. 

Tf a p?/ra??i2(7 be cut by a plane parallel to the base ' 

1°, T/ic edges and the altitude iclll be divided proportionally : 
2"^. The section xcill be a polygon similar to the base. 

Let the pyramid S-ABCBE, whose altitude is SO, 
be cut by the plane abcde, parallel to the base ABODE, 
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1^, The edges and altitude will be divided proportionally. 

Foi, conceive a plane to be passed througli the vertex /S, 
parallel to the plane of the base ; then 
will the edges and the altitude be cut 
by three parallel planes, and consequently 
tliey will be divided proportionally (B. VI., 
P. XV., C. 2) ; which teas to be irroved. 




2°. The section ahcde^ will be similar 
to the base- ABODE, For, ah is par- 
allel to AB, and la to BC (B. Ti,, 

P. X.) : hence, the angle aho is equal to 

the ancfle ABC, In like manner, it may 

be sliown that each angle of the polygon ahcde is equal 

to the correspoiuling angle of the base : hence, the two 

polygons are mutually equiangular. 

Again, because ah is parallel to AB^ we liave, 

ah : AB : : sh : SB ; 
and, because he is parallel to BC^ we have, 

he : BC : : sb : jSB ; 
hence (B. 11., P. IV.), we have, 



ah : -17>' : . he : BC, 



In like manner, it may be shown that all the sides of 
abrde are ])roportional to the corresponding sides of the 
polygon ABCDE : hence, tlie section ahcde is sinnlnr to 
the base ABCBE (B. IV., D. 1) ; tchich teas to be proved. 

Cor. 1. If two pyrnmids S-ABCBE, and S-XYz, 
having a common vertex S^ and their bases in the same 
plane, be cut by a plane alc^ parallel to the plane of 
their bases, the sections will be to each other as the bases. 
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For, the polygons abed and ADCDy being similar, are 
lo each other as the squares of their homologous sides ab 
and JJ5 (B. IV., P. XXVH) ; but, 



ab' : AB' : : /Sa : SA"" : So' : JSO' ; 



Lence (B. IT., P. IV.), we have. 



772 




abcde : ABODE : : So : SO. 
In like manner, we have, 

xyz : XYZ ; : So i ^0* ; ^ 

hence, B 

abcde : ABCDE w xyz \ XYZ. 

Cor. 2. If the bases are equal, any sections at equal dis- 
tances from the bases will be equal. 

Cor. 3. The area of any section parallel to the base, is 
proportional to the square of its distance from the vertex. 



PROPOSITION IV. THEOREM. 

The convex surface of a right pyramid is equat to tJie 
perimeter of its base multiplied by half the slant height. 

Let S be the vertex, ABCDE the 
base, and SE^ perpendicular to EA^ the 
slant height of a right pyramid : then will 
the convex sui-face be equal to, 

{AB + BC+ CD + DE+ EA) x iSE. 

Draw SO perpendicular to the plane of the 
base. 
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From the definition of a right pyi*amid, the point is 
the centre of the base (D. 11) : hence, the lateral edges, 
&1, SJB^ ifec, are all equal (B. VI., P. V.) ; but the sides 
of the base are all equal, being sides of a regular polygon : 
hence, the lateral faces are all equal, and consequently their 
altitudes are all equal, each being equal to the slant height 
of the pyramid. 

Now, the area of any lateral face, as SJEJA^ is equal to 
Its base ^A^ multiplied by half its altitude S^ : hence, 
tha sum of the areas of the lateral faces, or the cpnvex sur- 
face of the pyramid, is equal to, 

{AB + BO ^ CD + BE + EA) x iSE ; 

which was to be proved. 

Scholium, The convex surface of a frustum of a right 
pyramid is equal to half the sum of the perimeters of its 
upper and lower bases, multiplied by the slant height. 

Let ABCBE-e be a frustum of a right 
pjTamid, whose vertex is S : then will the 
section abode be similar to the base AB CBEy 
and their homologous sides will be parallel, 
(P. in.). Any lateral face of the frustum, 
as AEea, is a trapezoid, whose altitude is 
equal to Ff, the slant height of the frustum ; 
hence, its area is equal to i{EA + ea) x Ef 
(B. IV., P. Vn.). But the area of the con- 
vex Kurface of the frustum is equal to the sum of the areas 
of its lateral faces ; it is, therefore, equal to the half sum 
of the perimeters of its upper and lower bases, multiplied 
])y the slant height 
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rROPOSITIOX V. THEOREM. 



// iliC IJircc fdces wliicli uiclude a tried red aucjh of a prism 
arc eqiud' in cdl Ihcir j^arts io ilic ilirco faces wJiicli include 
a Iriedral (UujJg (f a second i^rism, each io cacli, and are 
like 2^^(-(c'cdy ilie two j;;7'<s?;?5 are cr/ual in cdl ihcir po.rts, 

iiCt /> and h be the vertices of two trlcdral aiiglos, 
mcliuleJ by faces respectively equal to each other, and shiii- 
larly placed : then will tlio pri^m ABCDE-K be equal to 
the prism ' ah<:dc-Jc^ in all of its parts. 

For, place tiie base 
ahcde \\])on the equal K 

base ABCI)^ so that 
they shall coincide ; then , 
because the triedral an- 
gles whose vertices are 
b and 7>, are equal, 
the parallelogram hit will 
coinci<le ^vith JJII^ and 
the ]»arailL'i()'''ram hf with 
JjI^ : liL'iice, the two 

sides f(j and gh^ of one up[)er ]>ase, will cointadi' Avith the 
homologous sides of the other upper base ; and because the 
upper bases arc equal in all their parts, they must coincide 
throughout 3 consequently, each of the lateral faces of one 
prism will coincide v/ilh tlic corresponding lateral face of tlie 
other prism : the prisms, therefore, coincide throughout, and 
sre therefore equal in all their parts; wlcicli was io he proved* 

Cor, If two right prisms have their bases equal in all their 
parts, and have also equal jiltitudes, the prisms themselves will 
be equal in all their parts. For, the faces which include any 
triedral angle of the one, will be equal in all their parts to 
the faces which include tlie corresponding triedral angle of 
the other, each to each, and they will be similarly placed. 
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PROPOSITION VI. theoke:.!. 

Tn any paraJldojnpcdon, tlic opposite faces are equal in all their 
parts, each to each, and llieir pla?ics are parallel 

l.(.'t .IB CD -II be a i):^.raIlelopIi)Gdoii : then Avill its 
cp|Kj:-;ite ihcea be ecjual and their plauea will be parallel, 

Tor, the bases, AI^CD and EFGU 
are equal, and their planes parallel by 
dellnitiou (D. 7). The ojiposite faces 
AEIID and BFGC, have the sides AE 
and BE parallel, because they are oppo- 
site sides of the paralk-lograin HE ; 
and the sides EII and EG jiarallt*!, 

because they arc oppo.site bides of the ])aralIelogi am EG ; 
and consequently, the angles AEII and JIEG are equal 
(B. VI., r. Xm.). But the bido AE is espial to EE, and 
the side EII to EG ; hence, the faces AEIID and 
BEGC arc equal ; and because AE is ]^arallel to BF^ 
and EII to EG, the planes of the faces arc parallel 
(B. \'^I., P. XIII.) . In like manner, it may be shown that 
the parallelograms AllEE and DC Gil, are rqual and their 
planes parallel : lience, the o})po:^ite faces are equal, each to 
each, and their planes are parallel ; ichlck was to he ^>?"Oi'ct/. 

Cor, 1. Any two opposite faces of a parallclopipedon 
may be taken as bases. 

Cor, 2. In a rectangular 2)arallelo- 
pipcdon, tiie square of either of the 
diagonals is equal to tlie sum of the 
squares of the three edges "which meet 
at the same vertex. 

For, let FD be either of the diagonals, and draw FH, 
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!nien, in the right-angled triangle FSD, we have, 



t 



FD' = DH'' + FW. 



15ut DH is equal to FB, and FR" 
is equal to F^ plus -i^^ or FC'^ \ 

hence, 




jF7>' = FB' + i^-^' + i^(? . 



Cor. 3. A pariillelopipedon may be constructed on three 
straight lines AB, AD, and AU, intersecting in a common 
point Ay and not lying in the same plane. For, pass tlirongh 
the extremity of each line, a plane parallel to the plane of 
the other two; then will these planes, together with the 
planes of the given lines, be the faces of a parallelopipedon. 



PROPOSITION Vn. THEOREM. 

If a plane be passed through the diagonally ojyposite edges 
of a paralldopipedony it will divide the parallelopijyedon 
into two equal triangular prisms. 

Let ABCB-H be a parallelopipedon, and let a plane 
be passed through the edges BF and DH * then will the 
prisms ABD-H- and BCD-H be equal 
in volume. 

For, through the vertices F and B 
iet planes be passed perpendicular to 
-F!Z?, the former cutting the other lateral 
edges in the points e, A, gj and the 
latter cutting those edges produced, in 
the points a, cf, and o. The sections 
JPkhg and Bade will be parallelograms, 
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because their opposite sides are parallel, each to each (B. VI., 
P. X.) ; they will also be equal (P. 11.) : hence, the poly- 
edron Badc-g is a right prism (D. 2, 4), as are also the 
polyedrons JBad-h and Dcd-h. 

Place the triangle Mh upon J]ad, so that i^ shall 
coincide with jP, e with a, and h with d ; thea, 
because e£^j hH^ are perpendicular to the plane FeJiy and 
aAy dDy to the plane Bad^ the line cE will take the 
direction aAy and the line hll the direction dD, The 
lines AE and ae are equal, because each is equal to BF 
(B. I., P. XXVni.). If we take away from the line aE 
the part ae, there will remain the part eE ; and if from 
the same line, wo take away the part AE^ there will re- 
main the part Aa : hence, eE and aA are equal (A. 3) ; 
for a like reason hll is equal to dD : hence, the point 
E will coincide with A^ and the point II with 7), and 
consequently, the polyedrons Feh-H and Bad-D will 
coincide throughout, and are therefore equal. 

K from the polyedron Bad-H^ wo take away the 
part Bad -By there will remain the prism BAD-H ; 
and if from the same polyedron wo take away the part 
Feh-Hy there will remain the prism Bad-h : hence, 
these piisms are equal in volume. In like manner, it may 
be shown that the prisms BCD-H and Bcd-h are equal 
in volume. 

The prisms Bad-h^ and Bcd-h^ have equal bases, be- 
cause these bases are halves of equal parallelograms (B. I., 
P. XXVm., C. 1) ; they have also equal altitudes ; they are 
therefore equal (P. Y., C.) : hence, the prisms BAD-H and 
BCD-H are equal (A. 1) ; which was to be proved. 

Cor, Any triangular prism ABD-H, is equal to half of 
the parallelopipedon AGy which has the same triedral angle 
4, and the same edges AB, ADj and AE, 
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PKOPosmoN vin. theotiem. 

If Uoo pardlldo'pipedons have a common loioer base^ and 
their iq^pcr bases hehccen the same parallels^ they are 
cqiud in volume. 

Let the parallelopipcdons AG and AL have the com- 
mon lower base ABCD^ and then* upper bases EFGII 
and IJvL3f^ between the same parallels JE!K and JIL : 

then will tlioy be equal in volume. 

Foi', tlie lines Jt^F and. 
JIC arc ccjual, because each 
13 erpial to AB ; hence, 
tlie 8uni of 7:77^ and Fly 
or JiJI^ is equal to the 
6um of FI and UT^ or 
FJv, In the triangular 
pi'isms AEI~JT and 

UFJC-L, we have tlie line AF equal and parallel 
JjF, and FT equal to FK ; hence, the face AFI 
cqii:il 1(> JU'lv. In the faces EIMIl and FKLG, we Lav<% 
JiK^J^l'\ Klr-.FK and IIEl-GFK \ lienco, tlio two faces 
a:o o; ;a! (l^c. I. T. xxviii. C. 3) : the iai'i'S J/^//i) and BFGC 
arc ;il^o cc|u.>l (P. YI.) : licace, the prisms arc equal (P. 

V.) 

If from the polyedron ABKF-ITy we take away tlie 
prism BFK-I^y there will remain the parallelopipedon A G ; 
and if from the same polyedron we take aAvay the prism 
AFF^r^ tliere will remain the parallelopipedon AL : hence, 
tlicsc parallelopipcdons sire equal in volume (A, 3) ; which 
icas to he proved. 




to 
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PROPOsino:N' ix. theorem. 

^ two 2^^<^^^elopipedo7is have a commo7i lower base and the 
same altitude^ they will he equal in volume, 

T^et the pfimllelopipedons AG and AL have the com- 
mon lower base ABCD and the same altitude; then will 
they be equal in volume. 

Because they have the same altitude, their upper bases 
will lie in the same plane. 
Let the sides IM and KL 
be prolonged, and also the 
sides FU and GH ; these 
prolongations ^vill form a 
parallelogram Q, which 
will be equal to the com- 
mon base of the given par- 
allclopipedons, because its 
sides are respectively parallel 
and equal to the correspond- 
ing sides of that base. 

Xow, if a third parallelopipedon be constructed, having 
for its lower base the parallelogram ABCI>y and for its 
upper base KOPQ^ this third parallelopipedon will be equal 
in volume to the parallelopipedon AG^ since thov liavo the 
same lower base, and their npper bases between the same 
parallels, QG^ JSFF (P. VIII.). For a like reason, this 
third parallelopipedon will also be equal in volume to the 
parallelopipedon AL : hence, the two parallelopii^edons AG 
AJO^ are equaL in volume ; which was to he 2>'^oved, 

Cor, Any oblique parallelopipedon may be changed into a 
right parallelopipedon having the same base and the same 
altitude; and they will be equal in volume. 
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PROPOSITION X. PROBLEM. 

To construct a rectangular paraUelopipedon which shaU be 
equal in volume to a right paraUelopipedon whose base 
is any parallelogram. 

Let ABCD-M be a right paraUelopipedon, having for 
its base the parallelogram ABCD. 

Through the edges AI and BK pass 
the planes AQ and _SP, respectively 
perpendicular to tlie plane AK^ the for- 
mer meeting the face DL in OQ^ and 
the latter meeting that face produced in 
NP\ then will the polyedron AP be a 
rectangular paraUelopipedon equal to the 
given paraUelopipedon. It wUl be a rect- 
angular paraUelopipedon, because aU of its 
faces are rectangles, and it will be equal to the given 
paraUelopipedon, because the two may be regarded as having 
the common base AK (P. VI., C. 1), and an equal altitude 
AO (P. IX.). 




Cot, 1. Since any oblique paraUelopipedon may be changed 
into a right paraUelopipedon, having the same base and alti- 
tude, (P. IX., Cor.) ; it follows, that any oblique paraUelopipedon 
may be changed into a rectangular paraUelopipedon, having 
An equal base, an equal altitude, and an equal volume. 

Cor, 2. An oblique paraUelopipedon is equal in volume to 
a rectangular paraUelopipedon, having an equal base and an 
equal altitude. 

Cor, 3. Any two paraUelopipedons are equal in volume 
when they have equal bases and equal altitudes. 
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PEOPOSmON XI. THEOREM. 

7\ffo rectangular paraUelopipedons Tiaving a common lower 
base^ are to each other as their altitudes. 

Let the paraUelopipedons AG and AL have the com 
men lower base ABCDx then will they be to each other 
as their altitudes AE and AJ. 

1**. Let the altitudes be commensurable, and suppose, for 
example, that AE is to AI^ as 15 is to 8. 

Conceive AE to be divided into 15 equal parts, of 
which AI will contain 8 ; through the points of division 
let planes be passed parallel to ABCD. These planes will 
divide the parallelopipedon AG into 15 paraUelopipedons, 
which have equal bases (P. IT. C.) and equal altitudes ; 
hence, they are equal (P. X., Cor. 3). 

Now, AG contains 15, and AL 8 
of these equal paraUelopipedons ; hence, 
AG \a to AL^ as 15 is to 8, or as 
J i^ is to AL In like manner, it may 
be shown that AG \& to AL^ as AE 
is to AL^ when the altitudes are to eaoh 
other as any other whole numbers. 



2^ 
able. 



Let the altitudes be incommensur- 




Now, if -4 G^ is not to -4Z, as AE is to AI^ let ns 
suppose that, 

AG . AL \x AE : AO, 



in which AO is greater than AL 

Divide AE into equal parts, such that each shaU be 
less than OL ; there wiU be at least one point of diviaon 

13 



iU 



GEOMETRY. 



m, between and Z Let P denote the parallelopipe* 
don, whose base is ABCD^ and altitude Am ; since the 
altitudes AE^ Am^ are to each other as two whole nmn- 
bers, we have, 



B. 



AG : P : : AJE : 
But| by hypothesis, we have, 

AG : AZ : : AE 
therefore (B. 11., P. IV., C), 
AL I P II AO 



Am. 



AO; 



i 



•m 



Am. 



A 




TIv 



£)\ 



B 







But AO is greater than Am ; hence, if 
the proportion is true, AIJ must be greater than P. On 
the contrary, it is less ; consequently, the fourth term of 
the proportion cannot be greater than AT. In like mannec, 
it may be shown that the fourth term cannot be less than 
AI ; it is,- therefore, equal to AZ In this case, therefore, 
AG is to -4X, as AE is to AZ 

Hence, in all cases, the given parallelopipedons are to 
each other as their altitudes ; which toas to be proved. 

8ch, Any two rectangular parallelopipedons whose bases are 
equal in all their parts, are to each other as their altitudes. 



PROPOSITION Xn. THEOBEM. 

7\oo rectangular paraHelcptpedons having equal altitudes^ are 

to each other as their baees. 

Let the rectangular parallelopipedons AG and AK have 
the same altitude AE : then will diey be to each other as 
their bases. 
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For, place them as shown in the figure, and produce the 
plane of the face iVZ, until 
it intersects the plane of the 
face HC^ in PQ\ we shall 
thus form a third rectangular 
parallelopipedon A Q. 

The parallelopipedons AG 
and AQ have a common 
base Aff ; they are there- 
fore to each other as their 
altitudes AS and AO 
(P. XL) : hence, we have 
the proportion, 



vol. AG : vol. AQ 







The parallelopipedons AQ and AK have the common base 
AL ; they are therefore to each other as their altitudes 
AD and AM i hence, 



vol. AQ : vol. AK 






AD : AM. 



Multiplying these proportions, term by term (B. IT., P. XIL), 
and omitting the common factor, vol. A Qy we have, 

vol. AG : volAK : : AD x AD : AO x AM. 



But AD X AD is equal to the area of the base AD CD' 
and AO X AM is equal to the area of the base AMNO 
hence, two rectangular parallelopipedons having equal alti 
tudes, are to each other as their bases ; vohich was to he 
proved. ^ 
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PROPOSITION Xni. THEOREM. 

Any two rectangular paraUdopipedons are to each other as 
t/ie products of their hoses and altitudes / that is^ as the 
products of their three dimensions. 

Let AZ and AG be 
any two rectangular paral- 
lelopipedons : then will they 
be to each other as the 
products of their three di- 
mensions. 

For, place them as in the 
figure, and produce the faces 
necessary to complete the 
rectangular parallelopipedon 
AK. The parallelopipedons 
AZ and AK have a com- 
mon base AR \ hence (P. XL), 

vol AZ : vol. AK : : AX : AE. 

The parallelopipedons AK and AG have a common 
altitude AE ; hence (P. XIL), 

volAK : vol. AG :: AMNO : ABCB. 




Multiplying these proportions, term by term, and omittmg 
the common fector, vol. AK^ we have, 

V0I.AZ : vol. AG : : AMNO x AX : ABCD x AE\ 

or, since AMNO is equal to AM x AO^ and ABCD to 
AB X AD, 

vol.AZ : vol. AG : : AMxAO xAX : ABxAD ^AE\ 

% 
which was to he proved. 
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Cot. 1. If we make the three edg«s AM^ AOy and 

AX^ each equal to the linear unit, the parallelopipedon AZ 

will be a cube constructed on that unit, as an edge ; and 

consequently, it will be the unit of volume. Under this 
supposition, the last proportion becomes, 

1 : vol AG : : 1 : AB x AD x AE \ 

T^hencG 

vol AG = AB X AB x AK 

Hence, the volume of any rectangular parallelopipedon i$ 
equal to the product of its three dimensions ; that is, the 
number of times which it contains the unit of volume, is 
equal to the number of linear units in its length, by the 
number of linear units in its breadth, by the number of 
linear units in its height. 

Cor. 2. The volume of a rectangular parallelopipedon is 
equal to the product of its base and altitude / that is, the 
number of times which it contains the unit of volume, is 
equal to the number of superficial units in its base, multi- 
plied by the number of linear units in its altitude. 

Cor. 3. The volume of any parallelopipedon is equal to 
the product of its base and altitude (P. X., C. 2). 

PROPOSITION XrV. THEOREM. 

The volume of any prism is equal to tJie product of its 

base and altitude. 

Let ABCBE-K be any prism : then is its volume 
equal to the product of its base and altitude. 

For, through any lateral edge, as AFy and the other lateral 
edges not in the same faces, pass the planes AHy Aly dividing 
the prism into triangular prisms. These prisms will all have 
a common altitude equal to that of the given prism. 
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Now, the volume of any one of the triangular prisms, as 
ABG-H^ is equal to balf that of a parallelopipedon con- 
structed on the edges BA^ BOy BG 
(P. Vn^ C.) ; but the volume of this par- 
allelopipedon is equal to the product of its 
I)asc and altitude (P. XHI., C. 3) ; and 
because the base of the prism is half 
that of the parallelopipedon, the volume 
of the prism is also equal to the pro- 
duct of its base and altitude : hence, 
the sum of the triangular prisms, which 
make up the given prism, is equal to the sum of their 
bases, which make up the base of the given prism, into 
their common altitude ; which was to be proved. 

Cor. Any two prisms are to each other as the products 
of their bases and altitudes. Prisms having equal bases are 
to each other as their altitudes. Prisms having equal alti- 
tudes are to each other as their bases. 



PEOPOSinON XV. THEOEEM. 



Two triangular pyramids having equal hoses and equal oiH- 

tudesy are equal in volume. 

Let S-ABCy and S-abc^ be two pyramids having their 
equal bases ABC and ahc in the same plane, and let AT 
be their conmion altitude : then will they be equal in vol- 
ume. 

For, if they are not equal in volume, suppose one of 
them, as S-ABCj to be the greater, and let their differ- 
ence be equal to a prism whose base is ABC^ and whose 
altitude is Aa. 
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Divide the altitude AT into equal parts Axy xy^ &c., 
each of which is less than Aa^ and let k denote one of 
these parts ; through the points of division pass planes par- 
allel to the plane of the bases ; the sections of the two 
pyramids, by each of these planes, will be equal, namely, 
DEF to de/, OHI to ghi, &c. (P. m., C. 2). 



!«■- 





On the triangles ABC, DEF, &c., as lower bases, con- 
struct exterior prisms whose lateral edges shall be pamllel 
to ASy and whose altitudes shall be equal to Jc: and on the 
triangles def, ghi, &c., taken as upper bases, construct inte- 
rior prisms, whose lateral edges shall be parallel to Say and 
whose altitudes shall be equal to k. It is evident that the 
fium of the exterior prisms is greater than the pyramid 
S^AJiCy and also that the sum of the interior prisms is less 
than the pyramid S-^abc : hence, the difference between the 
sum of the exterior and the sum of the interior prisms, is 
greater than the difference between the two pyramids. 

Now, beginning at the bases, the second exterior 
prism EFD-Gy is equal to the first interior prism efd-O' 



200 



GEOMETRY. 



because they have the same altitude A?, and their bases 
EFD^ efdy are equal : for a like reason, tJfce third exterior 
prism HIGr-Ky and the second interior prism hig-d^ are 
equal, and so on to the last in each set : hence, each of the 
exterior prisms, excepting the first BCA-D^ has an equal 
I'orresponding interior prism; the prism JBOA-D^ is, there- 
fore, the difference between the sum of all the exterior 
prisms, and the sum of all the interior prisms. But the 
difference between these two sets of prisms is greater than 
that between the two pyramids, which latter difference was 
supposed to be equal to a prism whose base is J7CL4, and 
whose altitude is equal to Aay greater than k ; conse- 
quently, the prism BGA-D is greater than a prism having 
the same base and a greater altitude, which is impossible . 
hence, the supposed inequality between the two pyramids 
cannot exist ; they are, therefore, equal in volume ; tohich 
was to he proved, 

PROPOSITION XVI. TltEORKM. 

Any triangular prism may be divided into three triangular 
pyramids^ equal to each other in volume. 



Let ABG-D be a triangular 
prism : then can it be divided into 
three equal triangular pyi*amids. 

For, through the edge -4(7, 
pass the plane ACF^ and through 
the edge EF pass the plane 
EFC. The pyramids ACE-F and 
ECD-F, ^lave their bases ACE 
and EQD equal, because they are 
halves of the same parallelogram 
ACDE\ and they have a common 
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altitude, because their bases are in the same plane AD^ and 
their vertices at the same point F ; hence, they are equal 
in volume (P. XV.). The pyramids ABC-F and DEF-C, 
liavc their bases ABC and DEF^ equ^l because they are 
the bases of the given prism, and their altitudes are equal 
because each is equal to the altitude of the prism ; they 
ire, therefore, equal in volume : hence, the three pyramids 
into which the prism is divided, are all equal in volume ; 
johich was to be proved. 

Cor, 1. A triangular pyramid is one-third of a prism, 
having an equal base and an equal altitude. 

Cor. 2. The volume of a triangular pyramid is equal to 
one-third of the product of its base and altitude. 



PROPOSITION XVn. IHEOREM. 

TJie volume of any pyramid is eqval to one-third of the 

product of its base and altitude. 

Let S-ABCDEy be any pyramid : then is its volume 
equal to one-third of the product of its base and altitude. 

For, through any lateral edge, as SEy 
pass the planes SEBy SECy dividing the 
pyramid into triangular pyramids. The alti- 
tudes of these pyramids will be equal to 
each other, because each is equal to that 
of the given pyramid. Now, the volume 
of each triangular pyramid is equal to one- 
third of the product of its base and alti- 
tude (P. XVL, C. 2) ; hence, the sum of 
the volumes of the triangular pyramids, is 
equal to one-third of the product of the sum of their ba?e^ 
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Cot. The volume of the frustum of any pijramid is 
equal to the sum of the volumes of three pyramids whose 
common altitude is that of the frustum^ and whose bases 
are the lower base of t/ie frustum, the upper base of thf 
frustum^ and a mean proportional between them. 

For, let ABCDE-6 be a fiustum of 
any pyramid. Through any lateral edge, as 
elSy pass the planes eEBb^ eECc^ divid- 
ing it into triangular frustums. Now, the 
sum of the volumes of the triangular frus- 
tums is equal to the sum of three sets of 
pyramids, whose common altitude is that of 
the given frustum. The bases of the first 
set make up the lower base of the given 
frustum, the bases of the second set make up the upper base 
of the given frustum, and the bases of the third set make 
up a mean proportional between the upper and lower base 
of the given frustum : hence, the sum of the volumes of 
the first set is equal to that of a pyramid whose altitude is 
that of the frustum, and whose base is the lower base of 
of the frustum ; the sura of the volumes of the second set 
is equal to that of a pyramid whose altitude is that of the 
frustum, and whose base is the upper base of the frustum ; 
and, the sum of the third set is equal to that of a pyra- 
mid whose altitude is that of the frustum, and whose base 
IB a mean proportional between the two bases. 

PROPOSITION XIX. THEOREM. 

Similar triangular prisms are to each other as the cubes of 

their homologous edges. 

Let CBD'P^ cbd-py be two similar triangular prisms, 
and let BCy bCy be any two homologous edges : then will 

the prism CBD-P be to the prism cbd-p^ as BC to be 
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altitude, because their bases are in the same plane AD^ and 
their vertices at the same point F\ hence, they are equal 
in volume (P. XV.). The pyi-amids ABC-F and DEF-C, 
have their bases ABC and DEF^ equal because they are 
the bases of the given prism, and their altitudes are equal 
because each is equal to the altitude of the prism ; they 
ire, therefore, equal in volume : hence, the three pyramids 
into which the prism is divided, are all equal in volume ; 
johich was to he proved. 

Cor. 1. A triangular pyramid is one-third of a prism, 
having an equal base and an equal altitude. 

Cor. 2. The volume of a triangular pyramid is equal to 
one-third of the product of its base and altitude. 



PROPOSITION XVn. IHEOREM. 

The volume of any pyramid is equal to one-third of the 

product of its hase and altitude. 

Let &-AB CBE^ be any pyramid : then is its volume 
equal to one-third of the product of its base and altitude. 

For, through any lateral edge, as SE^ 
pass the planes SEB^ SEC, dividing the 
pyramid into triangular pyramids. The alti- 
tudes of these pyramids will be equal to 
each other, because each is equal to that 
of the given pyramid. Now, the volume 
of each triangular pyramid is equal to one- 
third of the product of its base and alti- 
tude (P. XVL, C. 2) ; hence, the sum of 
the volumes of the triangular pyramids, is 
equal to one-third of the product of the sum of their ba?e^ 
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by their common altitude. But the sum of the triangalai 
pyramids is equal to the given pyramid, and the sum of 
their bases is equal to the base of the given pyramid : 
hence, the volume of the given pyramid is equal to one- 
third of the product of its base and altitude ; which was to 
be proved. 

Cor. 1. The volume of a pyramid is equal to one-third 
of the volume of a prism having an equal base and an equal 
altitude. 

Cor. 2. Any two pyramids are to each other as the 
products of their bases and altitudes. Pyramids having equal 
bases are to each other as their altitudes. Pyramids having 
equal altitudes are to each other as their bases. 

Scholiunu The volume of a polyedron may be found by 
dividing it into triangular pyramids, and computing their 
volumes separately. The sum of these volumes will be equal 
to the volume of the polyedron. 



PROPOSITION XVIll. THEOREM. 

The volume of a frustum of any triangular pyramid is 
equal to the sum, of the volumes of three pyramids 
whose common altitude is that of the frustum.^ and whose 
bases are the lower base of the frustum^ the upper base 
of the frustum^ and a mean proportional between the two 
bases. 

Let FGH'h be a fi ustum of any triangular pyramid : 
then will its volume be equal to that of three pyramids 
whose common altitude is that of the frustum, and whose 
bases are the lower base^ FQH^ the upper base fgh^ and 
a mean proportional between their bases. 
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For, through the edge FH^ pass the plane JBHg^ and 
through the edge fg^ pass the plane fgH^ dividing the 
frustum into three pyi-amids. The pyra- 
mid g-FGH^ has for its base the lower 
base FGH of the frustum, and its al- 
itudo is equal to that of the frustum, 
because its vertex g^ is in the plane of 
he upper base. The pyramid H-fgh^ 
lias for its base the upper ba^e fgh of 
the frustum, and its altitude is equal to 
that of the frustum, because its veitex 
lies in the plane of the lower base. 

The remaining pyramid may be regarded as having the 
triangle FfH for its base, and the point g for its vertex. 
From ^, draw gK parallel to fF^ and draw also KH and 
JQT. Then will the pyramids K-iyS and g-FfHy be equal ; 
for they have a common base, and their altitudes are equal, 
because their vertices K and g are in a line parallel to 
the base (B. VI., P. Xn., C. 2). 

Now, the pyramid K-FlfH may be regarded as having 
FKH for its base and f for its vertex. From JT, draw 
KL parallel to GH ; it will be parallel to gh : then will 
the triangle FKL be equal to fgli^ for the side FK is 
equal to fg^ the angle F to the angle /, and the angle K 
to the angle g. But, FKH is a mean proportional between 
FKL and FGH (B. IV., P. XXIV., C), or between fgh 
and FGH. The pyramid f-FKH, has, therefore, for its 
base a mean proportional between the upper and lower bases 
of the frustum, and its altitude is equal to that of the frus- 
tum ; but the pyramid f-FKH is equal in volume to the 
pyramid g-FfH: hence, the volume of the given frustum is 
equal to that of three pyramids whose common altitude is 
equal to that of the frustum, and whose bases are the upper 
base, the lower base, and a mean proportional between 
them ; which was to be proved. 
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Cot. The volume of the frustum of any pyramid is 
equal to the sum of the volumes of three pyramids whose 
common altitude is that of the f^stum^ and whose bases 
are the lower base of t/ie frustum, the upper base of (hf 
frustum^ and a mean proportional between them. 

For, let ABCBE-e be a frustum of 
any pyramid. Through any lateral edge, as 
eE, pass the planes eEBb^ eECcy divid- 
ing it into triangular frustums. Now, the 
sum of the volumes of the triangular frus- 
tums is equal to the sum of three sets of 
pyramids, whose common altitude is that of 
the given frustum. The bases of the first 
set make up the lower base of the given 
frustum, the bases of the second set make up the upper base 
of the given frustum, and the bases of the third set make 
up a mean proportional between the upper and lower base 
of the given frustum : hence, the sum of the volumes of 
the first set is equal to that of a pyramid whose altitude is 
that of the frustum, and whose base is the lower base of 
of the frustum ; the sura of the volumes of the second set 
is equal to that of a pyramid whose altitude is that of the 
fi-ustum, and whose base is the upper base of the frustum ; 
and, the sum of the third set is equal to that of a pyra- 
mid whose altitude is that of the frustum, and whose base 
is a mean proportional between the two bases. 

PROPOSITION XIX. THEOREM. 

Similar triangular prisma are to each otJier as the cubes of 

their homologous edges. 

Let CBD'P, obd'p, be two similar triangular prisms, 
and let J3 (7, ftc, be any two homologous edges : then will 

the prism CBD-P be to the prism cbd-p, zs BC to be 
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For, the homologous angles B and b are equal, and 
the feces which bound them are similar (D. 16) : henoe, 
these triedral angles may bo 
applied, one to the other, so 
that the angle eld will coin- 
cide with CBD^ the edge ha 
with BA, In this case, the 
prism chd'p will take the 
position Bcd-p. From A 
draw AH perpendicular to 

the common base of the prisms : then will the plane BAH 
be perjjendicular to the plane of the common base (B. VI., 
P. XVI.). From a, in the plane BAH^ draw ah 
perpendicular to BH : then will ah also be perpendicular 
to the base BDC (B. VI., P. XVU.) ; and AH, ah, wiD 
be the altitudes of the two prisms. 

Since the bases CBD, cbd, are similar, we have (B. IV., 
P. XXV.), 





base CBD : base cbd 






CB' 



cb . 



Now, because of the similar triangles ABH, aBh, and of 
the similar parallelograms AC, ac, wo have, 

AH : ah : : CB : cb ; 

hence, multiplying these proportions term by term, we have. 



base CBD x AH : base cbd x ah 






Clf : cb\ 



But, base CBD :: AH is equal to the volume of the prism 
CDB-A, and base cbd X ah is equal to the volume of 
the prism cbd-p ; hence, 

prism CDB-P : prism cbd-p : : CB : cb ; 



which was to be proved. 
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Cot. 1. Any two similar prisms are to each otTur as 
the cubes of their homologous edges. 

For, since the prisms are similar, their bases are similar 
polygons (D. 16) ; and these similar polygons may each be 
tlivided into the same number of similar triangles, similarly 
placed (B. IV., P. XXVI.) ; therefore, each prism may be 
divided into the same number of triangular prisms, having 
their faces similar and like placed ; consequently, the tri- 
angular prisms are similar (D. 16). But these triangular 
prisms are to each other as the cubes of their homologous 
edges, and being like parts of the polygonal prisms, the 
polygonal prisms themselves are to each other as the cubes 
of their homologous edges. 

Cor. 2. Similar prisms are to each other as the cubes 
of their altitudes, or as the cubes of any other homologous 
lines. 



PROPOSITION XX THEOREM. 

Similar pyramids are to each other as the cubes of their 

homologous edges. 

Let 8-ABCDEy and 8-ahcde^ be two similar pyra* 
mids, so placed that their homologous angles at the vertex 
shall coincide, and let AB and ab be 
any two homologous edges : then wUl the 
pyramids be to each other as the cubes 
of AB and ab. 

For, the face SAB^ being similar to 
^^aby the edge AB is parallel to the 
edge o^, and the face SBC being simi- 
lar to SbCy the edge BC is parallel to 
be ; hence, the planes of the bases are 
parallel (B. VL, P. Xm.). 
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Draw SO perpendicular to the base ABODE \ it wiU 
also be perpendicular to the base abode. Let it pierce that 
plane at the point o : then will SO 
be to >8i>, as SA is to Sa (P. IIL), 8 

or aa AB is to db\ hence, 

\S0 : \8o II AB : db. 

But the bases being similar polygons, we 
have (B. IV., P. XXVH), A 

base ABODE : base abode :: AW : a?. 




Multiplying these proportions, term by term, we have, 

base ABODE X \S0 : base abode x iSo :: AB^ : ab\ 

But, base ABODE x ^SO is equal to the volume of the 
pyramid S- ABODE, and base abode X ^So is equal to 
the volume of the pyramid S^abode ; hence, 

pyramid S-AB ODE : pyramid S-abode :: ^15^ • oft*; 
i^AicA t<^« fo be proved. 



Oct* Similar pyramids are to each other as the cubes of 
their altitudee, or as the cubes of any other homologous 
lines. 
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GENERAL FORMULAS. 

If we denote the volume of any prism by Fi its base 
by J?, and its altitude by 2ZJ we shall have (P. XIV.), 

V = B X H (1.) 

If we denote the volume of any pyramid by "F, its 
base by 2?, and its altitude by -SJ we have (P. XVil.), 

Vz= \B X H (2.) 

If we denote the volume of the frustum of any pyramid 
by "Pi its lower base by J?, its upper base by ft, and 
its altitude by H, we shall have (P. XVIU., C), 



F = i(J5 + J + VB X b) X H * * (8.) 
REGULAR POLYEDRONS. 

A Kegular Polyedron is one whose faces are all equal 
regular polygons, and wliose polyodral angles are equal, 
each to each. 

There are five regular polycdrons, namely : 

1. The Tetraedron, or regular pyramid — a polyedron 
bounded by four equal equilateral triangles. 

2. The Hexaedbon, or cube — a polyedron bounded by 
six equal squares. 

3. The OcTAEDBON — a polyedron bounded by eight equal 
equilateral triangles. 

4. The DoDECAEDBON — a polyedron bounded by twelve 
equal and regular pentagons. 
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5. The IcosAEDBON — a polyedron bounded by twenty 
equal equilateral triangles. 

In the Tetraedron, the triangles are grouped about the 
polyedral angles in sets of three, in the Octaedron they are 
grouped in sets of four, and in the Icosaedron they are 
grouped in sets of five. Now, a greater number of equi- 
lateral triangles eannot be grouped so as to form a salient 
polyedral angle ; for, if they could, the sum of the plane 
angles formed by the edges would be equal to, or greater 
than, four right angles, which is impossible (B. VI., P. XX,). 

In the Hexaedron, the squares are grouped about the 
polyedral angles in sets of three. Now, a greater number 
of squares cannot be grouped so as to form a salient polye- 
dral angle ; for the same reason as before. 

In the Dodecaedron, the regular pentagons are grouped 
about the polyedral angles in sets of three, and for the same 
reason as before, they cannot be grouped in any greater 
number, so as to form a salient polyedral angle. 

Furthermore, no other regular polygons can be grouped 
80 as to form a salient polyedral angle ; therefore, 

Ordy five regular polyedrons can be formed. 

14 
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THB CTLINDBB, THE CONE, AND THE 8PHBBB* 



DEFINITIONS. 



1. A Cylinder is a volume which may be generated by 
a rectangle revolving about one of its sides as an axis. 

Thus, if the rectangle ABCD be turned about the side 
AB^ as an axis, it will generate the cylinder FGCQ-P, 

The fixed line AB is called tTie axis 
of the cylinder ; the curved surface generated 
by the side (7Z>, opposite the axis, is called 
the convex surface of the cylinder ; the equal 
circles FGCQ^ and EHDP^ generated by 
the remaining sides BG and AD^ are called 
ha^es of the cylinder ; and the perpendicular 
distance between the planes of the bases, is 
called the altitude of the cylinder. 

The line 2>C, which generates the convex sur&ce, is, in 
any position, called an element of the surfa/^ / the elements 
are all perpendicular to the planes of the bases, and any 
one of them is equal to the altitude of the cylinder. 

Any line of the generating rectangle ABGD^ as IK^ 
which is perpendicular to the axis, will generate a circle 
whose plane is perpendicular to the axis, and which is equa 
to either base : hence, any section of a cylinder by a plan 
perpendicular to the axis, is a circle equal to either base 
Any section, FCDE^ made by a plane through the axis 
is a rectangle double the generating rectangle. 
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2. SiMiULB Cylinders are those which may be generated 
by similar rectangles revolving about homologous sides. 

The axes of similar cylinders are proportional to the radii 
of their bases (B. IV., D. 1) ; they are also proportional to 
any other homologous lines of the cylinders. 



3. A prism is said to be inscribed 
in a cylinder^ when its bases are in- 
scribed in the bases of the cylinder. 
In this case, the cylinder is said to 
be circumscribed about the prism. 

The lateral edges of the inscribed 
prism are elements of the surface of 
the circumscribing cylinder. 
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4. A prism is smd to be circximr 
scribed about a cylinder^ when its 

bases are circumscribed about the bases of the cylinder. 
In this ca^'e, the cylinder is said to be inscribed in the 
prism. 

The straight lines which join the 
corresponding points of contact in the 
upper and lower bases, are common to 
the surface of the cylinder and to the 
lateral faces of the prism, and they 
are the only lines which are common. 
The lateral faces of the prism arc said 
to be tangent to the cylinder along 
these lines, which are then called ele- 
ments of contact, 

6. A CoNB is a volume which may be generated by a 
right-angled triangle revolving about one of the sides adja- 
cent to the right angle, as an axis. 
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Thus, if the triangle JSAB, right-angled at Ay be tamed 
about the side SA^ as an axis, it will generate the cone 
S'CDBK 

The fixed line SA^ is called t?ie 
axis of the cone ; the cuiTed surfiice 
generated by the hypothenuse SBj is 
called the convex surface of the cone ; 
the circle generated by the side -4-B, 
is called the base of the cone / and 
the point S^ is called the vertex of 
the cone / the distance from the vertex 
to any point in the circumference of the 

base, is called the slant height of the cone / and the per- 
pendicular distance from the vertex to the plane of the bas^, 
is called the altitude of the cone. 

The line SB^ which generates the convex surface, is, in 
any position, called an element of the surface ; the elements 
are all equal, and any one is equal to the slant height ; the 
axis is equal to the altitude. 

Any line of the generating triangle SAB^ as OH^ 
which is perpendicular to the axis, generates a circle wh©se 
plane is perpendicular to the axis : hence, any section of a 
cone by a plane perpendicular to the axis, is a circle. Any 
section SBO^ made by a plane through the axis, is an 
isosceles triangle, double the generating triangle. 

6. A Truncated Cone is that portion of a cone included 
between the base and any plane which cuts the cone. 

When the cutting plane is parallel to the plane of the 
base, the truncated cone is called a Frustitm op a Cone, and 
the intersection of the cutting plane with tlie cone is called 
the upper base of the frustum ; the base of the cone i? 
called the lower base of the frustum. 
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If the trapezoid HQAB^ right-an- 
gled A and G^ be revolved about 
AQ^ as an axis, it will generate a frus- 
tum of a cone, whose bases are ECDB 
and FKHy whose altitude is -4(r, and 
whose slant height is BH. 



7. SiMiLAB Cones are those which may be generated 
by similar right-angled triangles revolving about homologous 
sides. 

The axes of similar cones are proportional to the radii 
of their bases (B. IV., D. 1) ; they are also proportional to 
any other homologous lines of the cones. 



8. A pyramid is said to be in- 
scribed in a coney when its base is 
inscribed in the base of the cone, and 
when its vertex coincides wdth that of 
the cone. 

The lateral edges of the inscribed 
pyramid are elements of the surface of 
the circumscribing cone. 




9. A pyramid is said to be circumscribed ahout a coney 
when its base is circumscribed about the base of the cone, 
and when its vertex coincides with that of the cone. 

In this case, the cone is said to be inscribed in the 
pyramid. 

The lateral faces of the circumscribing pyramid are tan- 
gent to the surface of the inscribed cone, along lines whid' 
are called Minents of contact. 



10, A frustum of a pyramid is inscribed in a frustum 
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of a cone^ when its bases are inscribed iq the bases of the 
frnstum of the cone. 

The lateral edges of the inscribed frustum of a pyramid 
are elements of the surface of the circumscribing frustum of 
a cone. 

11. A fi'ustum of a pyramid is circumscribed about 
frustum of a cone, when its bases are circumscribed about; 
those of the frustum of the cone. 

Its lateral faces are tangent to the surface of the frustum 
of the cone, along lines which are called elements of contact. 

12. A Sphere is a volume bounded by a surface, every 
point of which is equally distant from a point within called 
the centre, 

A sphere may be generated by a semicircle revolving 
about its diameter as an axis. 

13. A Radius of a sphere is a straight line drawn from 
the centre to any point of the surface. A Diameter is any 
straight line drawn through the centre and limited at both 
extremities by the surface. 

All the radii of a sphere are equal : the diameters are 
also equal, and each is double the radius. 

14. A Spherical Sector is a volume which may be gen- 
erated by a sector of a circle revolving about the diameter 
passing through either extremity of the arc. 

The surface generated by the arc is called the base of^ 
the sector, 

15. A plane is Tangent to a Sphere when it touches 
it in a single point. 

16. A Zone is a portion of the surface of a sphere 
included between two parallel planes. The bounding lines 
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oi the sections are called bases of the zone, and the distance 
between the planes is called the altitude of the zone. 

If one of the planes is tangeirt to the sphere, the zone 
has but one base. 

17. A Spherical Segment is a portion of a sphere in- 
cluded between two parallel planes. The sections made by 
the planes are called bases of the segment, and the distance 
between them is called the altitude of the segment. 

If one of the planes is tangent to the sphere, the seg- 
ment has but one base. 

The Cylinder, the Cone, and the Sphere, are sometimes 
called The Three Round Bodies. 



PROPOSITION I. THEOREM. 



The convex, surface of a cylinder is equal to the cireun> 
ference of its base multiplied by tlie altitude. 

Let ABD be the base of a cylinder whose altitude is 
n : then will its convex surface be equal to the circum* 
ference of its base multiplied by the altitude. 

For, inscribe within the cylinder a 
prism whose base is a regular polygon. 
The convex surface of this prism will 
be equal to the perimeter of its base 
multiplied by its altitude (B. VU., P. I.), 
whatever may be the number of sides 
of its base. But, when the number of 
sides is infinite (B. V., P. X. Sch.), the 
convex sur&ce of the prism coincides with 
that of the cylinder, the perimeter of 




216 



GEOMETRY. 



the base of the prism coincides with the circumference of 
the base of the cylinder, and the altitude of the prism is 
the same as that of the cylinder : hence, the convex surface 
of the cylinder is equal to the circumference of its baae 
multiplied by the altitude ; which was to be proved. 

Cor. The convex surfaces of cylinders having equal alti- 
tudes are to each other as the circumferences of their bases. 




H 



PROPOSITION n. THEOREM. 

Tlie volume of a cylinder is equal to the product of its 

base and altitude. 

Let ABD be the base of a cylinder whose altitude is 
H \ then will its volume be equal to the product of its 
base and altitude. 

For, inscribe within it a prism whose 
base is a regular polygon. The volume 
of this prism is equal to the product 
of its base and altitude (B. Vll., P. 
XrV.), whatever may be the number of 
sides of its base. But, when the num- 
ber of sides is infinite, the prism coin- 
cides with the cylinder, the- base of the 
prism with the base of the cylinder, and 
the altitude of the prism is the same 

aj that of the cylinder : hence, the volume of the cylinder 
is equal to the product of its base and altitude ; which was 
to be proved. 

Cor. 1. Cylinders are to each other as the products of 
their bases and altitudes ; cylinders having equal bases are 
to each other as their altitudes ; cylinders having equal alti 
tudes are to each other as their bases. 
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Cor. 2. Similar cylinders are to each other as the cubes 
of their altitudes, or as the cubes of the radii of their 
bases. 

For, the bases are as the squares of their radii (B. V., 
P. Xni.), and the cylinders being similar, these radii are to 
each other as their altitudes (D. 2) : hence, the bases are 
8 the squares of the altitudes ; therefore, the bases multiplied 
by the altitudes, or the cylinders themselves, are as the 
cubes of the altitudes. 



PROPOSITION IIL THEOREM, 

The convex surface of a cone is equal to the circumference 
of its base multiplied by half the slant height. 

Let S-ACD be a cone whose base is ACDy and whose 
slant height is SA : then will its convex surface be equal 
to the circumference of its base multiplied by half the slant 
height. 

For, inscribe within it a right pyramid. 
The convex surface of this pyramid is 
equal to the perimeter of its base mul- 
tiplied by half the slant height (B. VII., 
P. IV.), whatever may be the number 
of sides of its base. But when the num- 
ber of sides of the base is infinite, the 
convex surface coincides with that of the 
cone, the perimeter of the base of the pyramid coincides with 
the circumference of the base of the cone, and the slant height 
of the pyramid is equal to the slant height of the cone : 
hence, the convex surface of the cone is equal to the cir- 
cumference of its base multiplied by half the slant height j 
which was to be proved. 
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PROPOSITION IV. THEOBEM. 

The convex surface of a frustum of a cone is equal to 
half the sum of the circumferences of its two hoses 
multiplied by tlie slant height. 

Let BIA'D be a frustum of a cone, BIA and EGD 
its two bases, and EB its slant height : then is its convex 
surfiice equal to half the sum of the circumferences of its 
two bases multiplied by its slant height. 

For, inscribe within it the frustum 
of a right pyramid. The convex sur- 
fece of this frustum is equal to half 
the sum of the perimeters of its bases, 
multiplied by the slant height (B. VII., 
P. rV., C), whatever may be the 
Dumber of its lateral faces. But when 
the number of these faces is infinite, 

the convex surface of the frustum of the pyramid coincides 
with that of the cone, the perimeters of its bases coincide 
with the circumferences of the bases of the frustum of the 
cone, and its slant height is equal to that of the cone : 
hence, the convex surface of the frustum of a cone is equal 
to half the sum of the circumferences of its bases multiplied 
by the slant height ; which was to he proved. 

Scholium, From the extremities A and 2>, and from 
the middle point Z, of a line -4J9, let the lines AO^ DG^ 
and IK^ be drawn perpendicular to the axis 0C\ then ^viU 
IK be equal to half the sum of AG and DG. For, 
draw Dd and K, perpendicular to AG x then, because Al 
is equal to W^ we shall have Ai equal to id (B. IV., P. 
XV.), and consequently to Is \ that is, ^ exceeds IK 
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as much as IK exceeds DC: hence, IK is equal to the 
half sum oi AO and DO. 

Now, if the line AD be revolved about 0(7, as an 
axis, it will generate the surface of a frustum of a cone 
whose eljj^t height is AD ; the point I will generate a 
urcumference which is equal to half the sum of the circum- 
erences generated by A and D : hence, if a straight Ivie 
V revolved about another straight line, it will generate a 
surface whose measure is equal to the product of the gene- 
rating line and the circumference generated by its middle 
point. 

This proposition holds true when the line AD meets 
0(7, and also when AD is parallel to OC. 

PROPOSITION V. THEOREM. 

The volume of a cone is equal to its base multiplied by 

one4hird of its altitude. 

Let ABDE be the base of a cone whose vertex is Sy 
and whose altitude is So : then will its volume be equal to 
the base multiplied by one-thii'd of the altitude. 

For, inscribe in the cone a right 
pyramid. The volume of this pyramid 
is equal to its base multiplied by one- 
third of its altitude (B. VH., P. XVn.), 
whatever may be the number of its 
lateral feces. But, when the number 
of lateral faces is infinite, the pyramid 
coincides with the cone, the base of 
the pyramid coincides with that of the 

cone, and their altitudes are equal : hence, the volume of a 
cone is equal to the base multiplied by one-third of the 
altitude ; which was to be proved. 
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Ccyr. 1. A cone is equal to one-third of a cylinder hav- 
ing an equal base and an equal altitude. 

Cor, 2. Cones are to each other as the products of 
their bases and altitudes. Cones having equal bases are to 
each other as their altitudes. Cones having equal* altitudes 
are to each other as their bases. 



PROPOSITION VI. THEOREM. 

The volume of a frustum of a cone is equal to the sum 
of the volumes of three coneSy having for a common 
altitude the altitude of the frustum^ and for bases the 
lower base of the frustum^ the upper base of the frua 
tumy and a mean proportional between the bases. 

Let BIA be the lower base of a frustum of a cone, 
EGD its upper base, and O O its altitude : then will its 
volume be equal to the sum of three cones whose common 
altitude is OC, and whose bases are the lower base, the 
upper base, and a mean proportional between them. 

For, inscribe a frustum of a right 
pyramid m the given frustum. The 
volume of this frustum is equal to 
the sum of the volumes of three 
pyramids whose common altitude is 
that of the frustum, and whose bases 
re the lower base, the upper base, 
and a mean proportional between the 
two (B. Vn., P. XVm.), whatever 

may be the number of lateral faces. But when the numbei 
of faces is infinite, the frustum of the pyramid coincides 
with the frustum of the cone, its bases with the bases of 
the cone, the three pyramids become cones, and their altitudes 
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are equal to that of the frustum ; hence, the volume of the 
frustum of a cone is equal to the sum of the volumes of 
three cones whose common altitude is that of the frustum, 
and whose bases are the lower base of the frustum, the 
ajq^er base of the frustum, and a mean proportional between 
them ; which toas to be proved. 



PROPOsrrtoN vn. theorem. 

Any section of a sphere made by a plane, is a cirde. 

Let C be the centre of a sphere, CA one of its 
radii, and AMB any section made by a plane : then will 
this section be a circle. 

For, draw a radius CO perpen- 
dicular to the cutting plane, and let 
it pierce the plane of tlie section at 
O, Draw radii of the sphere to any 
two points M^ M\ of the curve which 
bounds the section, and join these 
points with O : then, because the radii 
CM, ' CM' are equal, the points 

Jf, M\ will be equally distant from (B. VI., P. V., C) ; 
hence, the section is a circle ; which was to be proved. 

Cor. 1. When the cutting plane passes through the centre 
of the sphere, the radius of the section is equal to that of 
the sphere ; when the cutting plane does not pass through 
the centre of the sphere, the radius of the section will be 
loss than that of the sphere. 

A section whose plane passes through the centre of the 
sphere, is called a great circle of the sphere. A section 
whose plane does not pass through the centre of the sphere, 
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is called a small circle of the sphere. All great circles of 
the same, or of equal spheres, are equal. 

Cor, 2. Any great circle divides the sphere, and also 
the surface of the sphere, into equal parts. For, the parts 
may be so placed as to coincide, otherwise there would be 
some points of the surface unequally distant from the centre, 
which is impossible. 

Cor. 3. The centre of a sphere, and the centre of any 
small circle of that sphere, are in a straight line perpen- 
dicular to the plane of the circle. 

Cor. 4. The square of the radius of any small circle is 
equal to the square of the radius of the sphere diminished 
by the square of the distance from the centre of the sphere 
to the plane of the circle (B. IV., P. XL, C. 1) : hence, 
circles which are equally distant from the centre, are equal ; 
and of two circles which are unequally distant from the 
centre, that one is the less whose plane is at the greater 
distance from the centre. 

Cor. 6. The circumference of a great circle may always 
be made to pass through any two points on the surface of 
a sphere. For, a plane can always be passed through these 
points and the centre of the sphere (B. VI., P. 11.), and its 
section will be a great circle. If the two points are the 
extremities of a diameter, an infinite number of planes can 
be passed through them and the centre of the sphere (B. VI^ 
P. I., S.) ; in this case, an infinite number of great circles 
can be made to pass through the two points. 

Cor. 6. The bases of a zone are the circumferences of 
circles (D. 16), and the bases of a segment of a sphere are 
circles. 
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PROPOSITION Vm. THEOREM. 

Ant/ plafie perpendicular to a radius of a sphere at its outer 
extremity, is tangent to the sphere at that point. 

Let C be the centre of a sphere, CA any radius, and 
JPAG a plane perpendicular to CA at A : then will the 
plane FAQ be tangent to the sphere at A. 

For, from any other point of the 
plane, as M^ draw the line MC : 
then because CA is a perpendicular 
to the plane, and CM an oblique 
line, CM will be greater than CA 
(B. VI., P. V.) : hence, the point M 
lies without the sphere. The plane 
FAGy therefore, touches the sphere 

at -4, and consequently is tangent to it at that point , 
which was to he proved. 

Scholium, It may be shown, by a course of reasoning 
analogous to that employed in Book HI., Propositions XL, 
Xn., Xin., and XIV., that two spheres may have any one 
of six positions with respect to each other, viz. : 

1**. When the distance between their centres is greater than 
the sum of their radii, they are external^ one to the other : 

2**. When the distance is equal to the sum of their 
radii, they are tangent^ externally : 

3**. When this distance is less than the sum, and greater 
than the difference of their radii, they intersect each other : 

4®. When this distance is equal to the difference of their 
radii, they are tangent internally : 

6®. When this distance is less than the difference of their 
radii, one is wholly within the other : 

6**, When this distance is equal to zero, they have a 
common centre^ or, are concentric. 
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DEPINTnOlffS. 

1**. If a semi-circumference be divided into equal arcs, the 
chords of these arcs form half of the perimeter of a regular 
Inscribed polygon ; this half perimeter is called a regular 
semi-perimeter. The figure bounded by the regular gemi- 
perimeter and the diameter of the semi-circumference is cjalled 
a regular semi-polygon. The diameter itself is called the 
GMis of the semi-polygon. 

2**. If lines be drawn from the extremi- 
ties of any side, and perpendicular to the 
axis, the intercepted portion of the axis is 
called the projection of that side. 

The broken line ABCDGP is a regu- 
lar semi-perimeter ; the figure bounded by 
it and the diameter AP^ is a regular 
semi-polygon, AP is its axis, HK is the 
projection of the side J5(7, and the axis, 
AP^ is the projection of the entire semi-perimeter. 




PROPOSITION IX. LE^IMA. 

If a regular semi-polygon he resolved about its axiSy the 
surface generated hy the semi-perimeter u>iU be equal to 
the axis multiplied hy t/ie circumference of the inscribed 
circle. 

Let ABCDEF be a regular semi-polygon, AF its axis, 
and ON its apothem : then will the surface generated by 
the regular semi-perimeter bo equal to AF x circ. ON". 

From the extremities of any side, as JDE^ draw JDI 
and EH perpendicular to AF ; draw also KM perpen- 
dicular to AFy and EK perpendicular to DL Now, the 
surface generated by ED b equal to DE x drc. NM 
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(P. TV., S.). But, because the triangles EDK and ONM 
are similar (B. IV., P. XXI.), we have, 

DE : EK or IR : : ON : NM : : drcON : ctrc.iOf ; 



whence, 

DE X circ. KM r= IB x circ. ON ; 



B^- 




a~ 



that is, the surfece generated by any side 
is equal to the projection of that side 
multiplied by the circumference of the in- 
scribed circle : hence, the surface gene- 
rated by the entire semi-perimeter is equal 
to the sum of the projections of its sides, 
or the axis, multiplied by the circumfer- 
ence of the inscribed circle ; vihich was to be proved. 

Cor, The surface generated by any portion of the perim- 
eter, as CJDEy is equal to its projection P-SJ multiplied 
by the circumference of the inscribed circle. 

PROPOSITION X. THEOREM. 

Tlie surface of a sphere is equal to its diumeter multiplied 
by the circumference of a great circle. 

Let ABODE be a semi-circumference, 
O its centre, and AE its diameter : then 
will the surface of the sphere generated 
by revolving the semi-circumference about 
AE^ be equal to AE x circ. OE 

For, the semi-circumference may be re- 
garded as a regular semi-perimeter with an 
infinite number of sides, whose axis is AE, 
and the radius of whose inscribed circle 
is OE : hence (P. IX.), the surfece generated by it is equal 

to AE X ctrc. OE; tohich xoas to be proved. 

15 
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Cor. 1. The circumference of a great circle is equal to 
2 AT OE (B. v., P. XVL) : hence, the area of the sur&ce 
of the sphere is equal to 2 0E X 2tOE^ or to iieOl^ 
that is, the area of the surface of a sphere is equal to fotir 
great circles. 

Cor. 2. The surface generated by any 
arc of the semicircle, as jS(7, will be a 
zone, whose altitude is equal to the pro- 
jection of that arc on the diameter. But, 
the arc J5(7 is a portion of a semi- 
perimeter having an infinite number of 
sides, and the radius of whose inscribed 
circle is equal to that of the sphere : 
hence (P, IX,, C), the surface of a zone 
is equal to its altitude multiplied by the circimiference of a 
great circle of the sphere. 

Cor. 3. Zones, on the same sphere, or on equal spheres, 
are to each other as their altitudes. 



PROPOSITION XI. LEMMA. 

J^ a triangle and a rectangle having the same base and 
equal altitudes^ be revolved about the common hase^ the 
volume generated by the triangle toiU be one-third of that 
generated by the rectangle. 

Let ABC be a triangle, and EFBC a rectangle, having 
the same base BCy and an equal altitude AD^ and let 
them both be revolved about BC: then will the volume 
generated by ABC be one-third of that generated by 
EFBC. 

For, the cone generated by the right-angled triangle 
ABBy is equal to one-third of the cylinder generated by 
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the rectangle ADBF (P. V., C. 1), and the cone generated 
by the triangle ADC, is equal to one-third of the cylinder 
generated by the rectangle ABOE. 

When AD falls within the triangle, the 
sum of the cones generated by ABB and 
ABO^ is equal to the volume generated by 
the triangle ABC; and the sum of the 
cylinders generated by ABBFsmd. ABCB, 
is equal to the volume generated by the 
rectangle BFBC. 

When AB falls without the triangle, the difference of the cones 
generated by ABB and ABC, is equal to the volume generated by 
ABC; and the difference of the cylinders 
generated by ABBF and ABCE, is equal 
to the volume generated by EFBC: hence, 
in either case, the volume generated by 
the triangle ABC,\^ equal to one-third of 
the volume generated by the rectangle 
EFBC; which was to he proved. 

Cor. The volume of the cylinder generated by EFBC, is 
equal to the product of its base and altitude, or to < AB X BC: 
hence, the volume generated by the triangle ABC, is equal to 
iicAB'xBC. 




PROPOSITION XII. LEMMA, 

If an isosceles triangle le revolved about a straight li^ie 
passing through its vertex, the volume generated will le 
equal to the surface generated by the base multiplied by 
one-third of the altitude. 

Let CAB be an isosceles triangle, C its vertex, AB its 
base, CI its altitude, and let it be revolved about the line CD, 
as an axis: then will the volume generated be equal to sw^f 
AB X i CL There may be three cases : 
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V. Suppose the base, when produced, to meet the axis at 
D; draw AM, IK, and BJ^, 
perpendicular to CD, and BO 
parallel to DC. Now, the 
volume generated by CAB is 
equal to the difference of the 
volumes generated by CAD and 
CBD; hence (P. XL, C), 

vol CAB=i*AM^x CD-i'jrBN^ CD=\'if{AM^'-M^)xCD. 

But, AJP - BiP is equal to {AM + BN) {AM - BN), 
(B. IV., P. X.) ; and because AM + ^iV^ is equal to 2IK 
(P. IV., S.), and AM - BN to AG, we have, 

vol CAB = i*Iirx AG X CD. 
But, the right-angled triangles A OB and CDI are similar 
(B. IV., P. XVIIl.; hence, 

AG : AB : : CI : CD; or, AO X CD =z AB X CL 

Substituting, and clianging the order of the factors, we liave, 

vol CAB = AB X 2 ir IK X I CI. 

But, AB X 2 -jr IK = the surface generated by AB ; hence, 

vol CAB = surf. AB X i CL 

2**. Suppose the axis to coincide with one of the equal sideSi 

Draw CT perpendicular to AB,B,nd AM j^ 

and IK, perpendicular to CB. Then, 

vol CAB = i -IT IIP XCB = iif AMX 

AM X OB. 

But, since AMB and CIB are similar, 

AM : AB : : CI : CB; whence AM X CB =: AB X CL 

Also, AM = 2 IK; hence, by substitution, we have, 

vol CAB -ABx2^IKxiCI=z surf. AB X i CI. 
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3^. Suppose the base to be parallel to the axis. 

Draw AM and BN perpendicular to the axis. The 
volume generated by CAB^ is equal 
to the cylinder generated by the rectan- 
gle ABNMy diminished by the sum of 
the cones generated by the triangles 
CAM and BCN\ hence, 




vol. GAB z^ne or X AB "^ic Cr X AI-^^'x Cr X IB. 

But the sum of AI and IB is equal to AB\ hence, we 
have, by reducing, and changing the order of the factors, 

vol. CAB = AB X2^ CIX i CI. 

But AB X 2^^ CI is equal to the surface generated by AB ; 
consequently, 

vol. CAB = surf. AB X i CI; 

hence, in all cases, the volume generated by CAB is equal 
to surf. AB X i CI; which was to be proved. 



PROPOSITION Xm. LEMMA. 

If a regular semi-polygon be revolved about its axis, the volume 
generated will be equul to the surface generated by the semi- 
perimeter multiplied by one-third of the apothem. 

Let FBDG be a regular semi-poly- 
gon, FQ its axis, 01 its apothem, and 
let the semi-polygon be revolved about 
FQ : then will the volume generated 
be equal to mrf.FDBQ x \0L 

For, draw lines from the vertices to 
the centre 0. These lines will divide 
the semi-polygon into isosceles triangles 
whose bases are rides of the semi-polygon. 
And whose altitudes are equal to OL 




230 GEOMETRY. 

Now, the sum of the volumes generated by these trian- 
gles is equal to the volume generated by the semi-polygon. 
But, the volume generated by any triangle, as OAB^ is 
equal to mrf. AB X ^01 (P. XII.) : hence, the volume 
generated by the semi-polygon is equal to surf. FBDG x \ 01; 
chich fjoaa to be proved. 

* 

Cor. The volume generated by a portion of the semi 
polygon, OABOy limited by radii 0(7, OA^ is equal to 
mrf. ABC x ^01. 



PROPOSITION XIV. THEOREM. 

The volume of a sphere is equal to its surface multiplied 

hy one-third of its radius. 

Let ACE be a semicircle, AE its 
diameter, its centre, and let the semi- 
circle be revolved about AEi then will 
the volume generated be equal to the 
surface generated by the semi-circumfer- 
ence multiplied by one-third of the radius 
OA. 

For, the semicircle may be regarded 
as a regular semi-polygon having an infi- 
nite number of sides, whose semi-perimeter 
coincides with the semi-circumference, and whose apothem is 
equal to the radius : hence (P. XIH.), the volume gene- 
rated by the semicircle is equal to the surface generated by 
the semi-circumference multiplied by one-third of the radius ; 
which ijoas to he proved. 

Cor. 1. Any portion of the semicircle, as OBC^ bounded 
by two radii, will generate a volume equal to the surface 
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generated by the arc BC multiplied by one-third of the 
radius (P. XIIL, C). But this portion of the semicircle is 
a circular sector, the volume which it generates is a spheri- 
cal sector, and the sur&ce generated by the arc is a zone : 
hence, the volume of a spherical sector is equM to the zone 
which forms its base multiplied by one-third of the radius 

Cor, 2. If we denote the volume of a sphere by Fi 
and its radius by i?, the area of the surface will be equal 
to 4iri22 (p^ X., C. 1), and the volume of the sphere will be 
equal to 4<irli^ x ^H; consequently, we have. 

Again, if we denote the diameter of the sphere by -D, we 
shall have li equal to i2>, and i? equal to jZ>3, and 
consequently, 

hence, the volumes of spheres are to each other as the cufjes 
of their radiiy or as the cubes of their diameters. 

Scholium. If the figure EBDF, formed 
by drawing lines from the extremities of the 
arc BD perpendicular to CA, be revolved 
about CA, as an axis, it will generate a seg- 
ment of a sphere whose volume may be found 
by adding to the spherical sector generated by 
CDB, the cone generated by CBB, and sub- 
tracting from their sum the cone generated 
,by CDF, If the arc BD is so taken that the 
points B and F fall on opposite sides of the centre C, the 
latter cone must be added, instead of subtracted: zone BD 
= 2* CD X BF; hence, 

tegmeni EBDF = \ it {%'Cff X EF+ BE" x CEzpDTxCF) 
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PROPOSITION ;XV. THEOREM 

The surface of a sphere is to the entire siirface of the 
circumscribed cylinder^ including its baseSy as 2 is to 9 : 
and the volumes are to each other in the same ratio. 

Let JPMQ be a semicircle, and PADQ a rectangle, 
whose sides PA and QD are tangent to the semicircle at 
P and §, and whose side AD^ is tangent to the semi- 
circle at M, If the semicircle and the rectangle be revolved 
about PQy as an axis, the former will generate a sphere, 
and the latter a circumscribed cylinder. 

1®. The surface of the sphere is to the entire surface of 
the cylinder, as 2 is to 3. 

For, the surface of the sphere is 
equal to four great circles (P. X., C. 1), 
the convex sur&ce of the cylinder is 
equal to the circumference of its base 
multiplied by its altitude (P. I.) ; 
that is, it is equal to the circumfer- 
ence of a great circle multiplied by 
its diameter, or to four great circles 
(B. v., P. XV.) ; adding to this the 

two bases, each of which is equal to a great ciicle, we have 
the entire surface of the cylinder equal to six great circles : 
hence, the surface of the sphere is to the entire surface of 
he circumscribed cylinder, as4isto6, oras2istod; 
which was to be proved. 

2®, The volume of the sphere is to the volume of the 
cylinder as 2 is to 3. 

For, the volume of the sphere is equal to fflri^^ (P. XR^, 
C. 2) ; the volume of the cylinder is equal to its base 
multiplied by its altitude (P. IT.) ; that is, it is equal to 
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tB? X 2-^, or to %fiB? : hence, the volume of the sphere 
U to that of the cylinder as 4 is to 6, or as 2 is to 3 ; 
which was to be proved. 

Cor. The surface of a sphere is to the entire surfece of 
a drooniscribed cylinder, as the volume of the sphere is to 
volume of the cylinder. 

Scholium, Any polyedron which is circumscribed about a 
sphere, that is, whose faces are all tangent to the sphere, 
may be regarded as made up of pyramids, whose bases ai'e 
the fexses of the polyedron, w^hose common vertex is at the 
centre of the sphere, and each of whose altitudes is equal 
to the radius of the sphere. But, the volume of any one 
of these pyramids is equal to its base multiplied by one- 
third of its altitude : ience, the volume of a circumscribed 
polyedron is equal to its surface multiplied by one-third of 
the radius of the inscribed sphere. 

Now, because the volume of the sphere is also equal to 
its surface multiplied by one-third of its radius, it follows 
that the volume of a sphere is to the volume of any cir- 
ctunscribed polyedron, as the surface of the sphere is to the 
surface of the polyedron. 

Polyedrons circumscribed about the same, or about equal 
spheres, are proportional to their surfaces. 



GENERAL FORMULAS. 

If we denote the convex surface of a cylinder by 8y its 
volume by T^ the radius of its base by JS, and its alti 
tude by JGT, we have (P. L, 11.), 

a = 2'feB X B: (1.) 

F= ^iPxisr (2.) 
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If we denote the convex surface of a cone by S^ iti 
volume by FJ the radius of its base by J2, its altitude by JS^ 
and its slant height by J?*, we have (P. III., V.), 

S =z 'fHx JT (3.) 

r= ^li'x^B^ (4.) 

If we denote the convex surface of a frustum of a cone 
by Sj its volume by F", the radius of its lower base by i2, 
the radius of its upper base by i2', its altitude by -fij and its 
slant height by JST, we have (P. IV., VI.), 

>S = «'(i2 + ^') X JSr (5.) 

F= J^CiJ^ + ^' + iZ Xi2') X J5r. . . (6.) 

If we denote the surface of a sphere by S^ its volume 
by Vy its radius by i2, and its diameter by -D, we have 
(P. X., C. 1, XIV., C. 2, XIV., C. 1), 

S = AicB^ (7.) 

V = ^'xB^ = ^iflh^ (8.) 

If we denote the radius of a sphere by 72, the area of 

any zone of the sphere by 8^ its altitude by JZ, and the 

volume of the corresponding spherical sector by Fi we 
shall have (P. X., 0. 2), 

S = 2irli X B^ • . • ( 9.) 

V = i-riJ^x JT (10.) 

Ii we denote the volume of the corresponding spherical 
fegment by F, its altitude by IT, the radius of its upper base 
by -B', the radius of its lower base by R", the distance cf 
its upper base from the centre by H', and of its lower base 
from the centre by E", we shall have (P. XIV., S.) : 

F:=i«'(2i?X ir+ J?'*-ff':pi?"*X ^") . . (11.) 
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BPHEBIOAL 6E0METBY. 
DEFINITIONS. 

1. A Spherical Angle is an angle included between the 
arcs of two great circles of a sphere meeting at a point The 
arcs are called sides of the angle, and their point of 
intersection is called the vertex of the angle. 

The measure of a spherical angle is the same as that of 
the diedral angle included between the planes of its sides. 
Spherical angles may be acutey right, or obtuse. 

2. A Spherical ^Polygon is a portion of the surface of 
a sphere bounded by three or more arcs of great circles. 
The bounding arcs are called sides of the polygon, and the 
points in which the sides meet, are called vertices of the 
polygon. Each side is supposed to be less than a semi-cir- 
cumference. 

Spherical polygons are classified in the same manner as 
plane polygons. 

3. A Spherical Triangle is a spherical polygon of three 
sides. 

Spherical triangles are classified in the same manner as 
plane triangles- 

4 A Lune is a portion of the surface of a sphere bounded 
by two semi-circumferences of great circles. 

5. A Spherical Wedge is a portion of a sphere bounded 
by a lune and two semicircles, which intersect in a diameter 
of the sphere. 
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6. A Spherical Pyramid is a portion of a sphere 
bounded by a spherical polygon and sectors of circles whose 
common centre is the centre of the sphere. 

The spherical polygon is called the base of the pyramid, 
and the centre of the sphere is called the vertex of the 
pyramid. 

7. A Pole op a Circlb is a point on the surfece of 
the sphere, equally distant from all the points of the cir 
cumference of the circle. 

8. A Diagonal of a spherical polygon is an arc of a 
great circle joining the vertices of any two angles which are 
not consecutive. 



PROPOSITION L THEOREM. 

Any side of a sphericcU triangle is less than the sum of 

the other two. 

Let ABC be a spherical triangle situated on a sphere 
whose centre is : then will any side, as AB^ be less 
than the sum of the sides AG and BG. 

For, draw the radii 0-4, OB^ and 
OCx these radii form the edges of a 
triedral angle whose vertei is 0, and 
the plane angles included between them 
are measured by the- arcs AB^ AC^ 
and BG (B. m., P. XVIL, Sch.). 
But any plane angle, as AOBy is less 
than the sum of the plane angles AOG 
and BOG (B. VI., P. XIX.) : hence, 

the arc AB is less than the sum of the arcs AC and 
BG; which was to be proved. 
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Cor. 1. Any mde AB^ of a spherical polygon ABCDE^ 
is less than the sum of all the other sides. 

For, draw the diagonals AC and -42>, dividing the 
polygon into triangles. The arc AB is less than the sum 
oi AC and -BC, the arc AC ha 
(ess than the sum of AD and JDCy 
and the arc AD is less than the 
sum of DE and EA ; hence, AB 
is less than the sum of BC^ CD^ 
DE, and EA. 

Cor, 2. The arc of a small circle, on the surface of a 
sphere, is greater than the arc of a great circle joining its 
two extremities. 

For, divide the arc of the small circle into equal parts, 
and through the two extremities of each part, suppose the 
arc of a great circle to be drawn. The sum of these arcs, 
whatever may be their number, will be greater than the arc 
of the great circle joining the given points (C. 1). But when 
this number is infinite, each arc of the great circle will coin- 
cide with the corresponding arc of the small circle, and 
their sum is equal to the entire arc of the small circle, which 
is, consequently, greater than the arc of the great ciicle. 

Cor. 3. The shortest distance from one point to another 
on the surface of a sphere, is measured on the arc of a 
great circle joining them. 

PROPOSITION n. TIIEOKEM. 

The sum of the sides of a spherical polygon is less than 

the circumference of a great circle. 

Let ABCDE be a spherical polygon situated on a 
sphere whose centre is 0: then will the sum of its sides 
be less than the circumference of a great circle. 
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For, draw the radu OA^ OJB, OC^ OD, and 0E\ 
these radii form the edges of a polyedral angle whose vertex 
is at 0, and the angles included between 
them are measured bjr the arcs AB^ BC^ 
CD, BE, and EA. But the sum of 
these angles is less than four right angles 
(B. VI., P. XX.) : hence, the sum of the 
arcs which measure them is less than the 
circumference of a great circle ; which was 
to be proved. 




PROPOSITION m. THEOREM. 

^ a diameter of a sphere be drawn perpendicular to the 
plane of any circle of the sphere^ its extremities toiU be 
poles of that circle. 

Let C be the centre of a sphere, Elf^G any circle of 
the sphere, and BE a diameter of the sphere perpendicular 
to the plane of Flf^G : then will the extremities B and E, 
be poles of the circle FITQ-. 

The diameter BEy being 
perpendicular to the plane of 
FNQy must pass through 
the centre (B. Vm, 
P. VIL, C. 3). If arcs of 
great circles BIT, BF, BO^ 
&c., be drawn from B to 
different points of the cir- 
cumference FNG, and chords 
of these arcs be drawn, these 
chords will be equal (B. VI., 

P. v.), consequently, the arcs themselves will be equal But 
these arcs are the shortest lines that can be drawn from the 
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point 2>, to the different points of the circumference (P. I., 
C. 2) : hence, the point 2>, is equally distant from all the 
points of the circumference, and consequently is a pole of 
the circle (D. 1), In like manner, it may be shown that 
the point JS is also a pole of the circle : hence, both i>, 
and £Ij are poles of the circle FNG ; which was to be 
proved. 

Cor. 1. Let AMB be a great circle perpendicular to 
DE: then will the angles DCM^ EC My Ac, be right 
angles ; and consequently, the arcs DM^ EM^ Ac, will 
each be equal to a quadrant (B. III., P. XV 11., S.) : hence, 
the two poles of a great circle are at equal distances from 
the circumference. 

Cor. 2. The two poles of a small circle are at unequal 
distances from the circumference, the sum of the distances 
being equal to a semi-circumference. 

Cor. 3. If any point, as My in the circumference of a great 
circle, be joined with either pole, by the arc of a great circle, 
such arc will be perpendicular to the circumference AMB, since 
its plane passes through CD, which is perpendicular to AMB. 
Conversely: if MNh^ perpendicular to the arc AMB, it will pass 
through the poles D and E\ for, the plane of MN being per- 
pendicular to AMB and passing through C, will contain CD, 
which is perpendicular to the plane AMB (B. VL, P. XVIII.). 

Cor. 4. If the distance of a point D, from each of the points 
A and M, in the circumference of a great circle, is equal to a 
quadrant, the point D, is the pole of the arc AM, 

For, let G be the centre of the sphere, and draw the 
radu CDy CA, CM. Since the a'.gles A CD, MCD, are 
right angles, the line CD is * #erpendicular to the two 
straight lines CA, CM: it is, therefore, perpendicular to theii 
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plane (B. VI., P. IV.) : hence, the point i>, is the pole of 
the arc AM. 

Scholium. The properties of these poles enable ns to 
describe arcs of a circle on the surface of a sphere, with 
the same facility as on a plane surface. For, by turning 
the arc DF about the point D, the extremity F will 
describe the small circle FNO \ and by turning the quad- 
rant DFA round the point i>, its extremity A will 
describe an arc of a great circle. 



PROPOSITION IV. THEOREM. 

The angle formed hy two arcs of great circles^ is equal to 
thai formed hy the tangents to these arcs at their point 
of intersection^ and is measured hy the arc of a great 
circle descrihed from the vertex as a polCj and limited 
hy the sides^ produced if necessary. 

Let the angle BAC be formed by the two arcs ABy 
AC: then is it equal to the angle FAG formed by the 
tangents AF^ AG^ and is measured by the arc BE of 
a great circle, described about -4 as a pole. 

For, the tangent AF^ drawn in the 
plane of the arc ABy is f)erpendicular 
to the radius A ; and • the tangent 
AGy drawn in the plane of the arc 
^(7, is perpendicular to the same radius 
AOi hence, the angle FAG is equal 
to the angle contained by the planes 
ABBH, AC EH (B. VI., D. 4) ; which 
is that of the arcs -4jB, A C. Now, if 
the arcs AD and AE ae both quad- 
rants, the lines 02>, OE^ are perpendicular to OA^ and 
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the angle DOE is equal to the angle of the planes ABDH^ 
ACEH\ hence, the arc DE is the measure of the an£;le 
oontained by these planes, or of the angle CAB ; Mohich 
was to be proved. 

Cor. 1. The angles of spherical triangles may be com 
pared by means of the arcs of great circles described from 
their vertices as poles, and included between their sides. 

A spherical angle can always be constructed equal to a 
given epherical angle. 

Cor, 2. Vertical angles, such as 
ACO and JBCIf are equal; for 
either of them is the angle formed 
by the two pbne« ACB^ OCN. 
When two arcs ACB^ OCN'^ in- 
tersect, the sum of t^o adjacent 
angles, as ACOy OCBj is equal 
to two right anglf». 




PROPOSinoN V. THE0BE3f. 

jy from the vertices of the angles of a spherical triangle^ 
as polesy arcs be described forming a spherical triangle^ 
the vertices of the angles of this second triangle wiU be 
respectively poles of the sides of the first. 

From the vertices 4, -B, C, 
as poles, let the arcs jEjFJ FD^ 
EDy be described, forming the 
ttiangle JDFE: then will the 
vertices i>, JEJ and F^ be 
respectively poles of the sides 
BC, AC, AB. 

For, the point A being 

16 
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the pole of the arc -EFJ the distance AJE^ is a qaadrant; 
the point C being the pole of the arc DJE^y the distance 
CZ?, is likewise a quadrant : hence, the point ^ is at a 
quadrant's distance from the points A and C: hence, it is 
the pole of the arc AC (P. HI., C. 4), It may be shown, 
in like manner, that D is the pole of the arc .BCy and 
J^ that of the arc AB ; aohich was to he proved. 

Scholium. The triangle ABC^ may be described by 

means of DEF^ as DEF is described by m(;iins of ABC. 

Triangles thus related are called pclar triangles^ or supple- 
mental triangles. 



PROPOSITION VI. THEOREM. 

Any angle^ in one of tv>o polar triangles^ is measured fti/ a 
semirdreumferencei minus the side lying opposite to it in 
the other triangle. 

Let ABCy and EFD^ be any two polar triangles: 
then will any angle in either triangle be measured by a 
semi-circumference, minus the side lying opposite to it in .the 
other triangle. 

For, produce the sides AB^ 
ACy if necessary, till they 
meet EF, in 6? and JI The 
point A being the pole of 
the arc GMy the angle A is 
measured by that arc (P. IV.). 
But, nnce E is the pole of 
AITj the arc ES' is a quad- 
rant ; and since F is the 

pole of A Gy FQ is a quadrant : hence, the sum of the 
arcs EH and GF^ is equal to a semi-circumference. But 
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the sum of the arcs EH and GF^ is equal to the sum 
of the arcs EF and GH : hence, the arc GH^ which 
measures the angle -4, is equal to a semi-circumference, 
minus the arc EF. In like manner, it may be shown, that 
any other angle, in either triangle, is measured by a semi- 
circumference, minus the side lying opposite to it in tha 
other triangle ; which toas to be proved. 



>*•, 



Scholium. Besides the triangle DBF, 
three others may be formed by the inter- 
section of the arcs BE, EF, DF. But / __> 
the proposition is applicable only to the j)yKS'''^ I 
central triangle, which is distinguished / \ x / / 
from the other three by the circumstance, / ^C^/ 
that the two vertices, A and Z>, lie on the \ yE"" 

same side of BC; the two yertices, B 
and Ey on the same side o{ AC; and 
the two yertices, C and F, on the same side of AB. 



PROPOSITION Vn. THEORE^kl. 

ijT from the vertices of any two angles of a spherical tri- 
angle^ as poles, arcs of circles be described passing 
through the vertex of tJie third angle ; and if from th6 
second point in which these arcs intersect, arcs of great 
circles be drawn to the vertices, used as poles, the parts 
of the triangle thus formed wiU be equal to those of th£ 
given triangle, each to each. 

Let ABC be a spherical triangle situated on a sphere 
whose centre is 0, CEB and CFD arcs of circles 
described about B and A as poles, and let BA and 
BB be arcs of great circles : then will the parts of the 
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triangle ABD be equal to those of the given triangle 
ABC^ each to each. 

For, by construction, the side AD 
is equal to AC^ the side DB is 
jqual to BCy and the side AB. is 
common : hence, the sides are eqnal, 
each to each. Draw the radii OA^ 
OB, OCy and OD, The radii OA^ 
OB^ and 0(7, will form the edges 
of a triedral angle whose vertex is 
; and the radii 0^, OB, and 
edges of a second triedral angle whoso vertex is also at ; 
and the plane angles formed by these edges will be eqnal, 
each to each : hence, the planes of the equal angles are 
equally inclined to each other (B. VI., P. XXI.). But, the 
angles made by these planes are equal to the corresponding 
spherical angles ; consequently, the angle BAD is equal to 
BAC, the angle ABD to ABC, and the angle ADB 
to ACB: hence, the parts of the triangle ABD are equal 
to the parts of the triangle A CB, each to each ; tohich 
was to be proved. 



OD, will form the 



Scholium 1» The triangles ABC and ABD, are not, 
in general, capable of superposition, but their parts are 
symmetrically disposed with respect io AB. Triangles which 
have all the parts of the one equal to all the parts of the 
9ther, each to each, but not capable of superposition, are 
ealledy symmetrical triangles. 

Scholium % If symmetrical triangles are isosceles, they 
can be so placed as to coincide throughout: hence, they are 
9q%ial in area. 
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PROPOSITION VKL THEOBEM. 

If tuH} spherical triangles^ on the same^ or on equal spheres^ 
have two sides and the included angle of the one equal 
to two sides and the included angle of the other^ each 
to eachj the remaining parts are equals each to eacK 

Let the spherical triangles ABC and JEFG<^ have the 
side EF equal to AB^ the side JSG equal to AC^ and 
the angle FEO equal to BACi then will the side FO be 
equal to -B(7, the angle FFG to ABC^ and the angle 
FGF to ACB. 

For, the triangle FFG may 
be placed upon ABCy or upon 
its symmetrical triangle ADB^ so 
as to coincide with it throughout, 
as may be shown by the same D( / jc G^ 
course of reasoning as that em- 
ployed in Book I., Proposition V. : 
hence, the dde FG is equal to 

BC^ the angle FFG to ABC^ and the angle EGF to 
A CB ; which was to he proved. 





PROPOSITION IX. THEOREM, 

J^ two spherical triangles on the same^ or on eqiccU spheres^ 
have two angles and the included side of the ohe equal 
to two angles and the included side of the other^ each 
to each^ the remaining parts wiU be equals each to each 

Let the spherical triangles ABC and EFGy have the 
angle FEG equal to BAC^ the angle FFG equal to 
AB (7, and the ride EF equal to AB : then will the 
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side EG be equal to ACy the dde FQ to ^(7, and 
the angle FOE to BCA. 

For, the triangle EFQ may 
be placed upon ABC^ or upon 
its symmetrical triangle ADB^ so 
as to coincide with it thronghout, 
as may be shown by the same 
coarse of reasoning as that em- 
ployed in Book L, Proportion 
VI. : hence, the side EQ is equal 
to ^(7, the side FG to BC, 
BCA ; which toas to be proved. 




and the angle FGE to 



PEOPosrricN x. theorem. 

J^ two spherical triangles on the same^ or on equal spheres^ 
have their sides equals each to eachy their angles will be 
equals each to each^ the equal angles lying opposite the 
equal sides. 

Let the spherical triangles EFG and ABC have the 
side EF equal to AB^ the side EG equal to ACj and 
the side FG equal to BC: then will the angle FEG be 
equal to BAC^ the angle EFG to ABC^ and the angle 
EOF to AC By and the equal angles will lie oppofflte the 
equal sides. 

For, it may be shown by the 
same course of reasoning as that 
employed in B. I., P. X., that the 
triangle EFG is equal in all 
respects, either to the triangle 
ABCy or to its symmetrical tri- 
angle ABD : hence, the angle 
FEOy opposite to the side FG^ is equal to the angle BAC^ 
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opposite to BC 'i the angle EFG^ opposite to JFff, is equal 
to the angle ABCy oppoate to AC; and the angle £!0J\ 
opposite to £!Fy is equal to the angle ACB^ opposite to 
A B \ which ioas to be proved. 



PROPOSITION XI. THEOREM. 

In any isosceles spherical triangle^ the angles opposite the 
equal sides are equal ; and conversely^ if two angles of 
a spherical triangle are equals the triangle is isosceles. 

1°. Let ABC be a spherical triangle, having the side 
AB equal to AC: then will the angle C be equal to 
the angle B. 

For, draw the arc of a great circle 
from the vertex -4, to the middle point 
2>, of the base BC: then in the two 
triangles ABB and ADC^ we shall have 
the side AB equal to AC^ by hypothe- 
sis, the side BD equal to 2>(7, by con- 
struction, and the side AD common ; 
consequently, the triangles have their angles equal, each to 
each (P. X.) : hence, the angle C is equal to the angle 
B ; which was to he proved. 

2**. Let ABC be a spherical triangle having the angle 
C equal to the angle B : then will the side AB be 
equal to the side A (7, and consequently the triangle will ^ 
be isosceles. 

For, suppose that AB and AC are not equal, but that 
one of them, as AB^ is the greater. On AB lay off the 
arc BO equal to AC^ and draw the arc of a great circle 
from O to C : then in the triangles ACB and OBCj 
we shall have the side AC equal to OB^ by construction, 
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the side BC common, and the included angle ACB equal 
to the included angle OJBC^ by hypothesis c hence, the 
remaining parts of the triangles are equal, 
each to each, and consequently, the angle 
OCB is equal to the angle ABC, But, 
the angle ACB is equal to ABCy by 
hypothesis, and therefore, the angle OCB 
is equal to ACB^ or a part is equal to 
the whole, which is impossible : hence, the 
supposition that AB and AC are un- 
equal, is absurd ; they are therefore equal, and consequently, 
the triangle AB C is isosceles ; which was to be proved. 

Cor. The triangles ABB and ADC^ having all of 
their parts equal, each to each, the angle ABB is equal 
to ADCy and the angle BAB is equal to BAC \ that 
is, if an arc of a great circle he drawn from the vertex 
of an isosceles spherical triangle to the middle of its hase^ 
it wiU be perpendicular to the base^ and wiU bisect the verti- 
tal angle of the triangle. 



PROPOSITION Xn. THEOREM. 

In any spherical triangle^ the greater side is opposite the 
greater angle ; and conversely^ tlie greater angle is cppo' 
site the greater side. 

l^ Let ABC be a spherical triangle, in which the angle 
A 18 greater than the angle B: then will the side BO 
be greater than the side AC. 
For, draw the arc AB^ 
making the angle BAB equal 
to ABB: then will AB be 
equal to BB (P. XL). But, 
the sura of AB and BC is 
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greater than AG (P. I.); or, putting for AD its equal 
BDy we have the sum of BD and 2>(7, or BC^ greater 
than AG \ which was to he proved, 

2**. In the triangle ABG^ let the side -B(7 be greater 
than AG \ then will the angle A be greater than the 
angle B. 

For, if the angles A and B were equal, the sides BG 
and AG would be equal ; or if the angle A was less 
than the angle -B, the side BG would be less than AG^ 
either of which conclusions is contrary to the hypothesis: hence, 
the angle A is greater than the angle B ; ^oMch loas to he proved, 

PROPOSITICK Xni, THEOREM. 

J^ two triangles on the same^ or on equal spheres^ are 
mutually/ equiangular^ they are also mutuaMy equilateral* 

Let the spherical triangles A and JB, be mutually equi- 
angular : then will they also be mutually equilateral. 

For, let P be the polar triangle of -4, 
and Q the polar tnangle of B : then, be- 
cause the triangles A and B are mutually 
equiangular, their polar triangles P and Q^ 
must be mutually equilateral (P. VI.), and con- 
sequently mutually equiangular (P. X.). But, 
the triangles P and Q being mutually equi- 
angular, their polar triangles A and -B, are 
mutually equilateral (P. VI.) ; which was to he proved. 

Scholium, This proposition does not hold good for plane 
triangles, for all similar plane triangles are mutually equi* 
angular, but not necessarily mutually equilateral. Two 
spherical triangles on the same or on equal spheres, cannot 
be similar without being equal in all their parts. 
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PROPOSITION XrV. THEOREM. 

The sum of the angles of a spherical triangle is less than 
six rigid angles^ and greater than two right angles. 

Let ABC be a spherical triangle, and DEF its polar 
triangle : then will the sum of the angles -4, -B, and C,. 
be less than six nght angles and greater than two. 

For, any angle, as A^ be- 
ing measured by a semi-cir- 
cumference, minus the side 
EF (P. VI.), is less than two 
right angles: hence, the sum 
of the three angles is less than 
six right angles. Again, be- 
cause the measure of each angle 
is equal to a semi-circumference 
minus the side lying oppoate 

to it, in the polar triangle, the measure of the sum of the 
three angles is equal to three semi-circumferences, minus the 
sum of the sides of the polar triangle DEF. But the 
latter sum is less than a circumference ; consequently, the 
measure of the sum of the angles A^ By and (7, is 
greater than a semi-circumference, and therefore the sum of 
the angles is greater than two right angles : hence, the sura 
of the angles A^ J?, and (7, is less than six right angles, 
and greater than two ; which was to he proved. 

Cor. 1. The sum of the three angles of a spherical tri- 
angle is not constant, like that of the angles of a rectilineal 
triangle, but varies between two right angles and six, with- 
out ever reaching either of these limits. Two angles, there- 
fore, do not serve to determine the third. 
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Cor. 2. A spherical triangle may have xwo, or e^ren three 
of its angles right angles ; also two, or even three of its 
angles obtuse. 

Cor. 3. If a triangle, ABC, is hi-rectangular^ 
that is, has two right angles B and C, the vertex 
A will be the pole of the other side BCy and 
A By AC, will be quadrants. 

For, since the arcs AB and AC are perpen- 
dicnlar to BCy each must pass through its 
pole (P. III., Cor. 3) : hence, their intersection A is that pole, 
and consequently, AB and AC are quadrants. 

If the angle A is also a right angle, the triangle ABC 
is tri-rectangular ; each of its angles is a right angle, and 
its rides are quadrants. Four tri-rectangular triangles make 
np the sur&ce of a hemisphere, and eight the entire surface 
of a sphere. 

Scholium, The right angle is taken as the unit of mea- 
sure of spherical angles, and is denoted by 1. 

The excess of the sum of the angles of a spnerical tri- 
angle over two right angles, is called the spherical excess. 
U we denote the spherical excess by JSy and the three 
angles expressed in terms of the right angle, as a unit, by 
Aj Bj and £7, we shall have, 

I!=A + B+C''2. 

The spherical excess of any spherical polygon is equal to 
the excess of the sum of its angles over two right angles 
taken as many times as the polygon has sides, less two. 
If we denote the spherical excess by j5J the sum of the 
angles by S^ and the number of sides by n, we shall 

have, 

S = /8 — 2(» - 2) = /8 - £» + 4. 
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PROPOSITION XV. THSOREM. 

Any lune, is to the surface of the spTierey as the arc which 
measures its angle is to the circumference of a great 
circle ; or, as the angle of the lune is to four riglU 
angles. 

Let AMBN be a lune, and MCN the angle of the lune, 
then will the area of the lune be to the surface of the sphere, 
as the arc MN is to the circumference of a great circle 
MNPQ ; or, as the angle MCN is to four right angles 
(B. ni., P. XVIL, 0. 2). 

In the first place, suppose the arc 
MN and the circumference MNPQ 
to be commensurable. For example, 
let them be to each other as 5 is 
to 48. Divide the circumference 
MNPQ into 48 equal parts, be- 
ginning at M ; MN will contain 
five of these parts. Join each point 

of division with the points A and jB, by a quadrant : 
there will be formed 96 equal isosceles spherical triangles 
(P. VlL, S. 2) on the sur&ce of the sphere, of which the 
lune will contain 10 : hence, in this case, the area of the 
lune is to the sur&ce of the sphere, as 10 is to 96, or 
as 5 is to 48 ; that is, as the arc MN is to the circum- 
ference MNPQj or as the angle of the lune is to foit 
right angles. 

In like manner, the same relation may be shown tQ 
exist when the arc MNy and the circumference MNPQ 
are to each other as any other whole numbers. 

If the arc MN, and the circumference MNPQ^ are not 
commensurable, the same relation may be shown to exist by 
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a course of reasoning entirely analogous to that employed 
in Book IV., Proposition III. Hence, in all cases, the area 
of a lune is to the surface of the sphere, as the arc meas- 
uring the angle is to the circumference of a great circle; 
or, as the angle of the lune is to four right angles ; which 
was to be proved. 

Cor, 1. Lunes, on the same or on equal spheres, are to 
each other as their angles. 

Cor. 2. If we denote the area of a tri-rectangular triangle 

by Tj the area of a lune by X, and the angle of the 

lune by A^ the right angle being denoted by 1, we shall 

have, 

Z : ST : : A : i; 
whence, 

Z = Tx 2A ; 

hence, the area of a lune is equal to the area of a tri- 
rectangular triangle multiplied by twice the angle of the 
lune. 

Scholium, The spherical wedge, whose angle is MCNy 
is to the entire sphere, as the angle of the wedge is to four 
right angles, as may be shown by a course of reasoning 
entirely analogous to that just employed : hence, we infei 
that the volume of a spherical wedge is equal to the lune 
which forms its base, multiplied by one-third of the radius. 



PROPOSITION XVI. THEOREM, 

Symmetrical triangles are equal in area. 

Let ABC and DEF be synunetrical triangles, the 
dide DE being equal to AB^ the side DF to ACy and 
the side EF to BC \ then will the triangles be equal is 
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For, conceive a small circle to be diawn throngh A^ JB, 
and (7, and let P be its pole ; draw arcs of great circles 
from P to Aj Bj and C: these 
arcs will be equal (D. 7). Draw 
the arc of a great circle FQ^ 
making the angle DFQ equal to 
ACP, and lay off on it, FQ 
equal to CP\ draw arcs of great 
circles QD and QE, 

In the triangles PAG and 
FDQ, we have the side FD 

equal to A (7, by hypothesis ; the side FQ equal to PC 
by construction, and the angle DFQ equal to ACP^ by 
construction : hence (P. VIU.), the side DQ is equal to 
AP^ the angle FDQ to PAC^ and the angle FQB to 
APC. Now, because the triangles QFD and PAC are 
isosceles and equal in aU their parts, they may be placed so 
as to coincide throughout, the base FD falling on AC^ 
DQ on CP, and FQ on AP: hence, they are equal in area. 

If we take from the angle DFB the angle DFQ, and 
from the angle ACB the angle AGP, the remaining 
angles QFB and PGB, will be equal. In the triangles 
FQE and PCB, we have the side QF equal to PG, 
by construction, the side FE equal to ^C7, by hypothesis, 
and the angle QFB equal to PGB, from what has just 
been shown : hence, the . triangles are equal in all theii 
parts, and being isosceles, they may be placed eo as ta 
coincide throughout, the side QB falling on PG, and th^ 
side QF on PB ; these triangles are, therefore, equal m 
area. 

In the triangles QDB and PAB, we have the sides 
QD^ QB, PA, and PB, all equal, and the angle DQB 
equal to APB, because they are the sums of equal angles: 
hence, the triangles are equal in all their part^, and 
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because they are isosceles, they may be so placed as to 
coincide throughout, the side QD falling on PJ5, and the 
side QE on PA ; these triangles are, therefore, equal in 
area. 

Hence, the sum of the triangles QFD and QJBT!^ is 
equal to the sum of the triangles PAC and PBC. K 
from the former sum we take away the triangle QDE^ 
there will remain the triangle DFE\ and if from the latter 
sum we take away the triangle PABy there wiD remain 
the triangle ABC : hence, the triangles ABC and DEF 
are equal in area ; which was to he proved. 

Scholium, IS the point P falls within the triangle ABC^ 
the point Q will fall within the triangle DEF, In this 
case, the triangle DEF is equal to the sum of the triangles 
QFDy QFE, and QBE, and the triangle ABC is equal 
to the sum of the equal triangles PAC^ PBC^ and PAB \ 
the proposition, therefore, still holds good. 

PROPOSITION XVn. THEOREM. 

If the circumferences of two great circles intersect on tJie 
surface of a hemispTierey the sum of the opposite triangles 
thus formedy is equal to a lune whose angle is equal to 
that formed by the circles. 

Let the circumferences AOBy CODy 
mtersect on the surface of a hemis- 
phere : then will the sum of the oppo- 
site triangles AOCy BODy be equal 
to the lune whose angle is BOB, 

For, produce the arcs OBy ODy 
on the other hemisphere, till they meet 
at K. Now, smce AOB and OBN 
are semi-circumferences, if we take away the common part 
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OBy we shall have BN equal to AO, For a like rea- 
son, we have DIT equal to CO, and BD equal to AC i 
hence, the two triangles AOC^ BDIT^ 
have their sides respectively equal : 
they are therefore symmetrical ; con- 
Fequently, they are equal in area 
(P. XVI.). But the sum of the tri- 
angles BBIfy BOD^ is equal to 
the lune OBNBO^ whose angle is 
B OD : hence, the sum of AOG and 
BOD is equal to the lune whose 
angle is B OD ; which was to he proved. 

Scholium. It is evident that the two spherical pyramids, 
which have the triangles AOC^ BOD^ for bases, are 
together equal to the spherical wedge whose angle is BOD. 




PROPOsmoif xvni. theorem. 

The area of a spherical triangle is equal to its spherical 
excess multiplied by a tri-rectangvlar triangle. 

Let ABC be a spherical triangle : then will its surfece 

be equal to 

{A -^ B +C -2) X T. 

For, produce its sides till they meet 
the great circle DEFOy drawn at plea- 
sure, without the triangle. By the last 
theorem, the two triangles ADE^ AQH^ 
are together equal to the lune whose 
luigle is A ; but the area of this lune 
b equal to 2A y. T (P. XV., C. 2) : 
hence, the sum of the triangles ADE and AGH^ is equal 
to 2 J. X ^ In like manner, it may be shown that the 
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sum^of the triangles BFQ and BID^ is equal to 2J? x IJ 
and that the sum of the triangles CIH and CFE^ is 
equal to 2 (7 x ^. 

But the sum of these six triangles exceeds the hemiB- 
phere, or four times T^ by twice the triangle ABC Wt 
shall therefore have, 

2 X area ABO = 2^x T + 2B x T+ 20 x T - ^T ; 

or, by reducmg and factoring, 

area ABO =z {A -{- B -^ O - 2) x T ; 
which was to be proced. 

Scholium 1. The same relation which exists bet\v^een the 
spherical triangle ABO^ and the tri-rectangular triangle, 
exists also between the spherical pyramid which has ABO 
for its base, and the tri-rectangular pyramid. The triedral 
angle of the pyramid is to the triedral angle of the tri- 
rectangular pyramid, as the triangle ABO to the tri-rectan- 
gular triangle. From these relations, the following conse- 
quences are deduced : 

P. Triangular spherical pyramids are to each other as 
their bases ; and since a polygonal pyramid may always be 
divided into triangular pyramids, it follows that any two 
spherical pyramids are to each other as their bases. 

2®. Polyedral angles at the centre of the same, or of 
equal spheres, are to each other as the spherical polygons 
intercepted by their feces. 

Scholium 2. A triedral angle whose faces are perpen- 
dicular to each other, is called a right triedral angle; 
and if the vertex be at the centre of a sphere, its faces will 
intercept a tri-rectangular triangle. The right triedral angle is 
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taken as the uuit cf polyedittl angles, and tlie tri-rectangnlar 
spherical triangle is taken as its measure. If the vertex of 
a polyedral angle be taken as the centre of a sphere, the 
l>ortion of the surface intercepted by its faces will be the 
measure of the polyedral angle, a tri-rectangular triangle of 
he same sphere, being the unit. 



PROPOSITION XIX. THE0RE3I. 

The area of a spherical polygon is eqical to its spherical 
excess multiplied by the tri-rectangular triangle. 

Let ABODE be a spherical polygon, the sum of whose 
angles is aS, and the number of whose sides is n : then 
will its area be equal to 

(^S - 2n + 4) X T. 

For, draw the diagonals AC^ AD^ 
dividing the polygon into spherical tri- 
angles : there will be w — 2 such tri- 
angles. Now, the area of each tri- 
angle is equal to its spherical excess 
into the tri-rectangular triangle : hence, 
the sum of the areas of all the triangles, or the area of the 
polygon, is equal to the sum of all the angles of the tri- 
angles, or the sum of the angles of the polygon diminished 
by 2(n — 2) into the tri-rectangular triangle ; or, 

area ABODE = [5 - 2(n - 2)] x T ; 
whence, by reduction, 

area ABODE = (5 - 2n -f 4) x T; 

\Dhich was to be proved. 
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GENERAL SCHOLIUM. 

From any point on a hemisphere, two arcs of a great cir- 
cle can always be drawn which shall be pei-pendicular to the 
circumference of the base of the hemisphere, and they will in 
general be unequal. Now, it may be proved, by a course of 
reasoning analogous to that employed in Book L, Proposition 
XV.: 

1®, That the shorter of the two arcs is the shortest arc 
that can be drawn from the given point to the circum- 
ference . 

2°. That two oblique arcs drawn from the same point, to 
points of the circumference at equal distances from the foot 
of the perpendicular, are equal : 

3°. That of two obUque arcs, that is the longer which 
meets the circumference at the greater distance from the foot 
of the perpendicular. 

Tills property of the sphere is used ii* the discussion of 
triangles in spherical trigonometry. 
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INTRODUCTION TO TRIGONOMETRI. 



LOGARITHMS. 

1. The LoGARmiM of a number is the exponent of the 
power to which it is necessary to raise a fixed number, to 
produce the given number. 

The fixed number is called the base of tfie system. Any 
positive number, except 1, may be taken as the base of a 
system. In the common system, the base is 10. 

2. If we denote any positive number by n, and the 

corresponding exponent of 10, by as, we shall have the 

exponential equation, 

10* = n (1.) 

In this equation, x is, by definition, the logarithm of n, 
.which may be expressed thus, 

X = log n (2.) 

3. From the definition of a logarithm, it follows that, the 
logarithm of any power of \0 is equal to the exponent of 
that power : hence the formula, 

log (10)' =/>• (8.) 

If a number is an exact power of 10, its logarithm is 
a whole number. 
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If a number is not an exact power of 10, its logarithm 
will not be a whole number, but will be made up of an 
entire part plus a fractional part^ which is generally expres- 
sed decimally. The entire part of a logarithm is called t?i6 
eharactmsticy the decimal part, is called the mantissa. 

4, If, in Equation (3), we make p successively equal 
to 0, 1, 2, 3, &c., and also equal to — 0, — 1, —2,-8, 
dfc., we may form the following 







T A BLE. 




log 1 


— 






log 10 


= 1 


log .1 = 


- 1 


log 100 


= 2 


log .01 = 


— 2 


log 1000 


= 3 


log .001 = 


- 8 


&c., 


Aa 


&c,j Ac. 





If a number lies between 1 and 10, its logarithm lies 
between and 1, that is, it is equal to plits a deci- 
mal ; if a number lies between 10 and 100, its logarithm 
is equal to 1 plus a decimal ; if between 100 and 1000, 
its logarithm is equal to 2 plus a decimal ; and so on : 
hence, we have the following 

BULB. 

T/ie characteristic of the logarithm of an entire number is 
positive, and numerically 1 less than the number of places 
of figures in the given number, 

If a decimal fraction lies between .1 and 1, its loga 
rithm lies between — 1 and 0, that is, it is equal to — 1 
plus a decimal ; if a number lies between .01 and .1, its 
logarithm is equal to — 2, pltis a decimal ; if between .001 
and .01, its logarithm is equal to — 3, plies a decimal ; 
and so on : hence, the following 
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BULB. 



The characteristic of the logarithm of a decimal fraction 
is negativcj and numericaUy 1 greater than the number 
of 0'« that immediately foUow the decimal point. 

The characteristic alone is negative, the mantissa being 
always positive. This fact is indicated by writmg the neg- 
ative sign over the characteristic: thus, 2.371465, is equiv- 
alent to — 2 + .371465. 

It is to be observed, that the characteristic cf the logarithm 
of a mixed number is the same as that of its entire part. 
Thus, the mixed number 74.103, lies between 10 and 100; 
hence, its logarithm lies between 1 and 2, as does the logarithm 
of 74. 



GBNEEAL PEmOIPLES. 

6. Let m and n denote any two numbers, and x 
and y their logarithms. We shall have, from the defini 
tion of a logarithm, the following equations, 

10* = m. (4.) 

lO'' = n (5.) 

Multiplying (4) and (5), member by member, we have, 

lO'^'' = mn ; , 

whence, by the definition, 

x + y = log {mn) (6.) I 



That is, th>e logarithm of ths product of two numbers is 
equal to the sum of the logarithms of the numbers. 
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6. Dividing (4) by (5), member by member, we have, 

10*-' = *" ; 
n 

whence, by the definition, 

That is, ths logarithm of a quotient is equal to the logc^ 
rithm of the dividend diminished by that of the divisor. 



7. Raising both members of (4) to the power denoted 
by />, we have, 

10*' = m'; 

whence, by the definition, 

xp =z logm' ( 8.) 

That is, the logarithm of any power of a number is equal 
to the logarithm of the number multiplied by the exponent 
of the power, 

8. Extracting the root, indicated by r, of both members 
of ( 4 )y we have, 

lO' = \/m ; 
whence, by the definition, 

- = log \/m. . • . • ( 9.) 

That is, the logarithm of any root of a number is eqtuxl 
to the logarithm of the number divided by the index of the 

TOOL 



The preceding principles enable us to abbreviate the oper 
ations of multiplication and division, by converting them into 
the simpler ones of addition and subtractioa. 
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TABLE OF LOGARITHMS. 

9. A Table of Logarithms, is a table containing a set 
of numbers and their logarithms, so arranged, that having 
given any one of the numbers, we can find its logarithm ; 
or, having the logarithm, we can find the corresponding 
number. 

In the table appended, the complete logarithm is given 
for all numbers from 1 up to 10,000. For other numbers, 
the mantissas alone are given ; the characteristic may be found 
by one of the rules of Art. 4. 

Before explaining the use of the table, it is to be shown 
that the mantissa of the logarithm of any number is not 
changed by multiplying or dividing the number by any exact 
power of 10. 

Let n represent any number whatever, and lo' any 
power of 10, p being any whole number, either positive 
or negative. Then, in accordance with the principles of Arts. 
6 and 3, we shall have, 

log (n X lO*) = log n 4- log lo' = /> + log n ; 

but p is, by hypothesis, a whole number : hence, the deci- 
mal part of the log (n x lO'') b the same as that of log n ; 
which was to be proved, 

Uence, in finding the mantissa of the logarithm of a num- 
ber, we may regard the number as a decimal, and move the 
decimal point to the right or left, at pleasure. Thus, the 
mantissa of the logarithm of 456857, is the same as that of 
the number 4563.57 ; and the mantissa of the logarithm of 
2.00357, is the same as that of 2003.57. 
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MANNEB OF USING THE TABLE. 

1*. 7b find tlie logarithm of a number less than 100. 

10. Look on the first page, in the column headed "N," 
for the given number ; the number opposite is the logarithm 
required. Thus, 

log 67 = 1.826075. 

2®. To find the logarithm of a number between 100 and 

10,000. 

11. Find the characteristic by the first rule of Art. 4. 
To find the mantissa, look in the column headed ^^N,^ 

for the first three figures of the number ; then pass along 
a horizontal line until you come to the column headed with 
the fourth figure of the number ; at this place will be found 
four figures of the mantissa, to which, two other figures, 
taken from the column headed "0," are to be prefixed. If 
the figures found stand opposite a row of six figures, in the 
colunm headed "0," the first two of this row are the ones 
to be prefixed ; if not, ascend the colunm till a row of six 
figures is foimd ; the first two, of this row, are the ones to 
be prefixed. 

If^ however, in pas^g back from the four figures, first 
found, any dots are passed, the two figures to be prefixed 
must be taken from the Ime immediately below. If the' 
figures first found fall at a place where dots occur, the doU> 
must be replaced by O's, and the figures to be prefixed m ist 
be taken from the line below. Thus, 

Log 8979 = 3.953228 
Log 8098 =• 3.491081 
Log 2188 = 3.340047 
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8^. To find the logarithm of a number greater than 10,000. 

12. Find the characteristic by the first rule of Art. 4. 
To find the mantissa, place a decimal point after the fourth 
figure (Art. 9), thus converting the number into a mixed 
number. Find the mantissa of the entire part, by the me- 
thod last given. Then take from the column headed "D,'* 
the corresponding tabular difference^ and multiply this by the 
decimal part and add the product to the mantissa just found. 
The result will be the required mantissa. 

' It is to be observed that when the decimal part of the 
product just spoken of is equal to or exceeds .6, we add 
1 to the entire part, otherwise the decimal part is rejected. 



EXJLMPLB. 

1. To find the logarithm of 672887. 

The characteristic is 5, Placing a decimal point after the 
fourth figure, the number becomes 6728.87. The mantissa 
of the logarithm of 6728 is 827886, and the corresponding 
number in the column "D" is 65. Multiplying 65 by .87, 
we have 56.55 ; or, since the decimal part exceeds .5, 57. 
We add 57 to the mantissa already found, giving 827943, 
and we finally have, 

log 672887 = 5.827943. 

The numbers in the column "D" are the differences be- 
tween the logarithms of two consecutive whole numbers, and 
are found by subtracting the number -mder the heading "4* 
from that under the heading "5." 

In the example last given, the mantissa of the logarithm 
of 6728 is 827886, and that of 6729 is 827951, and 
their difference is 65 ; 87 hundredths of this difference is 
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67 : hence, the mantissa of the logarithm of 6728.87 is fomid 
by adding 67 to 827886. The principle employed is, that 
the differences of numbers are proportional to the differences 
of their logarithms, when these differences are small 



4**. To find the logarithm of a decimal. 

13, Find the characteristic by the second rule of Art. 4. 

To find the mantissa, drop the decimal point, thus reduc- 
ing the decimal to a whole number. Find the mantissa of 
the logarithm of this number, and it will be the mantissa 
required. Thus, 

log .0327 = 2.514548 
log 378.024 = 2.577520 






6®, To find the number corresponding to a given logarithm. 

14. The rule is the reverse of those just given. Look 
in the table for the mantissa of the given logarithm. If it 
cannot be found, take out the next less mantissa, and also 
the corresponding number, which set aside. Find the differ- 
ence between the mantissa taken out and that of the given 
logarithm ; annex as many O's as may be necessary, and 
divide iWs result by the corresponding number in the column 
" D." Annex the quotient to the number set aside, and then 
point off, from the left hand, a number of places of figures 
equal to the characterististio plus 1 : the result will be the 
number required. If the characteristic is negative, the result 
will be a pure decimal, and the number of O's which im- 
mediately follow the decimal point will be one less than the 
number of units in the characteristic. 
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EXAMPLES. 

1. Let it be required to find the number corresponding 
to the logarithm 5.233568. 

The next less mantissa in the table is 233504 ; the cor- 
responding number is 1712, and the tabular difference is 
253. 

OPERATION. 

Given mantissa, 233568 

Next less mantissa, • • » 233504 » » 1712 

253 ) 6400000 ( 25296 

.*. The required mumber is 171225.296. 

The number correspondiQg to the logarithm 2.233568 is 
.0171225. 

2. What is the number corresponding to the logarithm 
2.785407? Ans. .06101084. 

3. What is the number correspondiQg to the logarithm 
1.846741 ? Am. .702653. 



MULTIPLICATION BY MEAJ^S OP LOGAJRITUMS. 

16. From the principle proved in Art. 5, we deduce the 
following 

BULE . 

Find the logarithms of the factors^ and take their sum , 
then find the number corresponding to the resulting logarithm^ 
and it toill be the product required. 
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BZJLMPLS8. 

1. Multiply 23.14 by 5.062. 

OPEBATION. 

log 23.14 . . . 1.364363 
log 6.062 . . . 0.704322 



2.068685 .•. 117.1347, product 



2. Fmd the continued product of 3.902, 597.16, and 
a0314728. 

OPERATION. 

log 8.902 . . . 0.591287 

log 597.16 • . . 2.776091 
log 0.0314728 . . . 7.497936 

1«865314 .*. 73.3354, product 

Here, the 2 cancels the + 2, and the 1 carried from 
the dedmal part is set down* 

3. Find the continued product of 3.586, 2.1046, 0.8372, 
^^ ^-0294. ^^^ 0.1857615. 



DIVISION BY MEANS OF LOGARITHMS. 

16. From the principle proved in Art. 6, we have the 
following 

BULK. 

Mnd the logarithms of the dividend and divisor, and 
subtract the latter from the former ; then find the number 
corresponding to the resulting logaHthrOy and it toiU be t/ae 
^[uotient required. 
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BXAHPLSS, 



1. Divide 24163 by 4567. 



OPSBAnON. 



log 24163 . . . 4.383151 
log 4567 • • • 3.659631 

0.723520 



2 Divide 0.7438 by 12.9476.' 



OPERATION. 



5,29078, quotient. 



. log 0.7438 . . • 1.871456 

log 12.9476 • • • 1.112189 

2.759267 .*. 0.057447, quotient. 

Here, 1 taken from 1, gives 2 for a result. The 
subtraction, as in this case, is always to be performed in the 
algebraic sense. 



3. Divide 37.149 by 623.76. 



Ans. 0.0709274. 



The operation of division, particularly when combined with 
that of multiplication, can often be simplified by using the 
principle of 
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THB ABITHMETICAL COMPLEMENT. 

17. The AiaTHMErncAL Complement of a logarithm is the 
result obtained by subtracting it from 10. Thus, 8.130456 
is the arithmetical complement of 1.869544. The arithmetical 
complement of a logarithm may be written out ^y commemy 

ing at the left hand and subtracting each figure from 9, 

18 
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until the last significant figure is reachedy which must be 
taken from 10. The arithmetical complement is denoted by 
the symbol (a. c). 

Lot a and b represent any two logarithms whatever, 
and a — b their difference. Since we may add 10 to, 
and subtract it from, a-^ without altering its value, wo 
have, 

a - * = a + (10 - *) - 10. . . . ( 10.) 

But, 10 — 5 is, by 'definition, the arithmetical complement 
of b : hence. Equation (10) shows that the difference be- 
tween two logarithms is equal to the first^ plus the arith- 
meticcU complement of the second^ minus 10. 

Hence, to divide one number by another by means of 
the arithmetical complement, we have the following 

BULE. 

F^nd the logarithm of the dividend^ and the arithmetical 
cofnplement of the logarithm of the divisor ^ add them togo 
thcTy and diminish the sum, by 10 ; tJie number correspond 
ing to the resulting logarithm will be the quotient required 







BXAMPLBS. 


1. 


Divide 827.5 


by 


22.07. 

OPERATION. 




log 827.6 . 


• 


• 2.516211 


(a. c.) log 22.07 • 


• 


. 8.656198 



1.171409 '. 14.889, quotieni 



2. Divide 87149 by 623.76. 



Ans. 0.0709273. 
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8. Multiply 358884 by 5672, and divide the piodact 
by 89721. 

OPERATION. 



log 358884 • • • 5.554954 

log 5672 . . • 3.753736 

(a. c.)log 89721 • • • 6.047106 


22688, 




4.366796 


result 


4. Solve the proportion, 

3976 : 7952 : : 5903 : 





Applying logarithms, the logarithm of the 4th term, is equal 
to the sum of the logarithms of the 2d and 3d terms, minus the 
logarithm of the 1st: Or, the arithmetical compleinent of the 1st 
term, plus the logarithm of the 2d tenn, plus the logarithm of the 
3d term, minus 10, is equal to the logarithm of the Uh term, 

OPERATION. 

(a. e.) log 3976 . . . 6.400554 

log 7952 . . . 3.900476 

log 6903 . . . 3.771073 

log a; . . . 4.072103 .-. a; = 11806 

The operation of subtracting 10, is performed mentally. 

RAISING OF POWERS BY MEANS OF LOGARITHMS. 
18. From Article 7, we have the following 

KULE. 

Find the logarithm of the number, and multiply it hy the 
expon&fit of the power ; then find the numher corresponding to 
the resvlting logarithm, and it will be the potver required. 
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BXAMPLBS. 



1 Rnd the 6th power of 9. 



OPKRATIOK. 

log 9 • • • 0.954243 

4.771215 .-. 59049, power. 
«. Knd the 7th power of 8. Ans. 2097152. 

KXTRAOnNG ROOTS BY MEANS OF LOGARITnMS. 

19. From the principle proved in Art. 8, we have the 
following 

BULE. 

Find the logarithm of the number^ and divide it by the 
index of the root ; then pid the number corresponding to 
the resulting logarithm^ and it wiU be the root required. 

BXAMPLBS. 

1. Fmd the cube root of 4096. 

The logarithm of 4096 is 3.612360, and one-third of 
this is 1.204120. The correspondmg number is 16, which 
16 the root sought. 

When the characteristic is negative and not divisible by 
the indexj add to it the smallest negative number that wiU 
make it divisible^ and then prefix the same number, with a 
plus sign^ to the mantissa, 

2. Find the 4th root of .00000081. 

The logarithm of .00000081 is 7'.908485, wliich is equal 
to 8 + 1.908485, and one-fourth of this is 2.477121. 

The number corresponding to this logarithm is Of : 
hence, .03 is the root required. 



PLANE TRIGONOMETRY. 



SO Plane Tbigonomktby is that branch of Mathematiot 
which treats of the solution of plane triangles. 

In every plane triangle there are six parts : three aides 
and three angles. When three of these parts are given, one 
being a side, the remtdning parts may be found by comput- 
ation. The operation of finding the unknown parts, is callod 
the solution of the triangle. 




21. A plane angle is measured by the arc of a circle 
included between its sides, the centre of the circle being at 
the vertex, and its radius being equal to 1. 

Thus, if the vertex A be taken 
as a centre, and the radius A£ be 
equal to 1, the intercepted arc JiC 
will measure the angle A (B. HI., P. 

xvn., S.). 

Let AJBCD represent a circle whose radius is equal to 
1, and -4(7, jB2>, two diameters per- 
pendicular to each other. These dia^ 
meters divide the circumference into 
four equal parts, called quadrants ; and 
because each of the angles at the cen- 
tre is a right angle, it follows that a 
right angle is measured by a qttad- 
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rant. Au acute angle is measured by an arc less than a 
quadrant^ and an obtuse angle^ by an arc greater than a 
quadrant. 

22. In Geometry, the unit of angular measure is a right 
angle / so in Trigonometry, the primary unit is a quadrant^ 
^hich is the measure of a right angle. 

For convenience, the quadrant is divided into 90 equai 
parts, each of which is called a degree y each degree into 
60 equal parts, called minutes; and each minute into 60 
equal parts, called seconds. Degrees, minutes, and seconds, 
are denoted by the symbols °, ', ". Thus, the expression 
1^ 22' 33", is read, 1 degrees, 22 minutes^ and 33 seconds. 
Fractional parts of a second are expressed decimally. 

A quadrant contains 324,000 seconds, and an arc of 7** 
22' 33" contains 26553 seconds ; hence, the angle measured 
by the latter arc, is the ^Vij^o^th part of a right angle. 
In like manner, any angle may be expressed in terms of a 
right angle. 

23. The complement of an arc is the difference between 
that arc and 90®. The complement 

of an angle is the difference be- 
tween that angle and a right angle. 

Thus, ^B is the complement of 
A£^y and .PB is the complement 
of AF. In like manner^ JSOB 
is the complement of AO^y and 
FOB is the complement of A Oil 

In a right-angled triangle, the 
acute angles are complements of each other. 

24. The supplement of an arc is the difference between 
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that arc and 180®. The suppleyne^it of an angle is the dif^ 
ference between that angle and two right angles. 

Thus, JEG is the supplement of AEy and FG the 
supplement of AF. In like manner, FOG is the supple 
ment of AOE^ and FOG the supplement of A OF. 

In any plane triangle, either angle is the supplement of 
the sum of the other two. 



25. Instead of employing the arcs themselves, we usually 
employ certain functions of the arcs, as explained below. 
A function of a quantity is something which depends upon 
that quantity for its value. 

The following functions are the only ones needed for solv- 
inor trian<:^les : 

26. The sine of an arc is the distance of one extremity 
of the arc from the diameter, through the other extremity. 

Thus, PM is the sine of 
AM^ and F'M' is the sine of 
AM'. 

If AM is equal to M' G^ 
AM and AM' will be supple- 
ments of each other ; and be- 
cause 3rM' is parallel to AC^ 
PM will be equal to" P'M' 
(B. I., P. XXm.) : hence, the 
sine of an arc is equal to the 
si?ie of its supple7ne7it, 

27. The cosine of an arc is the sine of the complement 
of the arc. 

Thus, ^M is the cosine of AM^ and IfM^ is the 
cosine of AM'. These lines are respectively equal to OP 
and 0P\ 
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It is evident, from the equal triangles of the figure, that 
t/ie cosine of an arc is equal to the cosine of its suppLt- 
tnent. 




28. The tangent of an arc is the perpendicular to the 
radius at one extremity of the arc, limited by the prolon* 
gation of the diameter through tlie other extremity 

Thus, AT IS the tangent of , 
the arc AM, and AT'" is 
the tangent of the arc AM\ 

IS AM is equal to M'Cy 
AM and AM' will be supple- 
ments of each other. But AM'" 
and A3f' are also supplements 
of each other : hence, the arc 
AM is equal to the arc AM"'j 
and the corresponding angles, 

AOM and AOM"\ are also equal. The right-angled tri- 
angles AOT and AOT'"^ have a common base AO^ and 
the angles at the base equal ; consequently, the remaining 
parts are respectively equal ; hence, AT is equal to AT"'. 
But AT \& the tangent of AM^ and AT'" is the tangent 
of AM' : hence, the tangent of an arc is equal to the tan- 
gent of its supplement. 

It is to be observed that no account *8 taken of the alge* 
bndo signs of the cosines and tangents, the numerical values 
alone being referred to. 

29 The cotangent of an arc is the tangent of its com- 
plement. 

Thus, J^T' is the cotangent of the arc AM^ and JBT" 
is the cotangent of the are AM'. 

The sine, cosine, tangent, and cotangent of an arc, a, 
are, for convenience, vnitten sin a, cos a, tan a, and cot a. 
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These fiinctions of an arc have been defined on the sup- 
position that the radius of the arc is equal to 1 ; in this 
case, they may also be considered as functions of the angle 
which the arc measures. 

Thus, /W, iOf, AT^ and BT\ are respectively the 
Bine, cosine, tangent, and cotangent of the angle AOM^ as 
"urell as of the arc AM. 




30. It is often convenient to use some other radius than 
1 ; in such case, the functions of the arc, to the radius 1, 
may be reduced to corresponding functions, to the radius -B. 

Let AOM represent any angle, 
A3f an arc described fi-om as 
a centre with the radius 1, PM 
its sine ; A'M' an arc described 
from as a centre, with any ra- 
radius J?, and P^M' its sine. 
Then, because 0PM and OP'M' 
are similar triangles, we shall have, 

OM : PM : : OM' : P'M\ or, 1 : PM : : H : P'M' \ 

whence, 

PM = ^^^, and, P'M' ^. PM y R\ 

and similarly for each of the other functions. 

That is, any /unction of an arc whose radius is 1, is 
eqtidl to the corresponding function of an arc whose radius 
ii It> divided by tliat radium. Also, any function of an 
are whose radium is -B, is egical to the corresponding funo' 
tian of an arc whose radius is 1, multiplied by the ror 
dius P. 

By making these changes in any formula, the formula will 
be rendered homogeneous. 
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TABLE OF NATUKAL SLNES. 

31. A Natural Sink, Cosine, Tangent, or Coianqent, 
is the sine, cosiue, tangent, or cotangent of an arc whose 
radius is 1. 

A Table of Natural Sines is a table by means of which 
the natural sine, cosine, tangent, or cotangent of any arc, 
may be found. 

Such a table might be used for all the purposes of tri- 
gonometrical computation, but it is found more convenient to 
employ a table of logarithmic sines, as explained in the next 
article. 

TABLE OF LOGARITH^IIO SIN'ES. 

32. A Logarithmic Sine, Cosine, Tangent, or Cotan- 
gent is the logarithm of the 8iue, cosine, tangent, or cotan- 
gent of an arc whose radius is 10,000,000,000. 

A Table of LoGAKmiMic Sines is a table from which the 
logarithmic sine, cosine, tangent, or cotangent of any arc may 
be found. 

The logaiithm of the tabular radius is 10. 

Any logarithmic function of an arc may be found by mul- 
tiplying the corresponding natural function by 10,000,000,000 

« 

(Art. 30), and then taking the logarithm of the result ; or 
more simply, by taking the logarithm of the corresponding 
n€Uural fimction, and then addhig 10 to the result (Art. 5)« 

33. In the table appended, the logarithmic functions are 
given for every minnte fi*om 0*^ up to 90°. In addition, 
their rates of change for each second^ are given in the 
colunm headed " D," 

The method ol computing the numbers in the column 
headed "D," wdll be understood from a single example. "The 
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logarithmic sines of 27° 34', and of 27** 35', are, respect- 
ively, 9.665375 and 9.665617. The difference between thehr 
mantissas is 242 ; this, divided by 60, the number of sec- 
onds in one minute, gives 4.03, which is the change in the 
mantissa for 1", between, the limits 27® 34' and 27° 35'. 

For the sine and cosine, there are separate columns of 
differences, which are written to the right of the respective 
x)lumns ; but for the tangent and cotangent, there is but a 
single column of differences, which is written between them. 
The logarithm of the tangent increases, just as fist as that 
of the cotangent decreases, and the reverse, their sum being 
always equal to 20. The reason of this is, that the product 
of the tangent and cotangent is always equal to the square 
of the radius ; hence, the sum of their logarithms must 
always be equal to twice the logarithm of the radius, or 20. 

The angle obtained by taking the degrees from the top 
of the page, and the minutes from any Hne on the left hand 
of the page, is the complement of that obtained by taking 
the degrees from the bottom of the page, and the minutes 
from the same line on the right hand of the page. But, 
by definition, the cosine and the cotangent of an arc are, 
respectively, the sine and the tangent of the complement of 
that arc (Arts. 26 and 28) : hence, the colunms designated 
sine and tang^ at the top of the page, are designated cosine 
and cotang at the bottom. 

USE OF THE TABLE. 

2b find the logarithmic functions of an arc which is ex- 
pressed in degrees and minutes, 

34. If the arc is less than 45**, lOok for the degrees at 
the top of the page, and for the minutes in the left hand 
lolunm 5 then follow the corresponding horizontal line till you 
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oome to the column designated at the top by sincy cosine^ 
tang^ or cotang^ as the case may be ; the number there 
found is the logarithm required. Thus, 

log sin 19^ 65' • • • 9.532312 
log tan 19« 55' • • •• 9.559097 

If the angle is greater than 45^, look for the degrees at 
the bottom of the page, and for the minutes in the right 
hand column ; then follow the corresponding horizontal line 
backwards till you come to the column designated at the bot- 
tom by ««ne, cosine^ tang^ or cotangy as the case may be ; 
the number there found is the logarithm required. Thus, 

log cos 52^ 18' • • . 9.786416 
log tan 52** 18' • • • 10.111884 

To find the logarithmic functions of an arc which is efiD- 
pressed in degrees^ minutes^ and seconds, 

35. Find the logarithm corresponding to the degrees and 
minutes as before ; then multiply the corresponding number 
taken from the column headed "D," by the number of sec- 
onds, and add the product to the preceding result, for the 
sine or tangent, and subtract it therefrom for the cosine or 
cotangent. 

EXAMPLES. 

1. Find the logarithmic sine of 40° 26' 28". 

OPERATION. 

log sin 40° 26' 9.811952 

Tabular difference 2.47 
No. of seconds 28 

Product • • • 69.16 to be added • • 69 

log sin 40° 26' 28" 9.812021 
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The same rule is followed for decimal partS| as in Art 12. 
2. Bind the logarithmic cosine of 63** 40' 40", 

OPERATION. 

log cos 53* 40' 9.772675 

Tabular difference 2.86 

No. of seconds 40 

Product • • • 114.40 to be subtracted 114 

log COS 53<» 40' 40" 9.772561 

If the arc is greater than 90®, we find the required 
fimotion of its supplement (Arts. 26 and 28). 

8. Find the logarithmic tangent of 118® 18' 26". 

OPERATION. 

180® 

Given arc 118® 18' 26" 

Supplement 61® 41' 35" 

log tan 61* 41' 10.268556 

Tabular difference 6.04 
No. of seconds 35 

Product • • . 176.40 to be added • 176 

log tan 118® 18' 25" 10.268732 



4. Find the logarithmic sme of 82® 18' 35". 

Arts, 9.727945. 

6. Fmd the logarithmic cosine of 96® 18' 24". 

Ans, 8.966080. 

d. Ilnd the logarithmic cotangent of 125* 23' 50'\ 

An€. 9,851619. 
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7b find tJie arc corresponding to any logarithmic function, 

36. This is done by reversing the preceding rule : 
Look in the proper column of the tabic for the given log- 
ai'ithra ; if it is found there, the degrees are to be taken 
from the top or bottom, and the minutes from the left or 
right hand column, as the case may be. If the given log- 
arithm is not found in the table, then find the next less 
logarithm, and take from the table the corresponding degrees 
and minutes, and set them aside. Subtract the logarithm 
found in the table, from the given logarithm, and divide the 
remainder by the corresponding tabular difference. The quo 
tient will be seconds, which must be added to the dcjgrees 
and minutes set aside, in the case of a sine or tangent, and 
subtracted^ in the case of a cosine or a cotangent. 

EXAMPLES. 

1. Find the arc corresponding to the logarithmio 
Bine 9.422248. 

OPERATION. 

Given logarithm • • • 9.422248 

Next less in table • • • 9.421857 • • • 15^ 19' 

Tabular difference 7.68) 391.00(51", to be addei 

Hence, the required arc is 15*^ 19' 51". 

2. Find the arc corresponding to the logarithmic 
cofiine 9.427485. 

OPERATION, 

Given logarithm • • • 9.427485 

Next less in table • • 9.427354 • • • 74** 29'. 

Tabular difference 7.58 ) 131.00 ( 17 , to be eubt 

Hence, the required arc is 74® 28' 43". 
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3. Find the arc corresponding to the logarithmic 
Blue 9.880054. A?is. 49° 20' 50". 

4. Find the arc corresponding to the logarithmic 
cotangent 10.008688. Am. W^ 25' 37". 

6. Find the arc corresponding to the logarithmic 
oomne 9.944599. Ans. 28° 19' 46". 



SOLUTION OF KIGnX-ANGLED TRIANGLES. 

37. In what follows, we shall designate the throe angles 
of every triangle, by the capital letters Ay J?, and 6\ A 
denoting the right angle ; and the sides lying opposite the 
angles, by the corresponding small letters a, i, and c. 
Since the order in wliich these letters are placed may bo 
changed, it follows that whatever is proved with the letters 
placed in any given order, wdll be equally true when the 
letters are correspondingly placed in any other order. 

« 

Let CAJB represent any triangle, 
right-angled at A, With (7 as a 
centre, and a radius C2>, equal to 1, 
describe the arc DG^ and draw GI^ 
and DJEJ perpendicular to CA : then 
will JF'G be the sine of the angle (7, CF will be its 
cosine, and DJS its tangent. 

Since the three triangles CFG, CUE, and CAB are 
feimilai (B. IV., P. XVllJ.), we may write the proper 
tions, 




Fl) 



CB : AB : 
CB : CA : 



CA I AB I 



CG : FG, 
CG : CF, 
CD : DB, 



or, 
or, 
or. 



c : 



a : b : 
b : c : 



sin C 
cos C 
tan Cj 
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henoe, we have (B. 11., P. L), 



e = a sin C • • • ( 1.) 



b =z a cosC • • • (2.) 
c =: b tan (7 • • • ( 8.) 



sin (7 = — , • • • (4.) 



> .*. < 



cos (7 = — , • • • (6.) 



a 



tan C = — , • • • (6.) 



Translating these formulas into ordinary language, we have 
the following 

PRINCIPLES. 

!• The perpendicular of any riglU-angled triangle is eqiuu 
to the hypothentise into the sine of t/ie angle at the base. 

2. The base is eqiuzl to the hgpothenuse into the cosine 
of the angle at the base, 

3. The perpendicular is equal to the base into the tan- 
gent of the aiigle at the base. 

4. Tlie sine of the angle at the base is equal to the 
perpendicular divided by the hypothenuse. 

5. The cosine of the angle at the base is equal to the 
base divided by the hypothenicse. 

6. The tangent of the angle at the base is equal to the 
perpendicular divided by the base. 

Either side about the right angle may be regarded as the 
base; in which case, the other is to be regarded as the 
perpendicular. We see, then, that the above principles are 
suflScient for the solution of every case of right-angled tri- 
angles. When the table of logarithmic sines is used, in the 
solution. Formulas ( 1 ) to ( 6 ) must be made homogeneous, 
by substituting for sin (7, cos (7, and tan (7, respectively. 
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5in C cos C 



tan C 



^^ — , and ''"'"^ ^ j^ being equal to 
10,000,000,000, as explained in Art. 30. 



Making these changes, and reducing, we have, 



c = 



h = 



c = 



a 


sin 


C 




R 




a 


cos 


C 




B 




h tan C 



• • • 



• • • 



(7.) 
(8.) 



B 



• • 



• (0.) 



sin C = 



cos C = 



tan C = 



Be 
a 

a 
Be 



• • . 



• • • 



(10) 

(11.) 



(12.) 



In applying logarithms to tlicse formulas, remember, that 
the sum of the logarithms of the two terms which multiply 
together, is equal to the sum of the logarithms of the other 
two terms, and that the required term comes last in the 
operation. Also, that the logarithm of B is 10, and the 
arithmetical complement of it, is 0. 

There are four cases. 

CASE I. 

Given the liypothenuse and one of the acute angles, to find 

the reinaming parts, 

38. The other acute angle may be found by subtracting 
the given one from 90° (Art. 23). ^ 

The sides about the right angle may 
be found by Formulas (7) and (8). « 




EXAMPLES. 



C I A 



1. Given a = 749, and C = 47** 03' 10"; requircil 
Z>\ c, and h 

OPERATION. 

i? = 90° - 47° 03' 10" = 42° 5G' 50". 

Applying logarithms to formula (7), we have, 

19 



^^ PLANE TRIGONOMETRY. 

log a + log sin (7 — 10 = log c; 

log a (749) .... 2.874482 

log sin G (\T 03' 10") . 9.864501 

log c 2.738983 .-. c = 548.255. 

Applying logarithms to Formula (8), we have, 

log a + log cos C - 10 == log 5; 

log a (749) .... 2.874481 

log cos C (47° 03' 10") . 9.833354 

log ^ 2.707835 .-. h = 510.31. 

Ans, B = 42** 5G' 50", b = 510.31, and c = 548.255. 

2. Given a = 439, and B = 27° 38' 50", to find 
C, Cy and h, 

OFFRATIOX. 

C = 90° - 27° 38' 50" = 62° 21' 10" ; 

log a (439) .... 2.642465 

log sin C (62° 21' 10") . 9.947346 

log c 2.589811 . • . c z=z 388.875. 

log a (439) .... 2.642465 

log cos C (62° 21' 10") . 9.666543 

log <5> 2.309008 . • . 5 = 203.708. 

Ayis, C = 62° 21' 10", b = 203.708, and c = 388.875. 

3 Given a = 125.7 yds., and B = 75° 12', to find 
tlie other parts. 



Ans. C = 14° 48', b = 121.53 yds., and c = 32.11 yd 



9. 
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CASE II. 

Given one of the sides about the right angle ayid one of 
the acute angles^ to find the remaining parts. 

39. The other acute angle may be found by subtracting 
Uie given one from 90°. 

The hypotheniise may be found by Formula ( 7 ), and 
the unkno^^l side about the right angle, by Formula (8). 

BXAMPLBS. 

1. Given c = 66.293, and C = 54° 27' 39", to find -B, 
a, and b» 

OPERATION. 

J? = 90° — 54° 27' 39" = 35° 32' 21". 

Applying logarithms to Formula (7), we have, 

log e? -f 10 — log sin C = log a ; 

but, 10 — log sin C = (a. c.) of log sin C; whence, 

log c (56.293) . . . 1.750454 

(a. c) log sin C (54° 27' 39'') . 0.089527 

log a . L839981 .-. a = 00.18. 

Applying logarithms to Formula ( 8 ), we have, 

log a + log cos C — 10 = log b ; 

log a (69.18) . . . 1.839981 

log cos C (54° 27' 39") . 9.764370 

log i ...... . 1.604351 .-. 3 = 40.21U 

Ans. B = 35° 32' 21", a = 69.18, and b = 40.2114. 
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2. Given c = 358, and B = 28° 47', to find C, a 
aud b 

OPERATION. 

C = 90** - 28^ 47' = 61** 13'. 
We have, as before, 

log c 4- 10 -- log sin C = log a; 

log c (358) . . . 2.553883 

(a. c.) log sin C (Gl° 13') . . 0.057274 

log a 2.611157 .'. a = 408.466; 

Also, log a + log cos C — 10 = log b; 

log a (408.466) . . 2.611157 

log cos G (61° 13') . . C.682595 

log ^ 2.293752 .-. b = 196.670. 

Ans. C = 61° 13', a = 408.466, and b = 196.676. 

3. Given b = 152.67 yds., and C = 50° 18' 32", to 
find the other parts. 

Ans. B = 39° 41' 28", c = 183.95, and a = 239.05. 

4. Given c =z 379.628, and C = 39° 26' 16", to find 
^, a, and b. 

Ans. B =z 60** 33' 44", a = 597.613, and i = 461.65. 



CASE in. 



&ivcn the two sides about the rig\t angle^ to find the re 

maining parts. 

40. The angle at the base may be fonnd by Formula 
(12), and the solution may be completed as in Case H. 
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EXAMPLES. 

1. Given b = 26, and c = 15, to find (7, -B, and a, 

OPERATION. 

Applying logarithms to Formula (12), we have, 

log c + 10 — log J = log tan C; 

log c (15) .... 1.176091 
(a. c.) log b (20) .... 8. 585027 

log tan (7 ... 9.761118 .'. C = 29° 58' 54"; 

^ = 90° — (7 ■= G0° 01' 06". 
As in Case II., log c + 10 — log sin O = log a ; 

log c • • (15) . . 1 176091 
(a. c.) log sin C (29^ 68' 54") 0.301271 

log a • • • . • . 1.477362 .-. a = 30.017. 

Ans. C = 29° 58' 54", B = 60^ 01' 06", and a ~ 30.017. 

2. Given b = 1052 yds., and c = 347.21 yds., to find 
JS, Cj and a. 

B = 7P 44' 05", C = 18^ 15' 55", and a = 1107.82 yds. 

3. Given b = 122.416, and c = 118.297, to find B, 
t\ and a. 

B = 46^ 58' 60", C =z 44^ 1' 10", and a = 170.285 

4. Given b = 103, and c = 101, to fitd B^ C 
and a. 

B = 46*» 33' 42", C = 44^ 26' 18", and a = 144.256. 
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CASE IV. 

€Hveti the hypothenxiBe and either side about the right angh^ 

to find the remaining jxirts. 

41. The angle at the base may be found by one of 
Formulas (10) and (11)> and the remaining side may theii 
be found by one of Formulas ( 7 ) and ( 8 ). 

KXAMPLES. 

1. Giyen a = 239L7C, and If = 385.7, to find C, 
B, and a. 

OPERATIOK. 

Applying logarithms to Formula (11), we have, 

log 5 + 10 — log a = log cos C; 

log b (385.7) • • • 2.686250 
(a. c.) log a (2391.76) • • 6.621282 

log cos C ... 9.207532 .'. C = 80^ 48' 11''; 

^ = 90° - 80° 43' 11" = 9° 16' 19". 

From Formula ( 7 ), we have, 

log a + log sin C — 10 = log c ; 

log a (2391.76) • 3.378718 

iOg sin C (80° 43' 11") 9.994278 

log c 3.372996 .*. c = 2300.4li. 

Ans. -B = 9° 16' 49", (7 = 80° 43' 11", and c = 2360.45. 
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2. Given a = 127.174 yds., and o = 125.7 yds., to find 
C B, and 1). 

OPERATIOl^. 

From Formula (10), we have, 

log c 4- 10 — log a = log sin C\ 

log c (125.7) . . . 2.099335 
(a. c.) log a (127.174) . . 7.895602 

log sin C ... 9.994937 .'. C = 81° IC 6"; 

i? = 90° - 81° 16' 6" = 8° 43' 54''. 

From Formula (8), we have, 

log a + log cos (7 — 10 = log l\ 

log a (127.174) • 2.104398 

log cos G (81° 16' 6") • 9.181292 

log 6 1.285690 .•. h — 19.3. 



Ans, J? = S"* 43' 54", C = 81° 16' 6", and h = 19.3 yds. 



3. Given a = 100, and h = 60, to find B^ (7, and a 



Am. B = 86° 52' 11", C = 63° 7' 49", and c = 80, 



4. Given a = 19.209, and c = 15, to find J5, 6\ 
and b. 

A713. B = 38° 36 30" C = 61^ 20' 30", ft = 12, 



86 
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SOLUTION OF OBLIQUE-ANGLED TRLINGLHS. 

42. In the solution of oblique-angled triangles, four case 
may arise. We shall discuss these cases in order. 



CASE L 

Gicefi one side a7ul two aiigles^ to determine the remaining 

parts. 

43. Let ABC represent any 
oblique-angled triangle. From the 
vertex (7, draw CD perpendicular 
to the base, forming two right- 
angled triangles A CD and BCD, 
Assume the notation of the figure. 

From Formula ( 1 ), we have, 




CD =: b sin A, 



and 



CD = a sin ^ ; 



Equating these two values, we have, 

6 sin ^ = a sin B ; 



whence (B. II., P. IL), 



a 






sin ^ : sin ^. • • ( 13.) 



Since a and b are any two sides, and A and B the 
angles lying opposite to them, we have the following princi* 
pie : 

The sides of a plane triangle are proportional to the 
avies of their opposite angles. 

It is to be observed that Formula ( 13 ) is true for any 
value of the radius. Hence, to solve a triangle, when a side 
and two angles are given : 
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First find the third angle, by subtracting the sum of the 
given angles from 180° ; then find each of the required sides 
by means of the principle just demonstrated. 

f 

EXAMPLES. 

1. Given B = 58** 07', C = 22° 37', and a = 408, to 
lind A^ bf and c. 

OrERATION. 

7? 68° 07' 

C 22° 37' 

A . . . 180° - 80° 44' = 99° 16'. 

To find bj write tho proportion, 

sin ^ : sin i? : : a : b ; 

that is, t/ie sine of t/ie angle opposite the given ttde^ is to 
the sine of the afigle opposite th^ required side^ us the giveii 
side IS to t/ie required side. 

Applying logarithms, we have (Ex. 4, P. 15), 

(a. e.) log sin ^ + log sin -5 + log a — 10 = log b , 

(a. c.) log sin A (99° 16') . . . 0.005705 

log sin B (58° 07') . . . 9.928972 

log a . . (408) .... 2.610660 

log i^ 2.545337 .-. J = 351.024. 

In like manner, sin ^ : sin C : : a : c; 

and, (a. c.) sin A + log sin + log a — 10 = log c, 

(a. c.) log sin A (99° 10') . . . 0.005705 

log sill (22° 37') . . . 9.584968 

log a . . (408) .... 2.610660 

log c 2.20133 3 .-. c = 158.976. 

Ans. A = 99° 16', b = 351.024, and c = 158.970. 
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2. Given A = 38° 25', J) = 67° 42', and c = 400, 
to find (7, a, and b. 

Am. C = 83^ 53', a = 249.974, 6 = 340.04, 

t 

3. Given A = 15° 19' 51", C = 72° 44' 05", and 
c =r 250.4 yds, to find By a, and h. 

Am. B = 91° 56' 04", a = 69.328 yds., b = 262.066 yds. 

4. Given B = 51° 15' 35", C = 37° 21' 26", and 
a = 305.296 ft., to find Aj 5, and c. 

-4/w. -4 = 91° 23', b = 238.1978 ft., c = 186.3 ft. 



CASE n. 

Given two sides and an angle opposite one of theniy to find 

the remaining parts, 

44. The solution, in this case, is commenced by finding 
a second angle by means of Formula (13), after which we 
may proceed as in Case L ; or, the solution may be com- 
pleted by a continued application of Formula ( 13 ). 

EXAMPLES. 

1. Given A = 22° 37', b = 216, and a zzi 117, to 
find -S, C, and c. 

From Formula (13), we have, 

a : b : : sin ^ : sin -B ; 

tliat is, the side opposite the given angle^ is to the side op- 
posite the required angle^ as the sine of the given angle is 
to the sine of the required angle. 



PLANE TRIGONOMETRY. 39 

WTience, by the application of logarithms, 

(a. c.) log a + log J + log sin .4 — 10 = log sin B ; 

(a. c.) log a . . (117) . . 7.931814 

log 5 . . (216) . . 2.334454 

log sin A (22° 37') . . 9,584968 

log sin i? .... 9.851236 .'. B = 45° 13' 55", 

and B' = 134° 46' 05". 

Hence, we find two values of J5, which are supplements of 
each other, because the sine of any angle is equal to the 
Bine of its supplement. This would seem to indicate that 
the problem admits of two solutions. It now remains to 
determine under what conditions there will be two solutions, 
one solution, or no solution. 

There may be two cases : the given angle may be (xcfUe, 
or it may be obticse. 

First Case, Let ABC re- 
present tlie triangle, in which the 
angle A, and the sides a and 
b are given. From C let fall 
a perpendicular upon AB, pro- 
longed if necessary, and denote its length by p. We shall 
have, from Formula ( 1 ), Art. 37, 

p = ^ sin ^ ; 

from which the value of p may be computed. 

If a is intermediate in value between p and b, ther© 
will be two solutions. For, if with (7 as a centre, and a 
as a radius, an arc be described, it will cut the line AB 
in two points, B and B', each of which being joined with 
(7, will give a triangle which will conform to the conditions 
of the problem. 




iO 
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Li tliis case, the angles B* and 2?, of the two triangles 
AB'C and ABC^ will be supplements of each other. 

C 

If a = Pj there will be but 

09i€ solution. For, in this case, 
the arc will be tangent to AB^ 
the two points B and J5' will 
unite, and there will be but a single triangle formed. 
In this case, the angle ABC will be equal to 90^. 

If a is greater than both p 
and by there will also be but one 
solution. For, although the arc 
cuts AB in two points, and con- 
sequently gives two triangles, only 
one of them conforms to the con- 
ditions of the problem. 

In this case, the angle ABC will be less than A^ and 
consequently acute. 

If a <C py there will be no 
solution. For, the arc can neither 
cut ABy nor be tangent to it. 





Second Case. When the given angle A is obtuse, the 
angle ABC will be acute; the 
side a >\'ill be greater than J, 
and there will be but one solu- 
tion. 



/ 






y 
% 




Ixv the example under considera- ^"-.^ 

tioo, there are two solutions, the 

first corresponding to JS = 46® 13' 55", and the second to 
B' = 134^ 46' 05". 
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In the first case, we have, 

A 22^ 37' 

B 45° 1 3' 55'' 

C 180° - G7° 50' 55^' = 112° 09' 05". 

To find Cy we have, 

sin j5 : sin (7 : : ^ : c; and 

(a. c.) sin B + log sin (7 + log Z> — 10 = log c ; 

(a. c.) log sin B ( 45^ 13' 55") . 0.1487G4 

log sin C (112° 09' 05") . 9.9G6700 

log 5 ... (216) . . . 2.334454 

log c 2.449918 .-. c = 281.785. 

Ans. B = 45° 13' 55", C = 112° 09' 05", and c = 281.785. 

In the second case, we have, 

A 22° 37' 

B' 134° 46' 05" 

C 180° - 157° 23' 05" = 22° 36' 56": 

and as before, 

(a. c.) log sin B' (134° 46' 05") . 0.148764 

log sin ( 22° 36' 55") . 9.584943 

log 5 . . . (216) . . . 2.334454 

log c 2.068161 .-. c = 116.993. 

Ans. F = 134° 46' 05", C = 22° 36' 55", and c = 116.993. 

2. Given A = 32°, a = 40, and h = 50, to find 
By Cy and c, 

(B= 41° 28' 59", C = 106° 31' 01", c = 72.368 
Ans.\ 

( B = 138° 31' 01", C = 9° 28' 59", c = 12.436. 



42 
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3. Given A = 18^ 52' 13", a = 27.465 yds., and 
b = 13.189 yds., to find ^, (7, and c. 

Am. J? = 8° 56' 05", C = 152^ 11' 42", c = 39.611 ydfi, 



4. Given A = 32<> 15' 26", b = 176.21 a., and 
a = 94.047 ft., to find i?, (7, and c. 

Ans. B = 90% (7 = 57^ 44' 34", c = 149.014 0. 




C - 



^¥Vb 



CASE rrr. 

Oivtn two sides and their included angle^ to find the ro- 

maining parts. 

45. Let ABC represent any 
plane triangle, AB and AC any 
two sides, and A their included 
angle. With ^ as a centre, 
and AC^ the shorter of the two 
sides, as a radius, describe a semi- 
circle meeting AB in I^ and the prolongation of AB 
in E. Draw CI and J?C, and through i" draw IH 
parallel to EC. 

Since the angle CAE is exterior to the triangle CBAy 
wo have (B. I., P. XXV., C. 6), 

CAE =: C -\- B. 

But the angle CIA is half the angle CAE; 
hence, CIA = | ((7 + ^). 

Since ^C is equal to AE, the angle A EC is equal to the 
angle C; hence, the angle B plus EAB is equal to C; 
or /ll^ is equal to C — B. But /Cfi" = is equal to one- 
luilf of EAB; 

hence, ICE = i {0 - B). 
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Since the angle ECI is inscribed in a semicircle, it is a 
right angle (B. III., P. XVIIL, C. 2); hence, CE is per- 
pendicular to CI, at the point C. But since /// is parallel 
to CE, it will also be perpendicular to CL 

From the two right-angled triangles ICE and ICHy we 
have (Formula 3, Art. 37), 

EG = IC tan ^(C + JB), and IH = TO tan ^((7 - J?); 

hence, from the preceding equations, we hare, after omitting 
the equal factor IC (B. H., P. VH.), 

ISC : III : : tan i{C -h B) : tan i((7 - B), 

The triangles ECB and IHB being similar, their homo- 
logous sides are proportional ;' and because ^B is equal to 
AB -h ACj and IB to AB — AC, we shall have the 
proportion, 

JEJC : in : : AB ^ AC : ^i? ~ u4 C. 

Combining the preceding proportions, and substituting for 
AB and AC their representatives c and ^, we have, 

c^b : c-h :: xzx\\{C-{-B) : tan i((7-i?) . . (14.) 

Hence, we have the following principle : 

In any plane triangle^ the sum of the sides including 
either angle, is to their differe^ice, a^ the tangent of half 
the sum of the two other angles, is to the tangent of half 
their difference. 

Tlie half sum of the angles may be found by subtracting 
the gi^en angle from 180°, and dividing the remainder by 2 
the half difference may be found by means of the principle 
just demonstrated. Knowing the half sum and the half 
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difference the greater angle is found by adding the half 

difference to the half sum, and the less angle is found by 

subtracting the half difference from the half sum. Then the 
.solution 18 completed as in Case I. 



EX A MPLES. 



1. Given c = 640, b = 450, and A = 80®, to find 
i?, C, and a, 

OPERATION. 

c -I- ft = 990 ; c - 6 = 90 ; i {C-\-jB) = i(180° - 80°) = 50°. 

Applying logarithms to Fonnula ( 14 ), we have, 

• 

(a. c.) log (<? 4- ft) + log (c - ft) + log tan i ((7 + i?) - 10 = 

. log tan I {C - B). 

(a. c.) log (c + ft) . . (990) 7.0043G5 

log (c — l) . . ( 90 ) 1.954243 

logtani (C+B) (50°) 10.076187 

log tan i {C -B) 9.034795 .-. J (a-5)=G° 11'; 

C = 50° -f C° 11' = 56° 11'; 7? = 50° - 6° 11' = 43° 49'. 

From Formula (13), we have, 

s\n C : sin A : : c : a; whence, 

(:v c.) log sm C (56° 11') . 0.080492 

log sin A (80°) . . 9.993351 

log c . . . (540) . . 2.732394 

log a 2.806237 .-. a = 640.082. 

Am. B = 43° 49', C = 56° 11', a = 640.082. 
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2. Given c = 1686 yds., h = 960 yds., and ul = 128° 04', 
to find J?, C, and a. 

Ans. B = 18° 21' 21", C = 33° 34' 39", a = 2400 yds. 

3. Given a = 18.739 yds., h = '^.642 yds., and 
C — 45° 18 28", to find A^ B^ and c. 

Am. A = 112° 34' 13", B = 22° OV 19", c = 14.426 yds 

4. Given a = 464.7 yds, b = 289.3 yds., and 
6 = 87' 03' 48", to find A, B, and c. 

Ans. A = 60° 13' 39", B = 32° 42' 33", c = 634.66 yds. 

6. Given a = 16.9584 ft., b = 11.9613 ft., and 
C = 60° 43' 36", to find Ay B, and c. 

^?15. .1 = 76° 04' 10", i? = 43° 12' 14", c = 15.22 ft. 

6. Given a = 3754, b = 3277.628, and C = 57° 53' 17", 
to find -4, By and c. 

^n«. u4 = 68° 02' 25", B = 54° 04' 18", c = 3428.512. 



CASE IV. 



Given the three sides of a triangle, to find the remaining 

parts.* 



46. Let ABC represent any 
plane triangle, of which BC is 
the longest side. Draw AD per- 
pendicular to the base, dividing it 
into two segments CD and BD. 




* The angles may be found by Formula (^) or O), Lemma. Pages 

109. and 110, Mensuration. 

20 
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From the right-angled triangles CAD and BAD, wa 
have, 

AAJ" = AXP - Wy and A^ = Jl^ - 'Fff \ 



Equating these values of AD y we have, 




AC" - DC^ = ui^ - BD*\ 
wlience, hy transposition, 

AG^ - J:^ = .DC^ - BD\ 

Factoring each member, we have, 

{AG '\- AB) {AC'-AB) = (DC ^ BD) {DC - BD\ 

Converting this equation into a proportion (B. 11., P. II.), 
we have, 
DC^BD : AC-\-AB :: AC - AB : DC--BD\ 

or, denoting the segments by % and «', and the sides 
of the triangle by a, ft, and c, 

« + «' : 5 + c :: J — c : « — «'; ( 15.) 

that is, if in any plane triangle, a line be drawn from the 
vertex of the vertical angle perpendicular to the base, divid- 
ing it into two segments ; then, 

The sum of the two segments^ or the whole base, is to 
the sum of the two other sides, as the difference of these 
sides is to the difference of the segments. 

The half difference added to the half sum, ^ves the 
greater, and the half difference subtracted from the half wm 
gives the less segment, We shall then have two right- 
Rngled triangles, in each of which we know the hypothenuse 
and the base ; hence, the angles of these triangles may be 
found, and consequently, those of the given triangle. 
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EX AMFLES. 

1. Given a = 40, 5 = 34, and c = 25, to find At 
B, and C. 

OPERATION. 

Applying logarithms to Formula (15), we have, 

(a. c.) log (5 + 50 + log (J + c) + log (5 - c) = log {s - s') ; 

(a. c.) log {s + 5') . . (40) . . 8.397940 

log {b + c) . . (59) . . 1.770852 

log (^ - c) . . ( 9) . . 0.954243 

log (5 - 5') 1.123035 .-. 5-5=13.275. 



s = i{s + s') + i(s " s') = 26.6375 
5' = i (5 + 5') - J (5 - s') = 13.3625 
From Formula (11), we find, 

log 5 + (a. c.) log 5 = log cos e . • . C7 = 38° 25' 20'', and 
log s' + (a. c.) log c = log COB B .-. B= 57° 41' 25'^ 

96°" 06' 45^' 

A = 180^ - 96° 06' 45" = 83«> 53' 16". 



2. Given a = 6, ft = 5, and c = 4, to find A, 
a, and O. 

Ana. A = 82o 49' 09", B = 65*» 46' 16", C = 4P 24' 35" 

8. Given a = 71.2 yds., h = 64.8 yds., and c = 87, 
ydfl., to find A^ B, and C. 

Arts. A = 83° 44' 32", B = 64° 46' 56", C = 31° 28' 80" 
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PItOBLEMS. 

1. KiiOTinc: tlie distance AJL 
equal to 600 yards, and the angles 
r>AC ^ 67° 35', ABO = 64<' 51', 
find the two distances AC and 
BO. 

Ans, AC = 643.49 yds., J3C = GOO.ll yds. 

2. At what horizontal distance from a column, 200 feel 

high, will it subtend an angle of 31° 17' 12"? 

Ans. 329.114 ft. 




3. Required the height 
of a hill D above a hor- 
izontal plana AJB^ the dis- 
tance between A and i? 
being equal to 975 yards, 
and the angles of elevation at A and D being re8pec^ 
ively 15° 30' and 27° 29'. Ans. DC = 587.61 yds. 




4. The distances AC and JBC 
are found by measurement to be, res- 
pectively, 688 feet and 672 fe(^t, and 
their mcluded angle 56° 40'. Requir- 
ed the distance Aly, 

Ans. 592.967 ft. 



5. Being on a horizontal plane, and wanting to ascertain 
the height of a tower, standing on the top of an inaccessible 
hill, there Avere measured, the angle of elevation of the top 
of the hill 40°, and of the top of the tower 51° ; then 
mcnsuruio: m a direct line 180 feet farther from the hill, the 
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angle o'f elevation of the top of the tower was 33° 46' ; 
required the height of the tower. Ans. 83.998 ft. 

6. Wanting to know the horizontal distance between two 
inacceasible objects B and W, the 
following measurements were made : 

AJj = 536 yards 

J^AW = 40° 16' 

viz : ^ WA£J = 57° 40' 

ABJE = 42° 22' 

EBW = n° 07'. 




Required the distance BW. 



A718. 939.634 yd& 




7. Wanting to know the 
horizontal distance between 
two inaccessible objects A 
and JBy and not finding any 
station from which both of 
them could be seen, two 
points C and i>, were chosen 
at a distance from each other 

equal to 200 yards; from the former of these points, A 
could be seen, and from the latter, i? ; and at each of the 
points C and D, a stafi" was set up. From (7, a dis- 
tance CF was measured, not in the direction DC, equal 
to 200 yards, and from i>, a distance J)E, equal to 200 
yards, and the following angles taken : 

AFC = 83° 00', BDF = 54° 30', ACD = 53° 30' 

BI>G = 156° 25', ACF = 54- 31', JSEB = 88° 30' 



Required the distance AB. 



Arts. 345 467 yds. 



so 
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8. The distances AH, AGj and 
BC^ between the pomts -4, i?, and 
(7, are known ; viz. : AJB = 800 yds., 
AC = 600 yds., and BC = 400 yds. 
From a fourth point P, the angles 
APO and BPC arc measured ; 

viz. : APG = 33° 45', 

and BP G = 22° 80'. 




p^ * 



Required the distances AP^ BP^ and (7P. 

r-4P = 

Ana. \ BP = 
CP = 



710,193 yds. 

934.291 yds. 

1042.522 yds. 



This problem is used in locating the position of buoys in 
maritime surveying, as follows. Three points .4, J?, and 
(7, on shore are known in position. The surveyor stationed 
at a buoy P, measures the angles APG and BPG. The 
distances AP^ BP^ and CP, are then found as follows : 

Suppose the circumference of a circle to be described 
through the points -4, P, and P. Draw (7P, cutting 
the circumference in P, and draw the lines DB and DA, 

The angles GPB and DAB^ being inscribed in the 
same segment, are equal (B. III., P. XVllL, C 1) ; for a 
like reason, the angles GPA and DBA are equal : hence, 
in the triangle ADB^ we know two angles and one side ; 
we may, therefore, find the side DB, In the triangle AGB^ 
we know the three sides, and we may compute the angle P. 
Subtractmg from this the angle DBA^ we have the angle 
DBG, Now, in the triangle DBG^ we have two sid^js 
and their includid angle, and we can find the angle DGB, 
Finally, in the triangle GPB^ we have two angles and one 
side, from which data we can find GP and BP. In like 
manner, we can find AP. 



ANALYTICAL TRIGONOMETRY, 



47. Analtocal Tbigonometky is that branch of Mathe- 
matics which treats of the general properties and relations 
of trigonometrical functions. 

DEFINITIONS AND GENERAL PRINCIPLES. 




48. Let ABCD represent a cir- 
cle whose radius is 1, and suppose 
its circumference to be divided into 
four equal parts, by the diameters 
AC and BD^ drawn perpendicular to 
each other. The horizontal diameter 
ACy is called the initial diameter ; 
the vertical diameter i?2>, is called 

the secondary diameter ; the point -4, from which arcs are 
usuaUy reckoned, is called the origin of arcs^ and the point 
J?, 90° distant, is called the secondary origin. Arcs esti- 
mated from A^ around towards -B, that is, in a direction 
contrary to that of the motion of the hands of a watch, are 
considered positive / consequently, those reckoned in a con 
trary direction must be regarded as negative. 

The arc AB^ is called the first quadra7tt ; the arc B (7, 
the second quadrant / the arc (7J9, the third quadrant ; 
and the arc DA^ the fourth quadrant. The point at which 
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an arc terminates, is called its extremity^ and an arc is said 
to be in that quadrant in which its extremity is situated. 
Thus, the arc AM is in the first 
quadrant^ the arc AM* in the sec- 
ond^ the arc AM** in the thirds 
and the arc AM*** in the fourth. 




ttt 



49. The complement of an arc 
has been defined to be the di (Ter- 
ence between that arc and 90° (Art. 
23) ; geometrically considered, tlie 

complement of an arc is the arc included hetioeen the extremity 
of the arc and the secondary origin. Thus, 3IB is the 
complement of AM ; M'By the complement of AM* ; 
M"B^ the complement of AM'*^ and so on. Wlien the 
arc is greater than a quadrant, the complement is negative, 
according to the conventional principle agreed upon (Art. 48). 

The supplement of an arc has been defined to be the 
difference between that arc and 180° (Art. 24) ; geometrically 
considered, it is the arc included between the extremity of 
the arc and the left hand extremity of the initial diameter. 
Thus, MC is the supplement of AM^ and M"G the sup- 
plement of AM*. The supplement is negative, when the 
arc is greater than two quadrants. 



50. The sine of an arc is 
the distance from the initial 
diameter to the extremity of the 
arc. Thus, PM is the sine 
of AM, and F'*3r* is the 
siKe of the arc A3I'*. The 
cerm distance, is used in the 
sense of shortest or perpendicu' 
lar distance. 
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51. The cosine of an arc is the distance from the sec- 
ondary diameter to the extremity of the arc : thus, NM 
ifl the cosine of AM^ and KM' is the cosine of AM\ 

The cosine may be measured on the initial diameter : 
thus, OP is equal to the cosine of AM, and OP' to the 
cusino of AM\ 

52. The versed-sine of an arc is the distance from th^ 
sine to the origin of arcs : tlius, PA is the versed-sine of 
AM^ and P'A is the versed-sine of AM\ 

53. The cO'Versed-sine of an are is the distance from 
the cosi7ie to the secondary origi7i : thus, JV^J5 is the co- 
vei*sed-sine of AM^ and N'^B is tlie co-versed-sine of AM", 

54. The tangent of an arc is that part of a perpen- 
dicular to the initial diameter^ at the origin of arcs, in- 
cluded between the origin arid the 2^rolo7igatio7i of the diam- 
eter through the extremity of the arc : thus, AT is the 
tangent of AM, or of AM'\ and AT'' is the tangent 
of AM', or of AM' 



•f/f 



55. The cotangeiit of an arc is that part of a perpen- 
dicular to the secondary diameter, at the secondary origin, 
included hettoecn the secondary origin and the prolongation 
of the diameter through the extremity of the arc : thus, 
BT' is the cotangent of A3r, or of AM", and BT' 
is the cotangent of AM', or of A3I'". 

56. The secant of an arc is the distajice from the verir 
tre of the arc to the extremity of the tangent : thus, 07* 
is the secant of AM, or of AM", and OT'" is the se- 
cant of AM', or of AM'". 

57. The cosecant of an arc is the distance from the 
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centre of t/ie arc to the extremity of the cotangent : tbns, 
OT* is the cosecant of AM^ or of AM*\ and OT" is 
the cosecant of AM\ or of AM"\ 

The term co, in combination, is equivalent to complemeyit 
of ; thus, the cosine of an arc is the same as the sine of 
the complement of that arc, the cotangent is the same as 
the tangent of the complement^ and so on. 

The eight trigonometrical functions above defined are also 
called circular functions. 



BULES FOB DETERMINING THE ALGEBRAIC SIGNS OF CIRCULAK 

FUNCTIONS. 



58. AU distances estimated upwards are regarded as pos- 
itive / consequently^ all distances estimated downwards must 
be considered negative. 

Thus, AT, PM, NB, P'M\ 
are positive, and AT''\ F"'M"\ ^ 
F"M'\ &c., are negative. 

All distances estimated towards 
the right are regarded as positive / 
consequently, all dlsta7ices estimat- 
ed towards the left must be con- 
sidered negative. 

Thus, iOf, BT\ PA, &c., 
are positive, and N'M\ BT", &c., are negative. 

All distances estimated from the centre in a direction to 
towards the extremity of the arc are regarded as positive ; 
consequently, all distances estimated in a direction from the 
second extremity of the arc must be considered 7iegative. 

Thus, OT, regarded as the secant of AM, is estimated 
m a direction towards M, and is positive ; but OT, re< 
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garded as the secant of AM'\ is estimated in a direction 
from M'\ and is negative. 

These conventional rules, enable us at once to give the 
proper sign to any function of an arc in any quadrant. 

59, In accordance with the above rules, and the defiiii- 
ions of the circular functions, we have the following princi 
>le8 : 

The sine is positive in the first and second quadrants^ 
and negative in the third and fourth. 

The cosine is positive in the first and fov/rth quadra^its^ 
and negative in the second and third. 

The versedrsine and the co-versed-^ine are always positive. 

The tangent and cotangent are positive in the first and 
third quadrants^ and negative in the second and fourth. 

The secant is positive in the first and fourth quadrants^ 
and ?iegative in the seco?id and third. 

The cosecafit is positive in the first and second quadrants^ 
and negative in tlie third and fourth. 



LIMrnNO VALUES OF THE CIRCULAR FUNCTIONS. 

60. The limiting values of the cii'cular functions are those 
values which they have at the beginnhig and end of the 
different quadrants. Their numerical values are discovered 
by following them as the arc increases from 0° around to 
360°, and so on around through 450°, 540°, &Q. Tlie signs 
of these values are determined by the principle, that the sign 
of a varying magnitude up to the limit y is the sign at the 
limit. For illustration, let us examine the limiting values of 
the sine and tangent. 
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If we suppose the arc to be 0, the sine will be ; as 
tlie arc increases, the sine increases until the arc becomes 
equal to 90^, when the sine becomes equal to +1, which is 
its greatest possible value ; as the arc increases from 90% 
the sine goes on diminishing until the arc becomes equal to 
1 SO"^, when the sine becomes equal to + ; as the arc 
increases from 180^, thp sine becomes negative, and goes on 
increasing numerically, but decreasing algebraically^ until the 
arc becomes equal to 270°, when the sine becomes equal to 
— 1, which is its least algebraical value ; as the arc increases 
from 270°, the sine goes on decreasing numeiically, but in- 
creasing algebraically^ until the arc becomes 300°, when the 
sine becomes equal to — 0. It is — 0, for this value of 
the arc, in accordance with the principle of limits. 

The tangent is when the arc is 0, and increases till 
the arc becomes 90°, w^hen the tangent is + co ; in passing 
through 90°, the tangent changes from + co to ~ c\3 , and 
as the arc increases the tangent decreases, numerically, but 
increases algebraically, till the arc becomes equul to 180°, 
when the tangent becomes equal to — ; from 180° to 
270°, the tangent is again positive, and at 270° it becomes 
equal to 4- co ; from 270° to 3G0°, the tangent is again 
negative, and at 3G0° it becomes equal to — 0. 

K we still suppose the arc to increase after reaching 360°, 
the functions will again go through the same changes, that 
is, the functions of an arc are the same as the runctions 
that arc increased by 360°, 720° ifec. 

By discussing the limiting values of all the circular fane 
tions we are enabled to form the following table : 
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TABLE I. 



Arc = 


■• 


■ 


Arc = 


90'. 


Arc = 


ISCA 


Arc = 


270'. 


Arc = 360^ 


din 


-.- 





8*1 u 


= 1 


siu 


= 


sin 


= -1 


sin = —0 


co« 


= 


1 


cos 


= 


cos 


= -1 


cos 


= -0 


cos = 1 


V-SIQ 


= 





v-sin 


= 1 


v-sin 


= 2 


v-sin 


= 1 


v-sin = 


co-y-ein 


= 


1 


co-v-sin 


= 


co-v-sin 


= 1 


co-v-sin 


= 2 


c-v-sin = 1 


tao 


= 





taD 


= CO 


tan 


= -0 


tan 


= CO 


urn = —0 


cot 


r= 


CO 


col 


= 


cot 


= — CO 


cot 


= 


cot = — CO 


sec 


r:i 


1 


sec 


= CO 


sec 


= -1 


sec 


= — CO 


sec = 1 


cosec 


V 


C>D 


C08CC 


= I 


cosec 


= CO 


cosec 


=-1 


cosec = — OD 



RELATIONS BETWKEN THE CIRCULAR FUNCTIONS OF ANY ARC. 



61. Let A3f represent any arc de- 
noted by a. Draw the lines as repre- 
sented in tlie figure. Then we sliall 
have, by definition 

03f = 0.1 = 1 ; PJf = OJSr =z sin a; 
KM = OP = cos a ; PA = ver-sin a ; 
KB = co-ver-sin a ; AT = tan a ; 
PT' = cot a ; OT = sec a ; and OT' 




P A 



= cosec a. 



From tlib right-angled triangle OP 31^ we have, 



-2 . /:-n? 



P3f^ -f OP = 03f" , or, sin^a + cos^a = 1. . ( l.^ 

The symbols sin%, cos'^cr, &c., denote the square of the 
sine of a, the square of the cosine of a, &c. 
From Fonnula ( 1 ) we have, by transposition, 

sin^a = 1 — cos'a . ( 2 ) ; and cos^a = 1 — sin^a. . ( 3.) 
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We have, from the figure, 
PA = OA - OP, 
or, ver-sin a = 1 — cos a. • • (4.) 

and, NB = OB ^ ONy 

or, co-ver-sin a = 1 — sin a. • • (5.) 

From the similar triangles OAT and 0PM, we iiave, 

OP : PM : : OA : ATy or, cos a : sin a : : 1 : tan aj 

sin a , . 

whence, tan a = (6.) 

^ cos a ^ ' 

From the similar triangles ONM and OBT\ we have, 
Olf : JOf : : OB : BT\ or, sin a : cos a :: 1 : cot a ; 

whence, cot a = -; (7.) 

^ sm a ^ ' 

Multiplying (6) and (7), member by member, we have, 

tan a cot a = 1 ; (8.) 

whence, by divkion, 

tan a = — : — ; • ( 9.) and oot a = ^ • • ( 10,) 

cot a ^ ' tan a ^ ' 



From the similar triangles 0PM and OAT, we have, 
OP : OM : : OA : OTy or, cos a : 1 : : 1 : sec a 

whence, sec a = (11.) 

cos a ^ ' 



TRIGONOMETRY. 



59 



From the similar triangles ONM and OBT\ we have, 
ON : OM : : OB : 0T\ or, sin a : 1 : : 1 : co-sec a; 



whence, 



co-sec a = -r 



sm a 



12.) 



From the right-angled triangle OAT^ we have, 



Tfrfl 



OT' = OA* -{- AT*; or, sec^a = 1 + tan^a. . (13.) 



From the right-angled triangle OBT\ we have. 



OT'* = OB* + BT""; or, co-sec^a = 1 + cot^a. . (14.) 



It is to be observed that Formulas (5), (7), (12), and 
(14), may be deduced from Formulas (4), (6), (11), and 
( 13 ), by substituting 90° — a, for a, and then making the 
proper reductions. 

Collecting the preceding Formulas, we have the following 
table : 

TABLE II. 



(1.) 

(2.) 


sin "a -h C08*a 
sin'a 


= 1. 

= 1 — co«*a. 


(9.) 


tan a 


= 


1 

cot a 


(8.) 


C08*a 


= 1 - sin'o. 


(10.) 


cot a 


« 


] 
tan a * 


(«.) 


ver-fiin a 
co-vcr-sin a 


= 1 — cos a. 

= 1 — sin a. 


(11.) 


sec a 


=r 


1 
cos a 


(6.) 


tan a 


sin a 


(12.) 


cosec a 


•sz 


1 


cos a 


sin a ' 

1 


(r) 


cot a 


cos a 

sin a 


(18.) 


sec*a 


"=■ 


1 -h tan'tf. 


(8) 


tan a cot a 


= 1. 


(14. 


coecc*a 


^ 


1 4. cot'o. 
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FUNCTIONS OF NEGATIVE AE08. 

62. Let AM'"y estimated from A towards 
numerically equal to A3f ; then, 
if we denote the arc AM by a, -p" 
the arc AM"^ will be denoted 
by — a (Art. 48). 

All the functions of AM"\ 
will be the same as those of 
ABM^"\ that is, the functions of 
— a are the same as the func- 
tions of 360° — a. 

From an inspection of the fig- 
ure, we shall discover the following relations, viz. : 



2>, be 



f I w 




sin (— a) 


— 


— sin a ; 


cos (— a) 


= cos a ; 


tan (— a) 


— 


— tan a ; 


cot (—a) 


= — cot a ; 


sec (— a) 


— 


sec a ; 


cosec (— «) 


= — cosec a. 



FUNCTIONS OF APwCS FORMED BY ADDING AN ARC TO, OR SUB- 
TRACTING IT FROM ANY NUMBER OF QUADRANTS. 

63. Let a denote any arc less than 90°. From what 
has preceded, we know that. 



sin (90° — a) = cos a ; 
tan (90° — a) = cot a ; 



cos (90° — a) = sin a. 
cot (90° — a) = tan a. 



sec (90° — a) = cosec a ; cosec (90® — a) = sec a. 



Now, suppose that J?Jf ' = a, then will AM' = 90° + a. 
We see from the figure that, 
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JOf ' = sin a, P'Jf ' = cos a, BT" = tan a, 
AT''* = cot a, OT" =z sec a, OT'" = cosec a, 
without reference to their signs. 

By a simple inspection of the figure, observing the ml 
for signs, we deduce the following relations : 

sin (90® -f a) = cos a, cos (90® + tf ) = — sin a, 

tan (90® + a) = — cotan a, cot (90® + a) = — tan a, 

sec (90® -f a) = — cosec a, cosec (90® + a) = sec a. 

Again, suppose 

M'C = ^Jf = a ; then wiU AM' = 180® - a. 

We see from the figure that, 

P'M' = sin a, OP ' = cos a, ^7^" = tan a, 

i?r" = cot a, 02"" = sec a, 02"'" = cosec a, 

without reference to their signs : hence, we have, as before, 
tho following relations : 

sin (180® — a) = sin a, cos (180® — a) — — cos a, 
tan (180® — a) = — tan a, cot (180** — a) = — cot a, 
sec (180® — a) = — sec a, cosec (180 — a) = cosec a, 

By a amilar process, we may discuss the remaining arcs 

in question. Collecting the results, we have the following 

table: 

21 
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TABI,B III. 





Arc = 


90' + a. 




Arc = 


270* - fl. 


ain =3 


cos Oy 


cos = —Bin a, 


sin = 


— cos a, 


cos = — sin a, 


'itan = 


— cot a, 


cot = — tan a, 


tan = 


cot a, 


cot ^ =s tan a^ 


Iseo = 


— cosec a, 


coscc = sec a. 


sec = 


— cosec a, 


cosec = — sec a. 




Arc = 


180' - a. 




Arc = 


270» ■+ a. 


sin s 


sin a, 


COS = — cos a, 


sin = 


— cos a, 


cos = sin a, 


tan = 


— tan a, 


cot = — cot a, 


tan = 


— cot a, 


cot = — tan a, 


sec = 


— sec a, 


cosec = cosec a. 


sec = 


cosec a, 


cosec = — sec a. 




Arc = 


180' + a. 




Arc = 


860' - a. 


8111 = 


— sin a, 


cos = — COS a, 


sin = 


— sin a, 


cos = COS a, 


tan = 


tan a, 


cot = cot a, 


tan = 


— tan a, 


cot = — cot a, 


sec = 


— sec a, 


cosec = — cosec a. 


sec = 


sec a, 


cosec = — cosee a. 



It will be observed that, when the arc is added to, or 
subtracted from, an even number of quadrants, the name of 
the ftmction is the same in both columns ; and when the 
arc is added to, or subtracted from, an odd number of quad- 
rants, the names of the flmctions in the two columns are 
contrary ; in all cases, the algebraic sign is determined by 
the rules already given (Art. 58). 

By means of this table, we may find the functions of 

any arc in terms of the functions of an arc less than 90^ 

Thus, 

mn 115« = sin ( 90<* + 26°) = cos 25% 

sin 284° = sin (270° + 14°) = — cos 14% 

sin 400° = sin (360° + 40°) = mn 40°, 



tan 210° = tan (180^ + 30°) = tan 30° 
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PARTICULAB VALUES OF CERTAIN FUNCTIONS. 

64. Let MAM' be any arc, denoted 
by 2a, M'M its chord, and OA a 
radius drawn perpendicular to M'3f: then 
wHl JPM = PM\ and AM = AM' 
(B. m., P. VI.). But FM is the sine 
of AM^ or, PM = sin a : hence. 

sm a = ^M'M ; 

that is, the sine of an arc is eqiuU to one half the chord 
of twice the arc. 

Let M'AM = 60° ; then wiU AM = 30% and M'M 
will equal the radius, or 1 : hence, we have, 

sm 30° = i ; 

that is, the sine of 30° is equal to half the radius. 
Also, 

cos 30° = -/I ~ 6m2 30° = i^/^'; 

hence, 

sin 30° /r 



tan 30° = 



cos 30 



QAO 



Again, let M'AM = 90° : then ^\rill AM = 45% and 
M'M = ^2" (B. v., P. in.) : hence, we have, 

dn 45° = iV5 ; 
Also, 

cos 45° = -/l - 8in2 45° = ^V^; 



henoe, 



^ ,^^ sin 45° 
cos 45° 



Bfany other nomerical values might be deduced. 



u 
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FORAtCTLAS EXPRESSING RELATIONS BETWEEN THE CIRCULAK 

FUNCTIONS OF DIFFERENT ARCS. 

65. Let MB and BA represent two arcs, having the 
ooinmon radius 1; denote llie first by 
(I, and the second by b : then, MA^a-hb. 
From M draw MP perpendicular to CAy 
and JfxY perpendicular to CB ; from 
N draw liP' perpendicular to CA, and 
NL parallel to AC. 

Then, by definition, we shall have, 




PP'A 



FM = sin {a + b), NM = sin a, and CN = cos a. 

From the figure, we have, 

FM = ML -}- LP (1). 

Since the triangle MLN is similar to CP*N (B. IV., 
P. 21), the angle LMN is equal to the angle P'CN\ hence, 
from tlie right-angled triangle MLN, we have, 

ML = MN cos ^ = sin a cos 5. 

From the right-angled triangle CF'K (Art. 37), we have. 



or, smce 



NF' = CN sin b ; 
AT' = LPy LP = cos a sin S. 



Substituting the values of PM, ML, and LP, in Eq^ua- 
^ion (1), we have, 

sin {a + b) = sin a cos 5 + cos a sin J; . (5i,)« 

tliat is, tJie sine of the sum of two arcs, is eqval to the 
mie of the first into the cosine of the second, plus the co- 
sine of the first into the sine of the second. 
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Since the above formula is true for any values of a and 
hf we may substitute — A, for b ; whence, 

sin (a — ft) = sin a cos ( — ft) + cos a sin ( — ft) ; 
but (Art. 62), 

cos ( — ft) = cos ft, and, sin ( — ft) = — sin ft ; 

hence, 

sm (a — ft) = sin a cos ft — cos a sin ft ; • ( Q.) 

that is, the sine of the difference of two arcsy is equal tc 
the sine of the first into tJie cosine of the second^ minus the 
cosine of the first into the sine of the second. 

If, in Formula ( 3 ), we substitute (90° — a), for a, we 
have, 

rin (90°— a— ft) = sin (90°— a) cos ft—cos (90°— a) sin ft ; • (2.) 

but (Art. 63), 

sin (90°- a — ft) = sm [90°— (a + ft)] = cos (a -h ft), 
and, 

sin (90° — a) = cos a, cos (90° — a) = sin a ; 

hence, by substitution in Equation (2), we have, 

cos (a + ft) = cos a cos ft — sin a sin ft ; • ( ®,) 

that is, the cosine of the sum of two arcSy is equal to the 
rectangle of their cosines^ minus the rectangle of their si^es. 

ICy in Formula (®), we substitute —ft, for ft, we find 

cos (a — ft) = cos a cos ( — ft) — sin a sin ( — ft), 
or, 

cos(a — ft) = oosacosft + sinasinft;/ • (©.) 
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thai 18, the cosine of the difference of two arce^ is equal 
to the rectangle of their cosines^ plus the rectangle of their 
sines, 

h we divide Formula (^) by Formula ((S), member ty 
iiember, we have, 

sin (a-{-h) sin a cos h -f cos a sin h 
cos {a + b) cos a cos ^ — sin a sin 6 

Dividing both terms of the second member by cos a cos ft, 
recollecting that the sine divided by the cosine is equal to 
the tangent, we find, 

/ . T\ tan a + tan ft , ,^ . 

*»"(« + *) = 1 - tau a t ^ ' • • • • (^-^ 

that is, the tangetU of the sum of two arcSy is equal to the 
sum of their tangents^ divided by 1 minu^s the rectangle of 
their tangents 

Iff in Formula ( 51 ), we substitute — ft, for ft, recollect- 
ing that tan (—ft) = — tan ft, we have, 

/ » \ tan a — tan ft ^ .^ % 

tan (a — ft) = , . ^ ; 1 ;••••(».) 

^ ' 1 + tan a tan b ^ ' 

that is, ths tangent of the difference of two arcs^ is equal 
to the difference of their tangents^ divided by 1 plus the 
rectangle of their tcmgents. 



In like manner, dividing Formula (®) by Formula (A), 
member by member, and reducing, we have, 

4. / . x\ cot a cot ft — 1 . _ . 

cot (a + ft) = — I : TT" ; • • (®-) 

' cot a+ cot ft ^ ' 
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and thence, by the substitution of —ft, for J, 

. , ,. cot a cot ft + 1 ,^^ . 

cot (a — ft) = — r-T ■ — ; . . . . (UL) 

^ ^ cot ft — cot a * ^ ' 

FUNCTIONS OF DOUBLE ARCS AND HALF ABCS. 

66. If, in Formulas (^), (®), (a), and (C3), we 
make a = ft, we find, 

sin 2a = 2 sin a cos a ; • • • • (41'.) 

cos 2a = cos^a — sin^a ;••••( O'.) 

2 tan a , .^ 

tan 2a = : faM 

^ ^ cot^a — 1 ... 

cot 2a = —- ( (3' ) 

2 cot a ^ ^ •' 

Substituting in ( (9'), for cos^a, its value, 1 — sin^a ; and 
afterwards for sin^o, its value, 1 — cos^a, we have, 

cos 2a = 1 — 2 sin^o, 
cos 2a = 2 cos^a — 1 ; 

whence, by solving these equations, 

/ 1 — cos 2a , , 

em a = y^ 2 I • • • • ( !•) 

/ 1 -f cos 2a , , 

cos a = ^ 2 ^^-^ 

We also have, from the same equatiocs, 

1 — cos 2a = 2 sin^a ; (3.) 

1 + COB 2a = 2 cos^a. (4.) 
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Dividing Equation ( ^'), first by Equation ( 4 ), and then 
by Equation ( 3 ), member by member, we have, 

sin 2a ^ 

= tan a ; 5.) 



1 + cos 2a 

sin 2a 
1 — cos 2a 



= cot a. (6.) 



Substituting ^o, for a, in Equations ( 1 ), ( 2 ), ( 5 ), 
and ( 6 ), we have. 



1 / 1 — cos a i r. ,,\ 

ffl° i« = y — 2 > • • • (^ •) 



, /l + cos a , ^„ ^ 

cos ia = Y^ —^ ; . . . ( o",) 



1 sm a ^ .. V 

tan Aa = ; • • • • ( l2i' ) 

^ 1 + cos a * ^ ' 



A. 1 sm a r .. V 

1 — cos a ^ ' 



Taking the reciprocals of both members of the last two 
formulas, we have also, 



«^* j^ 1 + cos a - 1 — cos a 

cot ia = — ; , and, tan \a = 



• 



sm a * sm a 



ADDmONAL FOEMULAS. 



67. If Formulas ( 41 ) and (3) be first added, member 
to member, and then subtracted, and the same operations be 
performed upon ( ® ) and ( S) ), we shall obtain. 
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em (a 4- ft) + sin (a -- ^) = 2 sin a cos ft ; 

sin (a -}- ft) — sin (a — ft) = 2 cos a sin ft ; 
cos (a -f- ft) + cos (a — ft) = 2 cos a cos ft ; 
cos (a — ft) — cos (a + ft) = 2 sin a sin ft. 

If in these we make, 

a + ft = Jt>, and a — ft = g', 
whence, 

a z^ \[p + q\ ft = i (2> - ^) ? 

and then substitute in the above formulas, we obtain, 

sin /> + sin <7 = 2 sin ^ (/> + <?) cos ^ (jo — ^) • ( Si.) 

Mn jt> — sin 7 = 2 cos i (j» + 2') sin i ( JO — 2^) • ( a.) 

oosjc> + cos q z=i 2 cos \ {p + q) cos i (2> — ^) • (22.) 

cos g' — cos^ = 2 sin i (jo + ^) sin i (/> — ^) • ( SI.) 

From Formulas (a) and (US), by divifflon, we obtain, 



rin jg^sin q _ co^\{p+q) sin K/^—g) __ tan| ( jt?— g ) ^ , . 
gin 2> + sing' "" sm i(/>-f g-) co^^{p—q) "" tan i(jt)4-^j| * ^ '' 



That is, fA^ «m/7i of the sines of two arcs is to their di/- 
ferencej as the tangent of one half the sum of the arcs is 
to the tangent of one half their difference. 
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Also, m like manner, we obtain, 

Bmp^g ^ sm_ i{p+g)coBiip-q) ^ ^^^ ^ . ^^.^ 

Sinp-smq ^ cos i(p + q) sm jip-g) ^ ^^ . / x ^ /gv 

COfcjy + cosy cos i(p+q) cos l(i?— y) t \P *l) • \ •) 

tinp + sing _ sin i{p+^) cosi(l>— g) _ cosi(l>—g) /^x 

^{p+q) ~ 8ini(;>+2^) co8i(})+2^) "" co8iQ>+g) ' ^ '' 

mnp — sinq _ sin jip—q) cosj^p+q) _ sin i(p— g) ^ /^n 

sin (j94-g) "" sin^(^+2') cosiOt>H-2') ~ sin^Qo+g) * ^ '^ 

sin (p-g) _ sin i{p-q) cosjip-q) _ cos Jip-^q) ^ 

Bin p — em q sin iip—q) cos i(/>+2') cos i{p+q) * 



all of which give proportions analogous to that deduced from 
Formula ( 1 ). 

Since the second members of (6) and (4) are the same, 
we have, 

emp-^smq ^ sin {p + q) ..... /.^v 
sin (/>— g) sin|> + sing* • • • • v •/ 

That is, the sine of the difference of two arcs is to the 
difference of tlie sines as the sum of the sines to the sint 
of the sum. 

All of the preceding formulas may be made homogeneous 
in terms of iJ, It being any radius, as explained in An. 
30 ; or, we may simply introduce 22, as a factor, into each 
term as many times as may be necessary to rendw all of 
its terms of the same degree. 
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KETHOD OF COMPUTINa A TABLE OF NATUBAL 8IKES. 

68* Since the length of the semi-circumference of a circle 
whose radius is 1, is equal to the number 8.14159265 . . . , 
f we divide this number hy 10800, the number of minutes 
n 180% the quotient, .0002908882 . . . , will be the length 
>f the arc of one minute ; and since this arc is so small 
that it does not differ materially from its sine or tangent, 
this may be placed in the table as the sine of one minute 

Formula (3) of Table 11., ^ves. 



cos 



1' = y/\ — smn' = .9999999577 • • (1.) 



Having thus determined, to a near degree of approximar 
tion, the sine and cosine of one minute, we take the first 
formula of Art. 67, and put it under the form, 

€an (a + b) = 2 sin a cos 5 — sin (a — J), 
and make in this, £ = 1', and then in succession, 

a = 1', a = 2', a =z 3', a = 4', &o^ 

and obtain, 

sin 2' = 2 sm 1' cos 1' — sin = .0005817764 . . . 

gin 3' = 2 sin 2' cos 1' — sm 1' = .0008726646 . . . 
sb 4' = 2 sin 3' cos 1' — sin 2' = .0011635526 . . . 
sin 5' = 4fco., 

thus obtaining the sine of every number of degrees and 
minutes from 1' to 45°. 
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The cosines of the corresponding arcs may be computed 
by means of Equation ( 1 ). 

Having fomid the sines and cosines of arcs less than 45% 
those of the arcs between 45® and 90"^, may be deduced, 
by considering that the sine of an arc is equal to the cosine 
of its complement, and the cosine equal to the sine of the 
complement. Thus, 

sin 60'' = sin (90® — 40*") = cos 40°, cos 50** = an 40% 

in which the second members are known from the previous 
computations. 

To find the tangent of any arc, divide its sine by its 
cosine. To find the cotangent, take the reciprocal of the 
corresponding tangent. 

As the accuracy of the calculation of the sine of any arc, 
by the above method, depends upon the accuracy of each 
previous calculation, it would be well to verify the work, by 
calculating the sines of the degrees separately (after having 
found the sines of one and two degrees), by the last pro- 
portion of Art. 67. Thus, 

sin 1** : gin 2® — sin 1® : : sin 2® + sin 1** : sin 3** ; 
fib 2** : sin 8** — sin 1** : : sin 8° + sm 1® : sin 4*» ; &c. 
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69. Spherical Thigoxometky is that branch of Mathe- 
matics which treats of the solution of spherical triangles. 

In every spherical triangle there are six parts : three sides 
and three angles. In general, any three of these parts being 
given, the remaining parts may be found. 

GENERAL PRINCIPLES. 

70. For the purpose of deducing the formulas required 
in the solution of spherical triangles, we shall suppose the 
triangles to be situated on spheres whoso radii are equal 
to 1. The formulas thus deduced may be rendered applica- 
ble to triangles lying on any sphere, by making them homo- 
geneous in terms of the radius of that sphere, as explained 
in Art. 30. Tlie only cases considered will be those in 
which each of the sides and angles is less than 180°. 

Any angle of a spherical triangle is the same as the die- 
dral angle included by the planes of its sides, and its mca 
•lire is equal to that of the angle included between two 
right lines, one in each plane, and both perpendicular to 
their common intersection at the same point (B, VI., D. 4). 

The radius of the sphere being equal to 1, each side of 
the triangle will measure the angle, at the r;entre, subtended 
by it. Tims, in the triangle ABCy the angle at JL is 
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the same as that included between the planes AOQ and 

A OB ; and the side a is the 

measure of the plane angle BOCy 

O being the centre of the 

splicre, and OB the radius, equal 

to 1. 




71. Spherical triangles, like 
plane triangles, are divided into 
two classes, right-anf/led spherical 

triangleSy and oblique-angled spherical triangles. Each class 
will be considered in turn. 

We shall, as before, denote the angles by the capital 
letters -4, j5, and (7, and the opposite sides by the small 
letters a, 5, and c. 

FOEMIJLAS USED IN BOLVINO RIGHT-ANGLED 8PHEEICAL 

TRIANGLES. 

72. Let CAB be a spherical triangle, right-angled at -4, 
and let be the centre of the 

sphere on which it is situated. 
Denote the angles of the triangle 
by the letters -4, -B, and (7, 
and the opposite sides by the 
letters a, ^, and c, recollecting 
that B and C may change 
places, provided that h and c 
change places at the same time. 

Draw OAy OB^ and 0(7, each of which will be equal 
to 1. From B^ draw BP perpendicular to OA^ and 
from P draw PQ perpendicular to 0(7 ; then join the 
points Q and i?, by the line QB. The line QB will be 
perpendicular to 0(7 (B. VI., P. VL), and the angle PQ^B 
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will be equal to the inclination of the planes GB and 
OCA ; that is, it Avill be equal to the angle C. 
We have, from the figure, 

PB = sin c, OP = cos c, QB = sin a, OQ = cos a. 
Also, yrjy = COS C\ and ^^ = sin h. 

From the right-angled triangles OQP and QPB^ we have, 
0^ = OP cos AOC; or, cos a = cos c cos 5 . (1.) 

P5 = QB sin PQB; or, sin c = sin a sin C . (2.) 

OP 

Multiplying both terms of the fraction —yj by OQ, and 

remembering that cot a = tan (90*^ — a), we have, 

1^ = -^ X ||; or, cos (7= tan (90" ^ a) tan J. (3.) 

OP 
Multiply both terms oi the fraction ~^, by P^, and 

remembering that cot = tan (90** — 0), we have, 

OP PB OP 

-QP =" -QP ^ PB' ^^' sin ^ = tan c tan (90«>-O). (4.) 

I^ in (2), we change c and (7, into b and J?, wo 

have, 

sin ^ = sin a an ^ (6.) 

I^ in (3), we change b and (7, mto c and -B, we 

have, 

cos B = tan (90°— a) tan c • • • • (6. 

I^ in (4), we change i, c, and (7, into c, i, and 

B, we have, 

an c = tan 6 tan (90®— J5) • • • • (Y.) 
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Multiplying { 4 ) by ( 7 ), member by member, we haye, 

8in b sin c = tan 6 tan c tan (90'^— i?) tan (OO'^— C). 

Dividing both, members by tan h tan c, we have, 
cos h cos c = tan (90°— -B) tan (90®— (7) ; 

and substituting for cos b cos c, its value, cos a, taken 
from ( 1 ), we have, 

cos a = tan (90^^-1?) tan (90°— (7) • • (8.) 

Formula ( 6 ) may be written under the form, 

^ cos a sin c 

cos B = -, • 

sm a cos c 

Substituting for cos a, its value, cos b cos c, taken fr<»u 
(1 ), and reducing, we have, 

^ cos b sin c 

cos JB = J • 

sm a 

Again, substituting for sin c, its value, an a sin (7, taken 
from ( 2 ), and reducing, we have, 

cos B = cos 6 sin (7 • • • • (9.) 

Changing J5, 6, and (7, in ( 9 ), into C7, c, and J?, wc 

have, 

cos C = cos c sin jB • • • • (10.) 

These ten formulas are sufficient for the solution of any 
right-angled spherical triangle whatever. 
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NAPIER^S CIRCULAR PARTS. 

73. TJie two sides about the right anglCj 
the complements of their opposite angles, and 
the complement of the hypothenusCy are called 
Napier'p Circular Parts. 

If we take any three of the five parts, as 
shown in the figure, they will either be 
adjacent to each other, or one of them will he separated from 
each of the other two, by an intervening part. In the first case, 
the one lying between the other two parts, is called the middle 
part, and the other two, adjacent parts. In the second case, the 
one separated from both the other parts, is called the middle part, 
and the otlier two, 02)posite jmrts. Thus, if 90° — a, is the middle 
part, 90° — B, and 90° — C, are adjacent parts ; and b and c, are 
opposite parts; and similarly, for each of the other parts, taken 
as a middle part. 

74. Let us now consider, in succession, each of the five 
parts as a middle part, when the other two parts are oppo- 
site. Beginning with the hypothenuse, we have, from formulas 
(1), (2), (5), (9), and (10), Art. 72, 



sin (90''-. a) 


=r 


cos 6 cos c 


• (!•) 


sin c 


— 


cos (90°— a) cos (90°— (7) • 


(2.) 


em b 


= 


cos (90°— a) cos (90°—^) 


• (3.) 


an (90°-^) 


— 


cos b cos (90°— C) • • • 


• (4.) 


sin (90^- (7) 


z::^ 


cos cos (90°— i?) • • • 


• (5.) 



Comparing these formulas with the figure, we see that. 



TJi^ sine of the middle part is equal to the rectangle of 

the cosines of the opposite parts, 

22 
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Lei us now take the same middle parts, and the other parte 
adjacent. Formulas (8), (7), (4), (6), and (3), Art 72, give 



sin (90°— a) = tan (90''- i?) tan (90°- (7) 

Bin c = tan b tan (90°— B) • 

Bin 5 t= tan c tan (90°— C) 

sin (90° -J?) = tan (90°- a) tan c 

sin (90°— C) = tan (90°- a) tan b 



• • • 



• • • 



• • • 



(6.) 

(?■) 
(8.) 

(10.) 



Comparing these formulas with the figure, we seo that, 

The sine of t/ie middle part is equal to the rectangle of 
the tangents of the ac^acent parts. 

These two rules are called Napier's rules for Circular 
Parts, and they are sufficient to solve any right-angled 
spherical triangle. 

75. In applying Napier's rules for circular parts, the part 
sought will be determined by its sine. Now, the same sine 
corresponds to two different arcs, supplements of each other ; 
it is, therefore, necessary to discover such relations between 
the given and required parts, as will serve to point out 
which of the two arcs is to be taken. 

Two parts of a spherical triangle are said to be of the 
ame species^ when they are both less than 90°, or both 
greatei than 90° ; and of different species^ when one S» less 
and the other greater than 90°. 

From Formulas (9) and (10), Art. 72, we hav^, 

. ^ cos J5 - . « COB (7 

mn C/ = i- , and sm j9 r= ; 

cos b cos e 
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smce the angles B and C are loth less than 180°, their 
ones must always be positive : hence, cos B must have 
the same sign as cos 5, and the cos G must have tlie 
same sign as cos c. This can only be the case when B 
is of the same species as 5, and C of the same species 
as c ; that is, t?ie aides about the right angle are alioay^ 
of t/ie same species as their opposite angles. 

From Formula ( 1 ), we see that when a is less than 
90°, or when cos a is positive, the cosines of h and c 
will have the same sign ; ' that is, h and c will be of the 
sam^ species. When a is greater than 90°, or when cos a 
is negative, the cosines of b and c will be contrary ; that 
18, b and c will be of different species : hence, when the 
hypothenuse is less than 90°, the two sides about t/ie right 
anglej and consequently the two oblique angles^ will be of the 
same species ; when tJi^ hypothenuse is greater tJian 90°, 
the two sides about the right angle^ and consequently the two 
oblique angles^ wiU be of different species. 

These two principles enable us to determine the nature 
of the part sought, in every case, except when an oblique 
angle and the opposite side are ^ven, to find the remaining 
parts. In this ease, there may be two solutions, one soltM 
tioHj or no solution at aU, 

Let BAC be a right-an- 
gled triangle, in which B 
and b are given. Prolong 
the sides ^^ and BC till 
they meet in B\ Take 
B'A' = BA, B'Cr z=z BC, and join A' and (7' by the 
arc of a great circle: then, because the triangles BAC and 
B*A'C* have two sides and the included angle of the one, 
equal to two sides and the included angle of the other, each 
to each, the remaining parts will be equal, ead* to each ; 
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that is, A'C = ACy and the angle A equal to the 
%ngle A : hence, the two triangles BAt\ B*AC'^ are 
fight-angled ; they have also 
9ne oblique angle and the op- 
j^site side, in each, equaL 

Now, if h differs more from 
^° than jB, there will evident- 
ly be two solutions^ the sides 
including the given angle, in the one case, being supplements 
of those wliich include the given angle, in the other case. 

If b = B, the triangle will be bi-rectangular, and there 
will be but a single solution. 

If b differs less from 90° than -B, the triangle cannot be con- 
structed, that is, there will be no solution. 

SOLUTION OF EIGHT-ANGLED SPHERICAL TRIANGLES. 

76. In a right-angled spherical triangle, the right angle 
is always known. K any two of the other parts are given, 
the remaining parts may be found by Napier's rules for 
circular parts. Six cases may arise. Tliere may be given, 

I. The hypothenuse and one side. 

n. The hypothenuse and one oblique angle. 

UL The two sides about the right angle. 

rV, One ade and its adjacent angle. 

V. One side and its opposite angle. 

VL The two obUque angles. 

In any one of these cases, we select that part which is 
etther adjacent to, or separated from, each of the other given 
parts, and calling it the middle part, we employ that one of 
Napier*8 rules which is applicable. Having determined a third 
part, the other two may then be found in a similar manner. 
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It is to be observed, that the formulas employed are to be 
rendered homogeneous, in terms of R, as explained in Art. 30. 
This is done by simply multiplying the radius of the Tables, 
72, into the middle part. 

EXAMPLES. 

1. Given a = 105° 17' 29", and 
h = SS'' 4r 11", to find (7, c, 
and B. 

Since a > 90% b and c must be 
of different species, that is, c > 90°; 
for the same reason, C > 90°. 

OPERATION. 

Pormula ( 10 ), Art. 74, gives, for 90° — (7, middle part, 

log cos C = log cot a + log tan J — 10 ; 
log cot a (105° 17' 29") 9.436811 
log tan h ( 38° 47' 11") 9.905055 

log cos C 9.341806 .-. (7=102° 41' 33" 

Formula (2), Art 74, gives for c, middle part, 
log sin c = log sin a + log sin (7 — 10 ; 



log sin a (105° 17' 29") 

log sin C (102° 41' 33") 

log sin c 



9.98434G 
9.989256 
9.973602 .-. (?=109° 46' 32". 



Foimula (4), gives, for 90° — By middle part, 

log cos J? = log sin C + log cos J — 10 ; 

log sin (102° 41' 33") 9.989256 
log cos b ( 38° 47' 11") 9.891808 

log cos ^ .... 9.881064 . • i? = 40° 29' 50". 



Ans. c = lOO'^ 46' 32", B = 40° 29' 50", (7 = 102** 41' 33". 
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2. Given b = 51'^ 30', and B = 58° 35', to find c, 
a, and C, 

Because b <^ B, there are two solutions. 

OPERATION'. 

Formula (7), gives for Cy middle part, 

log sin c = log tan b + log cot j5 — 10 ; 

log tan b (51° 30') . 10.099395 
log cot B (58° 35') . 0.785900 

log sin c .... 0.885295 .-. c = 50° 09' 51", 

and c = 129° 50' 09", 

Formula ( 1 ), gives for 90° - a, middle part, 

log cos a = log cos b + log cos c — 10 ; 

log cos b (51° 30') . 9.794150 
log cos c (50° 09' 51") 9.80C580 

log cos a .... 9.G00730 .-. a = 66° 29' 54", 

and a = 113° 30' 06". 
Formula (10), gives for 90° -C, middle part, 

log cos (7 = log tan 6 + log cot a — 10 ; 

log tan b (51° 30') • 10.099395 
log cot a (66° 29' 64") 9.638336 

log cos C .... 9.737731 .-. (7 = 56° 51' 38", 

and G = 123° 08' 22". 
In a cdmilar manner, all other cases may be solved. 

3. Given a = 86° 51', and i? = 18° 03' 32", to find 
5, c, and C. 

Ana. b = 18° 01' 60", c = 86° 41' 14", C = 88° 68' 26". 
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4. Given h = 165° 27' 64", and c — 29° 46' 08", to 
find a, By and C. 

A)is. a = 142° 09' 13", B = 137° 24' 21", C = 64° 01' 16". 

6. Given c = 73° 41' 35", and ^ = 99° 17' 33", to 
find a, by and (7. 

Ans. a = 92° 42' 17", b = 99° 40' 30", C = 73° 54' 47". 

6. Given b = 115° 20', and B = 91° 01' 47", to find 
a, c, and C, 

( 64° 41' 11", ri77°49'27", ri77°35'36". 

[ 115° 18' 49", [ 2° 10' 33", [ 2° 24' 24". 

7. Given J5 = 47° 13' 43", and C = 126° 40' 24", to 
find a, by and c. 

Ans. a = 133° 32' 26', b = 32° 08' 56", c = 144° 27' 03". 

In certain eases, it may be necessary to find but a single 
part. This may be effected, either by one of the formuhis 
given in Art. 74, or by a slight transformation of one of 
them. 

Thus, let a and B be given, to find (7. Regarding 
90° — a, as a middle part, we have, 

cos a = cot B cot C ; 

whence, 

, ^ cos a 
cot (7 = —-jz ; 

• 

and, by the application of logarithms, 



log cos a + (a. c.) log cot B = log cot 0; 

from which may be found. In like manner, other cases 
may be treated. 
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QUADBANTAL SPHERICAL TRIANGLES. 

77. A QuADRANTAL Sphebical Trianglb is One in whicb 
one side is equal to 90*^. To solve such a triangle, we pass 
to its polar triangle, by subtracting each side and each 
angle from 180^ (B. IX., P. VI.). The resulting polar tri- 
angle will bo right-angled, and may be solved by the rules 
already given. The polar triangle of any quadrantal triangle 
being solved, the parts of the given triangle may be found 
by subtracting each part of the polar triangle from 180°. 



EXAMPLE. 



Let A'B^O' be a quadrantal 
triangle, in which B'C = 90^, 
£" = 75° 42', and c' = 18° 37'. 

Passing to the polar triangle, 
we have, 




A = 90°, b = 104° 18', and C = 161° 23'. 



Solving this triangle by previous rules, we find. 



a = 76° 25' 11", c = 161° 55' 20", J? = 94^ 31' 21" ; 

kence, the required parts of the given quadrantal triangle are, 
A' - 103° 34\49" C - 18° 04' 40", b' = 85o 28' 39", 



In a similar manner, other quadrantal triangles may be 
solved. 
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VOBHIULAB USED IN SOLVING OBLIQUE-ANGLED SrUEBIOAL TRI- 
ANGLES. 

78. Let ADC represent an oblique-angled spherical tri 
Wigle. From either vertex, (7, 
draw the arc of a great circle 
C£\ perpendicular to the oppo- 
site side. The two triangles 
ACB' and i?C^' will be right- 
angled at -B'. 

From the triangle ACB\ we 
have Formula (2), Art. 74, 

sin CB' = sin ^ sin 6. 

From the triangle BCB\ we have, 

sin CB' = sin i? sin a. 

Equating these values of sin CB\ we have, 

sin ^ sin i = sin i? sin a ; 

from which results the proportion, 

dna : sind :: sin^ : sinj?. . . (1.) 



In like manner, we may deduce, 

sin a : sin c : : sin -4 : sin C . . • (2.) 
sin 6 : sin c : : sin JS : sin (7 . • . ( 3.) 

That is, in any spherical triangle, the sines of the sidet 
are proportional to the sines of their opposite angles. 

Had the perpendicular fallen on the prolongation of AB^ 
the same relation would have been found. 
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79, Let ABC represent any spherical triangle, and 
the centre of the sphere on 
which it is situatei Draw the 
radii OA, OB, and OC \ from 
i draw CP perpendicular to 
iLc plane AOB \ from P, the 
foot of tliis perpendicular, draw 
PV and FJE respectively per- 
pendicular to OA and OB ; join 
CD and CE, these lines will be respectively perpendicular 
to OA and OB (B. VI., P. VL), and the angles Ci)P 
and CEP will be equal to the angles A and B respec- 
tively. Draw DL and PQ, the one perpendicular, and the 
other parallel to OB. We then have, 

OE = cos a, DC = sin h^ OD = cos b. 




We have from the figure, 



OE z=z 0L + QP 



(1.) 



In the right-angled triangle OLD, 



OL 



OD cos DOL = cos b cos c. 



The right-angled triangle PQD has its sides respectively 
perpendicular to those of OLD ; it is, therefore, similar to 
it, and the angle QDP is equal to c, and we have. 



QP = PD sinQDP = P2> sin c 



• • 



(2.) 



fhe right-angled triangle CPD gives, 

PD = CD cos CDP = sin 6 cos ^ ; 
substituting this value in (2), we have, 



QP = sin & sin c cos A ; 
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and now substituting these values of OE^ OL^ and ^P, 
in ( 1 ), we. have, 

cos a = cos h cos c + sin J sin c cos A • (3.) 

la the same way, we may deduce, 

cos h = cos a cos c + sin a sin c cos B • • (4.) 
cos c = cos a cos ^ + sin a sin ^ cos C • • (6.) 

That is, the cosine of either side of a spherical triangle is 
equal to the rectangle of the cosines of the other two sides 
plus the rectangle of the sines of these sides into the cositie 
of their included angle. 

80. If we represent the angles of the polar triangle of 
ABC\ by A\ B\ and C", and the sides by a\ V 
and c\ we have (B. IX., P. VI.), 

a = 180° — A\ 6 = ISC' - B\ c = 180° -C", 
A = 180° — a', B =: 180° - b\ C = 180° - e\ 

Substituting these values in Equation (3), of* the preceding 
article, and recollecting that, 

cos (180°-ul') = - cos A\ sin (180°- i?') = sin B\ Ac, 
we have, 

— cos A* = cos B' cos (7' — sin jB' sin C cos a' ; 

or, changing the signs and omitting the primes (since the 
preceding result is true for any triangle), 

cos A = da B sin C cos a — cos J9 cos C7 ( 1.) 
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In the same way, we may deduce, 

cos -B = sin -4 sin (7 cos b — cos A cos C • (2.) 

cos C = sin ^ sin J5 cos c — cos A cos B • (3.) 

That is, tJie cosine of either angle of a spherical triaiigle 

is equal to the rectangle of tJie sines of the other two 

angles into the cosine of their included side, minus the 

rectangle of the cosines of t/iese angles. 



81 • From Equation (8), Art. 79, we deduce, 

J cos a — cos b cos c , , ^ 

cos A = ; 1 r (1.) 

sm 6 sm c 

If we add this equation, member by member, to the num. 
ber 1, and recollect that 1 + cos -4, in the first member, 
is equal to 2 cos* ^A (Art. 66), and reduce, we have, 

, , - sin 5 sin c 4- cos a — cos b cos c 

2 cos* Jul = ; r : I 

sm o 81U c 
or, Formula (O), Art. 65, 

, , - cos a — cos (b-\-c) , ^ . 

2 008*^4 = ; — , / ^ (2.) 

sm o sm c ^ ' 

And since, Formula (SI), Ait. 67, 

cos a — cos {b + c) = 2 sin i(a + 5 + c) sin 4(ft + c — a), 



Equation (2) becomes, after dividing both members by 2 

21 J — ^i{^ + b + c) sin 1(6 + c — g) 
' sm sm e 
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If, in this we make, 

i{a + b + c) = is ; whence, ^(b + c — a) = i« - a, 

and extract the square root of both members, we hare. 



1 A I 8"! \^ sin {JiS — a) , ^ 

cos i^ = W -. . Y 1 ... . (3.) 

V sm 6 sm c ^ ' 

That is, the cosine of one-half of eitJier angle of a sphe9*ical 
triangle, is equal to the square root of the sine of on^-half 
cf the sum of the three sides, into the sine of one-half this 
sum minus the side opposite the angle, divided by the rect- 
angle of the sines of the adjacent sides. 

If we subtract Equation ( 1 ), of the preceding article, 
member by member, from the number 1, and recollect that, 

1 — cos J. = 2 sin^ iA, 
we find, after reduction, 

• 1 A I sin (\s ^h) sin {hs — c) , ^ 

V sm 6 sm c . ^ ' 

Dividmg the preceding value of sin |^, by cos \Ay 
we obtain, 

, 1 A I sin {hs — h) sin (\s — c) , , 

tani^ = K V^ / ,. ^^ , ^ - . . . (5.) 

V sm \s sm {\s — a) ^ -' 

82. If the angles and sides of the polar triangle of 
ABC be represented as in Art. 80, we have, 

A = 180^ -a', h = 180^ --B', c = 180^ -(7', 

\% = <IW - i{A'+B'-\-G% l« - a = 90°-i(5'.f C'-^A'). 
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Substituting these values in (3), Art. 81, and reducing 
by the aid of the formulas in Table IIL, Art. 63, we find, 

__ /^ cos i(A'^B^+ (70 cos yB'-^'C'^lA^ 
^ *^ - V sm J5' sm C 

Placing 
4(^'+^'+a') = iS; whence, J(i?'+ (7'-^') = i8-A\ 

Substituting and omitting the primes, we have, 



. , / — cos-J/Sf cos {iS — A) . . 

^ V sm i? sm 6 

In a similar way, we may deduce from (4), Art. 81. 



^ V sm j5 sm C7 



and thence. 



tania - ./-^osj'^ cos {jS- A) . . 

wa ia - V cos (i-S- J?) cos (i5- C) ^ ' 



83. From Equation (1), Art. 80, we have, 

sm .A. 

cos A + cos JB cos C = sin ^ sin (7 cos a = sin C -. sin b cos a : 

sm a 

tjiiice, from Proportion ( 1 ), Art. 78, we have, 

. _ sin -4 - 

sm -a = -; sm o, 

sm a 

Also, from Equation (2), Art. 80, we have, 

006^ + coSi4 cos(7 = sin^ sin (7 cos& rjr sin (7 -. sin a oosj 

sm a 

(2.) 
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Adding ( 1 ) and ( 2 ), and dividing by sin (7, we obtainy 

/ At r»\ 1 + cos (7 sm ^ 

(cos -4 + cos -S) -. — j^— = -; sm (a + J). ( 8.) 

^ 'sinC/ sina^ /\/ 

The proportion, sin -4 : sin J9 : : sin a : sin ^, 

taken first by composition, and then by division, gives, 

sin -4 + sin -5 = (sin a + sin ft) • • • (4.) 

sm a ^ ' ^ ' 

sin ^ — sin i? = -; (sin a — sin 6) • • • (6.) 

sm a ^ ^ ' 

Dividing ( 4 ) and ( 5 ), in succession, by ( 3 ), we obtain, 

6in-4-f-sin-B sinC __sina-|-8inft , 

cos^ + cos-B 1 4- cos (7 "" gin {a + b) ' ^ '' 

sin -4 — sin i? sin C __sina — sin5 

cos -4 + cos-B 1 + cos C "" sin (a + 6) ' ^ *^ 

But, by Formulas (2) and (4), Art. 67, and Formula (Si'Of 
Art. 66, Equation ( 6 ) becomes, 

tan i{A + J3) = cot iC ^^' tj"^ 7 ^ ; • • (8.) 
^ ' cos i{a -\- b) ^ ^ 

and, by the similai- Formulas ( 3 ) and ( 6 ), of Art. 67, 
Equation (7) becomes, 

tani(^-^) = cot i(7?!^if^;^J. . . (9.) 

These last two formulas give the proportions known as the 
first set of Napier^s Analogies, 

co6|(a+ft) : co8i{a—b) : : cot^C : taxii{A + B), (10.) 

sin J(a + &) : mn |(a— ft) :: cot|(7 : tani(-4 — -B). (11.) 
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If in these we substitute the values of a, by (7, Aj 
and J3y in terms of the corresponding parts of the polar 
triangle, as expressed in Art. 80, we obtain, 

oos^(^-f-i>) : cosl{A—J3) : : tan^ : tan^(a-f^). (12.) 
sin i(-4-f-i?) : sin i(^— i>) :: tan^c : tani(a— ^). (13.) 
the second set of Napier^s Analogies. 

In applying logarithms to any of the preceding formulas, 
they must be made homogeneous, in terms of -B, as ex- 
plained in Art. 80. 

SOLUTION OF OBLIQUE-ANGLED SPHERICAL TRIANGLES. 

84. In the solution of oblique-angled triangles six differ* 
ent cases may arise : viz., there may be given, 

L Two sides and an angle opposite one of them. 

n. Two angles and a side opposite one of them, 

in. Two sides and their included angle. 

rV. Two angles and their included side. 

V. The three sides. 

VL The three angles. 

CASE I. 

Given two sides and an angle opposite one of them, 

85. The solution, in this case, is commenced by finding 
Uie angle opposite the second given side, for which purpose 
Formula ( 1 ), Art. 78, is employed. 

As this angle is found by means of its sine, and because 
the same sine corresponds to two different arcs, there would 
seem to be two different solutions. To ascertain when there 
are two solutions^ when one. solution^ and when no solution 
at all, it becomes necessary to examine the relations which 



TRIGONOMETRY. 



93 




may exist between the given parts. Two cases may arise, 
viz., the given angle may be acute^ or it may be obtuse. 

We shall consider each case separately (B. IX., P. XIX., 
Gen. Scholium). 

First Case, Let A be 
the given angle, and let a 
and b be the given sides. 
Prolong the arcs AC and 
AB till they meet at A\ 
forming the lune AA' \ and 
from (7, draw the arc CB' perpendicular to ABA', From 
(7, as a pole, and with the arc a, describe the arc of a 
small circle BB, If this circle cuts ABA\ in two points 
between A and A\ there will be two solutions / for if 
G be joined with each point of intersection by the arc of 
a great circle, we shall have two triangles ABC^ both of 
which will conform to the conditions of the problem. 

If only one point of in- 
tersection lies between A 
and A\ or if the small 
circle is tangent to ABA\ 
there will be but one solu- 
tion. 

If there is no point of intersection, or if there are points 
of intersection which do not lie between A and -4', there 
will be no solution. 




Z^'^ 



From Formula (2), Art. 72, we have, 

sin CB' = sin 5 sin -4, 

from which the perpendicular, which will be less than 90°, 

will be found. Denote its value by p. By inspection of 

the figure, we find the following relations : 

23 
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1. When a is greater than p, and at the same time less 
than both b and 180'' — b, tJiere will be two solutions. 

2. When a is greater than p, and intermediate in value 
between b and 180® — b; or^ w/ien a is equal io p, there 
will be but one solution. 

If a = 5, and is also less than 180° — by one of the points 
of intersection will be at -4, and there will be but one 
solution. 

3. When a is greater than p, and at the same time 
greater than both b and 180° — b ; or, when a is 
less than p, there wiU be no solution. 

Second Case. Adopt the 
same construction as before. 
In this case, the perpendicu- 
lar will be greater than 90**, 
and greater also than any 
other arc CA, OB, CA\ 
that can be drawn from C 

to ABA\ By a course of reasoning entirely analogous to 
that in the preceding case, we have the following principles: 

4. When a is less than p, and at the same time 
greater than both b and 180** — b, there wiU be two 
solutions. 

6. When a is less thxin p, and intermediate in 
value between b and 180** — b ; or^ when a is equal 
to p, there will be but one solution. 

6. When a is less than p, and at the same tims 
less than both b and 180° — b ; or^ when a is 
greater than p, there wiU be no solution. 

Having found the angle or angles opposite the second 
side, the solution may be completed by means of Napier's 
Analogies. 
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EZAHPLBS. 

1. Given a = 43<> 27' 36", b = 82« 68' 17", and 
A = 29^ 32' 29", to find JBy (7, and c. 

We see at a glance, that cl '> Py since p cannot 
exceed A ; we see further, that a is less than both b 
and ISO** — b ; hence, from the first condition there will be 
two solutions. 

Applying logarithms to Formula ( 1 ), Art. 78, we have, 

^a. c.) log sin a + log sin b -\- log sin ^1 — 10 = log sin B ; 

(a. c.) log sin a . . (43° 27' 36") . . . 0.162508 

log sin J . . (82** 58' 17") . . . 9,996724 

log sin ^ . . (29° 32' 29") . . . 9.692893 

log sin ^ 9.852125 

.-. 5 = 45° 21' 01", and B = 134° 38' 59". 

Prom the first of Napier's Analogies (10), Art 83, we find, 

(a. c.) log cos \ (a—b) + log cos i {a+h) + log tan i {A +B) —10 

= log cot J C, 

Taking the first value of B, we have, 

i{A -h B) = 37° 26' 45" ; 
also, 

J (a + J) = 63° 12' 56" ; and, ^ (a - J) = 19° 45' 20". 

(a. c.) log cos i{a- b) . (19° 45' 20") . 0.026344 

log cos i(a + b) . (63° 12' 56") . 9.653825 

log taxi i{A + B) . (37° 26' 45") . 9.884130 

log cot I (7 9.564299 

. • . i C = 69° 51' 45", and = 139° 43^ 30^. . 
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The side c may be found by means of Formala (12), 
Art. 83, or by means of Formula (2), Art. 78. 
Applying logarithms to the proportion, 

sin ^ : sin (7 : : sin a : sin c, we have, 

(a. c.) log sin A = log sin C + log sin a — 10 = log sin c ; 

(a. c.) log sin A ( 29^ 32' 29") 0.307107 

log sin (139° 43' 30") 9.810539 

log sin a ( 43'' 27' 36") 9.837492 

log sin t? 9.955138 .-. c = 115° 35' 48". 

We take the greater value of c, because the angle C, 
being greater than the angle J?, requh'es that the side c 
should be greater than the side b. By using the second 
value of J?, we may find, in a similar manner, 

O = 32'* 20' 28", and c = 48° 16' 18". 

2. Given a = 97° 35', b = 27° 08' 22", and 
A = 40° 61' 18", to find i?, (7, and c. 

Ans. B = 17° 31' 09", C = 144° 48' 10", c = 119° 08' 26". 

3. Given a = 115° 20' 10", b = 57° 30' 06", and 
A = 126° 37' 30", to find J5, (7, and c. 

Ans. B = 48° 29' 48", G = 61° 40' 16", c = 82^ 34' 04". 



CASE n. 
Oiven two angles and a side opposite one of them, 

86. The solution, in this case, is commenced by finding 
the side opposite the second given angle, by means of For- 
mula ( 1 ), Art. 78. The solution is completed as in Case L 
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Since the second side is found by means of its sine, there 
may be two solutions. To investigate this case, we pass to 
the polar triangle, by substituting for each part its supple* 
ment. In this triangle, there will be given two sides and 
an angle opposite one ; it may therefore be discussed as in 
the preceding case. When the polar triangle has two solu- 
tionsy one solutioUy or no solution^ the given triangle will, 
in like manner, have two solutions^ one solution^ or no solth 
tion. 

The conditions may be written out from those of the pre- 
ceding case, by simply changing angles into eides^ and the 
reverse ; and greater into lessy and the reverse. 



Let the given parts be A^ J?, 
and a, and let jt? be an arc 
oomputed from the equation, 



sin /> = sin a sin J?. 

There will be two cases : a may be greater than 90* ; 
or, a may be less than 90^. 

In the first case, 

1. WTien A is less than p, and at the same time 
greater than both B and 180** — J5, there will be tUfo 
solutions, 

2. When A is less than p, and intermediate in 
value between B and 180** — ^ / or^ w/ien A is equal 
*o p, there wiU be but one solution, 

3. When A is less than p, and at the same time 
less than both B and ISO^ - B ; or^ when A i$ 
greater than p, th^e unU be no solution. 
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In tho second case, 

4, Wlien A U greater than p, and at the Batne 
leas than both B and 180*=* — J9, there toiH be two sohir 
tion$, 

6. WJien A is greater than p, and intermediate in 
value between B and 180** — j5/ or^ when A is equal 
to p, there wiU be but one solution. 

6. Wh^n A is greater than p, and at the same 
time greater than both B and 180** — i? / or^ when A 
is less than p, there will be no solution. 

BXAMPLBS. 

1. Given A = 95® 16', B = 80«» 42' 10", and 

a = sras', to find c, b, and C. 

* 

Computing />, firom the formula, 

log Aap = log sin i? 4- log sin a — 10 ; 
we have, p = 66° 27' 52". 

The smaller value of /> is taken, because a is less 
than 90®. 

Because J. > jt>, and intermediate between 80® 42' 10" 
and 99° 17' 60", there will, from the fifth condition, be but 
A single solution. 

Applying logarithms to Proportion ( 1 ), Art. 78, we have, 

(a. c.) log sin J + log sin B + log sin a — 10 = log sin b ; 

(a. c.) log sin A (95° 16') 0.001837 

log sin B (80° 42' 10") 9.994257 

log sin a (57° 38') 9.92GG71 

log sin * ... . 9.922765 . • . 5 = 56° 49' 57". 
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We take the smaller value of J, for the reason that -4, 
being greater than B^ requires that a should be greater 
than h. 

Applying logarithms to Proportion (12), Art. 83, we have, 



(a. 0.) log cos i (^— ^)+log cos J (^ + ^)+log tan J (a + Z»)— 10 

= log tan \ c ; 
we have, 

i{A+B)z=: %r 59' 05", i (a + J) = 57° 13' 58", 
and, i (^ - 5) = T 16' 55". 

(a. c.) log cos i (yl-j5) . ( 7° 16' 55") . 0.003517 

log cos i {A-irB) . (87° 59' 05") . 8.546124 

log tan ^ {a -^ h) . (57° 13' 58") . 10.191352 

log tan i c 8.740993 

.-. i c = 3° 09' 09", and c = 6° 18' 18^ 

Applying logarithms to the proportion, 

sin a : sin c : : sin ^ : sin C, 
we have, 

(a. c.) log sin a + log sin c + log sin ^ — 10 = log sin C; 

(a. c.) log sin a (57° 38') . . 0.073329 

log sin c (6° 18' 18") . 9.040685 

log sin A (95° 16') . . 9.998163 

log sin (7 9.1121 77 .'. C = 7° 26' 21". 

The smaller value of (7 is taken, for the same reason 
as before. 

2. Given A = 60<> 12', B = 68^ 08', and a = 62°42' 
to find by c, and C. 



6 = 



79° 12' 10", 
1^100^47' 50", 



f 119° 03' 26", f 180° 64' 28", 
152° 14' 18", t 156° 15' 06". 
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CASE m. 
Given two sides and their included angle, 

87. The remaining angles are found by rr^ans of N'apier's 
Analogies, and the remaining side, hA in the precedirg cases. 

EXAMPLES. 

1. Given a = 62° 38', b = lO'^ 13' 19", and 
O = 150° 24' 12", to find C, A, and i?. 

Applying logarithms to Proportions (10) and (11), 
Art. 83, we have, 

(a. c.) log cos i {a -h h) + log cos i (a — J) + log cot i (7 — 10 

= log tan i{A + B); 

(a. c.) log sin {a + I) -{- log sin ^ (a — b) -h log cot ^ C -- 10 

= log tan J {A — B) ; 
we have, 

i(a-h) = 2G° 12' 20", J (7 = 75° 12' OG", 
and, i{a + b) = 36° 25' 39". 

va. c.) log cos i{a -\- h) . (36° 25' 39'^) . 0.094415 

log cos i {a- b) . (26° 12' 20") . 9.952897 

log cot i C ... (75° 12' 06") . 9.421901 

log tan i (^ + j5) 9.469213 

.-. i{A + B) - 1G° 24' 51' 

(a. c.) log sin } (a -^ b) . (36° 25' 39") . 0.226356 

log sin h {a - b) . (26° 12' 20") . 9.645022 

log cot i (7 ... (75° 12' 06") . 9.421901 

log tan i (^ - i?) 9.293279 

.-. i(^ - ^) = 11° 06' 53". 
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The greater angle is equal to the half sum plus the half 
difference, and the less is equal to the half sum minus the 
half difference. Hence, we have, 

A = 2r 31' 44", and J? = 5° 11' 58". 

Applying logarithms to the Proportion (13), Art. 83, we 
iave, 

(a. c.) log sin i {A-B)+ log sin i (^+^) + log tan ^ {a—b) -10 

= log tan i c; 

(a. c.) log sin i {A - B) . {IV 0& 53") . 0.714052 

log sin i{A -h B) . (16° 24' 51") . 9.451130 

log tan i (a - b) . (26° 12' 20") . 0.602125 

log tan 4 c 9.858216 

,•. ic = 35° 48' 33", and c = 71° 37' 06". 



2. Given a = 68° 46' 02", b = 37° 10', and 

C = 39° 23' 23", to find c, -4, and -B. 



ff 



Ana. A = 120° 69' 47", -B = 33° 45' OS", c = 43«> 37' 38 



3. Given a = 84° 14' 29", & = 44° 13' 45", and 
C = 36° 46' 28", to find ^ and -B. 

Am. A = 130° 05' 22", B = 32° 26' 06". 



CASE IV. 
Given tioo angles and their included side, 
88. The solution of this case is entirely analogous to Case 

m. 

Applying logarithms to Proportions (12) and (13), Art 
88, and to Proportion (11), Art. 83, we have, 
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(a. c.) log cos i{A + B) + log cos i {A — B) +log tsji i c — 10 

= log ism i {a + b) ; 

(a. c.) log sin i {A + B) -^ log sin i (^ — j5) + log tan J <? — 10 

= log tan i (a — S) ; 

(a. c.) log sin (a — 5) + log sin (a + h) + log tan J (^ — i?)— 10 

= log cot i C. 

The application of these formulas are sufficient for the 
solution of all cases. 

EXAMPLES. 

1. Given A = 81° 38' 20", B r= W 09' 38", and 
= 69"* 16' 22", to find (7, a, and h. 

Am. C = 64° 46' 24", a = V0° 04' 17'*, b = 63«> 21' 27". 

2. Given A = 34"^ 15' 03", B = 42° 15' 13", and 
c = 76° 35' 36", to find C, a, and ^. 

uln«. (7 = 121° 36' 12", a = 40° 0' 10", b = 50° 10' 30". 



CASE V. 
Oiven the three sides^ to find the remaining parts. 

89. The angles may be found by means of Formula (3), 
Art. 81 ; or, one angle being found by that formula, the other 
two may be found by means of Napier^s Analogies. 

EXAMPLES. 

1. Given a = 74° 23', b = 36° 46' 14", and c = 100° 80', 
to find Ay By and C. 
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Applying logarithms to Formula (3), Art. 81, we have, 

log cosiA =i 10 + i\log emis + log an {i$ — a) 

+ (a. c.) log Bin i + (a. c.) log sin c — 20] ; 
or, 

og cos iA = iQog sin ^5 + log sin {is — a) 

+ (a. c.) log sin ^ + (a. c.) log sin cj 
we have, 

i$ = 106* 24' 07", and ^a - a = 31^ 01' 07 '. 

log sin i« . . . (106*^ 24' 07") • 9.984116 

log sm (i« - a) . ( 3V 01' 07") • 9.712074 

(a. c.) log sin 6 . . . • ( 35*> 46' 14") • 0.233185 

(a. c.) log sin c (100° 39') 0.007546 

2 )19.930921 
log cos i J. 9.968460 

.-. iA = 21° 34' 23", and ul = 43° 08' 46". 

Using the same formula as before, and substituting J? for 
Ay b for a, and a for bj and recollecting that 
is — bz=z 69° 37' 53", we have, 

log sm is ... (105° 24' 07") . 9.984116 

log sin (i« — 6) . ( 69° 37' 53") . 9.971958 

(a. c.) log sin a .... . (74° 23') . . 0.016336 

(a. C.) log sin c (100° 39') . • 0.007546 

2) 19.979956 
log COS i^ 9.989978 

.•. iB = 12° 15' 43", and i? = 24° 31' 26' . 

Using the same formula, substituting C for Aj e for a, 
and a for c, recollecting that i« — c s= 4° 45' 07", we 
have, 
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log sin ^5 . • (105° 24^07") 9.984116 

logsia(^5-c) • (4°45'0V") • 8.918250 

(a. c.) log sin a . • • • (74^23') • • • 0.016336 

(a. c.) log sin * . • • (35° 46' 14") • • 9.233185 

2) 19.151887 
log cos J (7 9.575043 

.-. iC = 67° 62' 25", and C = 135° 44' 60" 

2. Given a = 56^ 40', b = 83° 13', and c = 114° 30'. 
Am. A = 48° 31' 18", i? = 62° 55' 44", C = 125° 18' 56", 

CASE VI. 

The three angles being given^ to find the sides. 

90. The solution ux this case is entirely analogous to the 
preceding one. 

Applying logarithms to Formula (2), Art. 82, wo have, 

log cos ia = i[log cos {^S — i?) + log cos {^^ — C) 

-f (a. c.) log sin -C + (a. c.) log sin (7 J. 

In the same manner as before, we change the letters, lo 
Buit each case. 

EXAMPLES. 

1. Given A = 48° 30', B = 125° 20', and C = 62« 54'. 
Ans. a = 50° 39' 30", b = 114° 29' 58", c = 83° 12' 06" 

2. Given A = 109° 55' 42", i? = 116° 38' 33", and 
C = 120° 43' 37", to find a, b, and c. 

Ans. a = 98° 21' 40", b = 109"* 50' 22", c = 116° 13' 28". 



MENSURATION. 



91. Mensuration is that branch of Matliematics which 
treats of the measurement of Geometrical Magnitudes. 

92. Tlie measurement of a quantity is the operation of 
finding ho\v many times it contains another quantity of the 
same kind, taken as a standard. This standard is called the 
unit of measure. 

93. Tlie unit of measure for surfaces is a square^ one 
of whose sides is the linear unit. The unit of measure for 
volumes is a cubey one of whose edges is the linear unit. 

If the linear unit is one foot, the superficial unit is one 
square foot^ and the unit of volume is one cubic foot If 
the linear unit is one yard, the superficial unit is one square 
yard, and the unit of volume is one cubic yard. 

94. In Mensuration, the term product of two lines, is 
used to denote the product obtained by multiplying the 
number of linear units in one h'ne by the number of linear 
units in the other. The term product of three lines, is used 
to denote the continued product of the number of linear 
units in each of the three lines. 

Thus, when we say that the area of a parallelogram is 
equal to tlie product of its base and altitude, we mean tlmt 
the number of superficial units in the parallelogram is ecjual 
to the number of linear units in the base, multiplied by the 
number of linear units in the altitude. In like manner, the 
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number of units of volume, in a rectangular parallelopipcdon, 
is equal to the number of superficial units in its base Diilti- 
plied by the number of linear units in its altitude. 8^\i 
so on. 

MENSURATION OF PLANE FIGURES. 

To find the area of a parallelogram, 

95. From the principle demonstrated m Book IV., 
Prop, v., we have the following 

RULE. 

Multiply the base by the altitude ; the product will be 
the area required, 

EXAMPLES. 

1. Find the area of a parallelogram, whose base is 12.25, 
and whose altitude is 8.6. Ans, 104.125. 

2. What is the area of a square, whose side is 204.3 
feet ? Ans. 41738.49 sq. ft. 

3. How many square yards are there in a rectangle, 
whose base is 66.3 feet, and altitude 33.3 feet ? 

Ans. 245.31 sq. yd. 

4. What IS the area of a rectangular board, whose 
length is 12 J feet, and breadth 9 inches ? 9J sq. ft 

5. What is the number of square yards in a parallel© 
gram, whose base is 37 feet, and altitude 5 feet 3 inches? 

Ans, 21 j\. 

To find the area of a plane triangle. 
96. First Case. When the base and altitude are given. 
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From the principle demonstrated in Book IV., Prop. VI., 
we may write the following 

EULE. 

Multiply the base by half the altitude ; the product will 
be the area required. 

EXAMPLES. 

1. Find the area of a triangle, whose base is 625, and 
altitude 520 feet. Am. 162500 sq. ft. 

2. Find the area of a triangle, in square yards, whose 
base is 40, and altitude 30 feet. Ans. 66|. 

3. Find the area of a triangle, in square yards, whose 
base is 49, and altitude 25J feet. Ans. 68.7361. 

Second Case. VThen two sides and their included angle 
are given. 

Let ABC represent a plane tri- 
angle, in which the side AB = c, 
BG = a^ and the angle By are 
given. From A draw AD perpen- 
dicular to BG \ this will be the 
altitude of the triangle. From For- 
mula ( 1 ), Art. 37, Plane Trigonometry, we have, 

AD = c sin j5. 

Denoting the area of the triangle by §, and applying the 
rule last given, we have, 

^ ac miB ^^ . _, 

Q = ; or, 2Q = ac sm B. 

m 

Substituting for sin J?, — ^ (Trig»> Art. 30), and applying 
logarithms, we have, 

log (20 = log a 4- log c + log sm jB — 10 ; 
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hence, we may write the following 

BULE. 

Add together the logarithms of the two sides and the 
logarithmic sine of their included angle / from this sum 
subtract 10 ; the remainder will be the logarithm of double 
the area of the triangle, Firid^ from the tablcy the number 
answering to this logarithm^ and divide it by 2 ; the quotient 
wiU be the required area. 

EXAMPLES. 

1. What is the area of a triangle, in which two side* 
a and ft, are respectively equal to 125.81, and 67.65, and 
whose included angle C, is 51° 25' ? 

A71S. 2Q = C111.4, and Q = 3055.7 Ans 

2. What is the area of a triangle, whose sides are 30 
and 40, and their included angle 28° 57' ? Ans. 290.427. 

3. What is the number of square yards in a triangle, of 
which the sides are 25 feet and 21.25 feet, and their included 
angle 45° ? Ans. 20.8694. 



LEMMA. 

To find half an anglcy when the three sides of a plane tri- 
angle are given. 

97. Let ABC be a plane tri- 
angle, the angles and sides being de- 
noted as in the figure. 

We have (B. IV., P. XH., XHI.), 




d^ =z b^ ■}- c'^ =F 2c . AD. ( 1. 



When the angle A is acute, we have (Art. 37), 

AD = ^ COS A ; when obtuse, AD' = 5 cos CAD\ 
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But as CAD^ is the supplement of the obtuse angle -4, 
cos CAD' = — cos -4, and AD' = — J cos A. 

Either of these values, bemg substituted for AD^ in ( 1 ), 

gives, 

a* = h^ + c^ ^ 2hc cos A ; 

whence, 

cos A = -r (2,) 

If we add 1 to both members, and recollect that 
1 + cos^ = 2 cos^iJ. (Art. 66), Equation (4), we have, 

2 co^^-hA = r 

^ 25c 

__ (5 + cY - g^ __ (5 i- c + g) (ft + c - q) ^ 

"" 25c "" 25c * 

or, 

i\ A {^ + c +«) (5 + c — a) , ^ . 

cosH^ = ^^ -^^ -• • • • (3.) 

If we put 5 + c + a = 5, we have, 

— 2 == ^^' ^°^' 2 — = i« - «; 

Substituting in (3), and extracting the square root, 

cosi^ = V"^^"3 ^» • • • • (40 

the plus sign, only, being used, smce iA < 90® ; hence, 

The cosine of half of either angle of a plane triangle^ 
is equal to the square root of half the sum of the three 
sideSj into half that sum minus the side opposite the angUj 
divided hy ths rectangle of the adjacent sides. 

By applying logarithms, we have, \ log cos ^A = 

\ [log \s + log {\s — a) + (a. c.) log 5 + (a. c.) log c]. • ( ^.) 

24 
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If vre subtract botli members of Equation ( 2 ), from 1, 
and recollect that 1 — cos -4. = 2 sin^ ^A (Art. 66.), wo bave, 

2 em' 1-4 = ^ 

* 2bc 

__ a^- (b-- cY _ (a + b-c) (g - ft + c) 

^ 2bc " 2bc > • 

Placing, as before, a + b + c = 8^ we have, 

a + b — c , , a — b + c . ^ 
= is — a, and, -; = is — b. 



Substituting in (5), and reducing, we have. 



hence, ^ ^^ 

The sine of half an angle of a plane triangle^ is equal 
to the square root of half the sum of the three sides^ minus 
one of the adjacent sides^ into the half sum minus the 
other adjacent side^ divided by the rectangle of the adjacent 
sides. 

Applying logarithms, we have, 

log mniA =z i [log {is — ft) + log {is — e) 

+ (a. c.) log ft + (a. c.) log c], (a.) 



Third Case. To find the area of a triangle, when the 
hree sides are given. 

Let ABC represent a triangle 
iK^hose sides a, ft, and c are given. 
From the principle demonstrated in 
the last case, we have, 

Q = ibc sin A. 
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But, from Formula (4i')> Tng., Art. 60, we have, 

sin -4 = 2 sin ^A cos ^A ; 

whence, 

^ r= Jc sin iA cos ^A. 

Substituting for sin ^A and cos ^Ay their values, taken 
iVum Lemma, and reducing, we have, 

Q = V is (is — a) {is — d) (is — c) ; 

hence, we may write the following 

BULK. 

l^nd half the sum of the three sideSy and from it subtract 
each side separately/. Find the continued jyroduct of tJie half 
sum and the three remainders^ and extract its square root; the 
result will be the area required. 

It is generally more convenient to employ logarithms ; for 
this purjDose, applying logarithms to the last equation, we have, 

log Q = i\}ogis + log (is - a) -{' log {is - b) + log (is-c)] 

hence, we have the following 

RULE. 

Find the half sum and the three remainders as before^ then 
find the half sum of their logarithms ; the number correspond' 
ing to the resulting logarithm toill be the area required, 

EXAMPLES. 

1. Find the area of a triangle, whose sides are 20, 30, 
and 40. 

We have, ^5 = 45, is—a = 25, is—b = 15, is^c = 6 
By the first rule. 



Q = V^46 X 25 X 15 X 5 = 200.4737 Ana. 
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By the second rule, 






log is ... 


. (45) • • 


. . 1.653213 


log {is -a) • 


. (25) . . 


. . 1.397940 


log {is - b) . 


• (15) 


. . 1.176091 


log {is — c) . 
lory O • • • 


. ( 5) . . 
• • . • 


. . 0.C98970 

2)4.920214 

. . 2-4G3107 



.-. Q z= 290-4737 Ana. 

2. How many square yards are there in a tiiangle, whose 
sides arc 30, 40, and 50 feet ? Ajis. 66|. 

To find the area of a traj^ezoid. 

98. From the principle demonstrated in Book IV., Prop. 
VII., we may write the following 

RULE. 

J?lnd Iwlf the sum of the parallel sides^ and multiply %i 
by the altitude / the product will be the area required. 

EXAMPLES. 

1. In a trapezoid the parallel sides are 750 and 1225, 
and the perpendicular distance between them is 1540 ; wliat 
18 the area ? An$. 1520750. 

2. How many square feet are contained in a plank, whoso 
length Is 12 feet 6 inches, the breadth at the greater end 15 
inches, and at the less end 11 inches? Ans, 13J^. 

3. How many square yards are there in a trapezoid, 
whose parallel sides are 240 feet, 320 feet, and altitude GO 
feet ? Ans. 20531 gq. yd 

To find the area of any quadrilateraL 

99. From what precedes, we deduce the following 
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BULE. 

Join the vertices of two opposite angles hy a diagonal; 
from each of the otJier vertices let fall perpendiculars upon 
this diagonal / multiply the diagonal hy half of the sum 
of the perpendiculars^ and the product wiU be the area re- 
quired. 

EXAMPLES. 



1. What is the area of the quad- 
rilateral ABCB^ the diagonal AG 
being 42, and the perpendiculars Dg^ 
Bh^ equal to 18 and 16 feet ? 

Ans. V14 sq. ft. 



2. How many square yards of paving are there in the 
quadrilateral, whose diagonal is 65 feet, and the two perpen- 
diculars let fall on it 28 and 33^ feet ? Ans. 222^,. 




To find tJie area of any polygon. 
100. From what precedes, we have the following 

RULE. 

Draw diagonals dividing the proposed polygon into trc^ 
pezoids and triangles : then find the areas of these figures 
separately^ and add them together for the area of the whole 
polygon, 

EXAM P L E. 

1. Let it be required to de- 
termine the area of the polygon 
ABCDE^ having five sides. 

Let us suppose that we have mea- 
sured the diagonals and perpendicu- 
hirs, and found AG — 36.21, EG = 39.11, Bh = ^ 
Dd = 7.26, Aa = 4.18 : required the area. Ans. 296.1202. 
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To find the area of a regular polygo:i. 

101, Let AJ3^ denoted by 5, re- 
present one side of a regular polygon, 
whose centre is (7. Draw CA and 
(7J7, and from C draw CD perpen- 
dicular to AB. Then will CD be the 
apothem, and we shall have AD = DD. . . 

Denote the number of sides of the polygon by n ; then 
will the angle ACB^ at the centre, be equal to , 

(B. v., Page 138, D. 2), and the angle ACD^ which is half 

180° 
of ACB. will be equal to • 

In the right-angled triangle ADG^ we shall have, For- 
mula (3), Alt. 37, Trig., 

CD = \b tan GAD. 

But CADy being the complement of ACD^ we have, 

tan CAD = cot A CD ; 

hence, CD = \s cot , 

n 

a formula by means of which the apothem may be computed* 
But the area is equal to the perimeter multipHed by half 
the apothem (Book V., Prop. VULl.) : hence the following 

SULE 

Find the apotJiemy by the preceding formula ; mvltiply 
the perimeter by half the apothem ; ths product wiU be the 
area required, 

BXAHPLES. 

1. What is the area of a regular hexagon, each of whose 
sides is 20 ? We have, 

Ci> = 10 X cot 30° ; or, log CD = log 10 + log cot 30°— 10 

log ia . . . (10 ) . 1.000000 

180° 
log cot (30°) • 10.238561 

log CD 1.238561 .-, CD = 17.3205. 
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The perimeter is equal to 120 : hence, denoting the area by Q, 

-. 120 X 17.3205 ,^oono A 

Q = r = 1039.23 Ans. 

2j What is the area of an octagon, one of whose sides 
ifl 20? Am. 1931.36886, 

The areas of some of the most important of the regular 
polygons have been ■ computed by the preceding method, on 
tlie supposition that each side is equal to 1, and the results 
are given in the following 

TABLE. 



NAMES. 


SIDBS. 


AREAS. 


NAMES. 


SIDBS. 


ARKAS. 


Triangle, 


. . 8 . 


. 0.4330127 


Octagon, . 


. 8 . 


. 4.8284271 


Square, 


. . 4 . . 


. 1.0000000 


Nonagon, . 


. 9 . 


. 6.1818^2 


Pentagon, . 


. . 6 . , 


. 1.7204774 


Decagon, . 


. 10 . 


. 7.6942088 


Heiagon , 


, . 6 . . 


2.5980762 


Undccagon, 


. 11 . 


. 9.3656399 


Heptagon , 


. 7 . . 


8.6339124 


Dodecagon, 


. 12 . 


. 11.1961524 



The areas of similar polygons are to each other as the 
squares of their homologous sides (Book IV., Prop. XXVII.). 

Denoting the area of a regular polygon whose side is 
«, by $, and that of a similar polygon whose side is 
1, by T^ the tabular area, we have. 



hence, the following 



BULS. 



Multiply the corresponding tabular area by the square of 
the given side / the product will be the area required. 



EXAMPLES. 



1. \VTiat is the area of a regular hexagon, each of whose 
sides is 20 ? 

We have, T = 2.5980762, and s^ = 400 : hence, 



Q = 2.5980762 X 400 = 1039.23048 A71S. 
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2. Find the area of a pentagon, whose side is 25. 

Am. 1075.298376, 

3. Find the area of a decagon, whose side is 20. 

A71S. 3077.68352, 

To find the circumference of a circle^ when the diameter ii 

given, 

102. From the principle demonstrated in Book V., Prop. 
XVL, we may write the follo^ving 

BULB. 

Multiply the given diameter by 3.1416 ; the product toitt 
be the circumference required. 

EXAMPLES. 

1. What is the circumference of a circle, whose diameter 
is 25 ? A?2S, 78.54. 

2. If the diameter of the earth is 7921 miles, what is 
the circumference? Ans. 24884.6136. 

To find the diameter of a circle^ when the circumference u 

given. 

103. From the preceding case, we may write the following 

RULE. 

Divide the given circumference by 3.1416 ; the quotient 
viU be t/ie diameter required. 

EXAMPLES. 

1. What is the diameter of a circle, whose circumference 
is 11652.1944? Ans. 3700. 

2. What is the diameter of a circle, whose circumferenca 
IB 6850? Ans. 2180.4J 
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To find tJie length of an arc coMaining any number of 

degrees. 

lot. The length of an arc of 1°, in a circle uhose 
diameter is 1, is equal to the circumfercnco, or 3.1416 
lipidcd by 360 ; that is, it is equal to 0.00872GG : hence, 
tlie l(!ngth of an arc of n degrees, will be, n x 0.00S7266. 
To find the length of an arc containing n degrees, when 
the diameter is J, we employ the principle demonstrated in 
Book v.. Prop. Xin., C. 2; hence, we may write the following 

RULE. 

Multiply the number of degrees in the arc by .0087206, 
and the product by the diameter of the circle ; the resxdi 
wiU be the length requmd. 

EXAMPLES. 

1. What is the length of an arc of 30 degrees, the 
diameter being 18 feet? Ans, 4.712364 fl. 

2. What is the length of an arc of 12° 10', or 12^°, the 
diameter being 20 feet ? Ans. 2.123472 ft. 

To find the area of a circle. 

105. From the principle demonstrated in Book V., Prop. 
XV., we may write the following 

RU LE. 

Multiply the square of the radius by 3.1416 ; the pro- 
duct will be the area required. 

EXAMPLES. 

1. Find the area of a circle, whose diameter is 10, and 
circumference 31.416. Ans. 78.54. 

2. How many square yards in a circle whose diameter 
is 3.} feet ? Ans. 1.069016. 

3. What is the area of a circle whose circumference is 
12 feet? Ans. 11.4595. 
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To find the area of a circular sector. 

106. From the principle demonstrated in Book V., Prop. 
XIV., C. 1 and 2, we may write the following 

BULE. 

L Multiple/ half the arc hy the radius ; or, 
IL Find the area of the whole circle.^ hy the last rule ; 
the7i write the proportion^ as 3G0 is to the number of deyrcea 
in the sector.^ so is the area of the circle to the area of the 
sector. 

EXAMPLES. 

1. Find the area of a circular sector, whose arc contains 
18°, the diameter of the circle being 3 feet. 0.35343 sq. ft. 

2. Find the area of a sector, whose arc is 20 feet, the 
radius being 10. Ans, 100. 

3. Required the area of a sector, whose arc is 147° 29', 
and radius 25 feet. Ans, 804.3986 sq. ft. 

To find the area of a circular segment. 

107. Let AB represent the chord 
corresponding to the two segments 
ACB and AFB. Draw AE and 
BE. The segment ACB is equal to 
the sector EACB^ minus the triangle 
AEB, The segment AEB is equal 
10 the sector EAFB^ plus the tri- 
angle AEB. Hence, we have the fol- 
lowing 

BULE. 

Find tJie area of the corresponding sector^ and also of 
the triajigle formed hy the chord of the segment ayid the 
two extreme radii of the sector ; subtract the latter from, the 
former w/ien the segment is less than a semicircle^ and take 
their sum when the segment is greater than a semicircle y 
the result wiU he the area required. 
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EXAMPLES. 

1. Find the area of a segment, whose chord is 12 and 
the radius 10. 

Solving the triangle AEB^ we find the angle AE21 is 
equal to 73° 44', the area of the sector EACB equal to 
34.35 and the area of the triangle AEB equal to 48 ; 
lence, the segment ACB is equal to 16.35 Aiis. 

2. Find the area of a segment, whose height is 18, the 
diameter of the cuxle being 50. Arts. 636.4834. 

3. Required the area of a segment, whose chord is 16, 
the diameter being 20. Ana. 44.764. 

To find the area of a circular ring cojitaitied between the 
circumferences of two concentric circles, 

108. Let B and r denote the radii of the two circles, 
R beuig greater than r. The area of the outer circle is 
i^ X 3.1416, and that of the inner circle is r^ X 3.1416 ; 
hence, the area of the rhig is equal to {B^ — r^) X 3.1416. 
Hence, the following 

EULE. 

Eind the difference of the squares of the radii of the 
two circlesy and midtiply it by 3.1416 ; tJie product will be 
the area required, 

EXAMPLES. 

1. The diameters of two concentric circles being 10 and 
6, required the area of the ring contained between their 
circmnferences. Ans. 50.2656. 

2. What is the area of the ring, when the diameters of 
tho circles are 10 and 20 ? Ans, 235.62 
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^rENSCJRATION OF BROKEN AND CURVED SURFACES. 
To find the area of the e7itire surface of a right prism. 

109. From the principle demonstrated in Book VII., Prop, 
I., we may write the following 

RULE, 

3[ultiply the perimeter of the base by the altitude^ the pro^ 
duct will be the area of the convex surface ; to this add the 
areas qf the two bases / the result will be the area required. 

EXAMPLES. 

1. Find the surface of a cube, the length of each side 
being 20 feet. Ans. 2400 sq. ft. 

2. Find the whole surface of a triangular prism, whose 
base is an equilateral tnangle, having each of its sides equal 
to 18 inches, and altitude 20 feet. Ans, 91.949 sq. ft. 

To find the area of the entire surface of a rigjjbt pyramid. 

110. From the principle demonstrated in Book VII., Prop. 
rV., we may write the following 

RULE. 

Mxdtijyhj the perimeter of the base by half the slant 

height; the jyroduct will be the area of the convex surface; 

to this add the area of the base; the result will be the area 
required. 

E X AM P LE&. 

1. Find the convex surface of a right triangular pyramid^ 
the slant height being 20 feet, and each side of the base 
8 feet. Ans. 90 sq. ft 

2. What is the entire surface of a right pyramid, whose 
slant height is 16 feet, and the base a pentagon, of which 
each side is 25 feet ? Ans. 2012.'798 sq. ft. 
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To find the area of the convex surface of a frustum of a 

right pyramid, 

\\\% From the principle demonstrated in Book XII., Prop. 
lY., C, we may write the following 

RULE. 

Mvltiply the half sum of the perimeters of the two hoses 
hy the slant height; the product will be the area required, 

EXAMPLES. 

1. How many square feet are there in the convex surface 
of the frustum of a square pyramid, whose slant height is 10 
feet, each side of the lower base 3 feet 4 inches, and each side 
of the upper base 2 feet 2 inches? Ans. 110 sq. ft 

2. What is the convex surface of the frustum of a hcp- 
tagonal pyramid, whose slant height is 55 feet, each side of 
the lower base 8 feet, and each side of the upper base 4 
feet? Ans, 2310 sq. ft. 

112i Since a cylinder may be regarded as a prism whose 
base has an infinite number of sides, and a cone as a pyra- 
mid whose base has an infinite number of sides, the rules just 
given, may be applied to find the areas of the surfaces of right 
cylinders, cones, and frustums of cones, by simply changing the 
torm perimeter, to circumference. 

EXAMPLES. 

1. Wliat is the convex surface of a cylinder, the diameter 
of whose base is 20, and whose altitude 50? Ans, 3141. C. 

2. What is the entire surface of a cylinder, the altitude 
"bemg 20, and diameter of the base 2 feet? 131.9472 sq. ft. 

3. Required the convex surface of a cone, whose slant 
height is 60 feet, and the diameter of its base 8| feet. 

Ans, 6G7.59 sq. ft 
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4. Required the entire surface of a cone, whose slant 
height is 36, and the diameter of its base 18 feet. 

Ans. 1272.348 sq. ft. 

6. Find the convex surface of the frustum of a cone, the 
slant height of the frustum being 12 J feet, and the circum- 
ferences of the bases 8.4 feet and 6 feet. Ans, 90 sq. ft. 

6. Find the entire surface of the frustum of a cone, the 
slant height being 16 feet, and the radii of the bases 3 feet, 
and 2 feet. Ans. 292.1688 sq. ft. 

To find the area of the surface of a sphere. 

113. From the principle demonstrated in Book VUl, 
Prop. X., C. 1, we may write the following 

K ULE. 

Find the area of one of its great circlesy and multiply 
it by ^ \ the product will he the area required. 

EXAMPLES. 

1. What is the area of the surface of a sphere, whose 
radius is 16 ? Ans. 3216.9984. 

2. What is the area of the surface of a sphere, whose 
radius is 27.26 Ans. 9331.3374. 

To find the area of a zone. 

114. From the principle demonstrated in Book VII I., 
Prop. X., C. 2, we may write the following 

KXTLB. 

Find the circumference of a great circle of the sphere^ 
and multiply it by the altitude of the zone; ths product 
will be the area required. 
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EXAMPLES. 

1. The diameter of a sphere being 42 inches, what is 
the area of the sur&ce of a zone whose altitude is 9 inches. 

Ans. 1187.5248 sq. in. 

?. If the diameter of a sphere is 12 J feet, what will he 
the surface of a zone whose altitude is 2 feet ? 78.54 sq. ft 

To find the area of a spherical polygon. 

115. From the principle demonstrated in Book IX., Prop. 
XIX., we may write the following 

BTJLE. 

From the sum of the angles of the polygon^ subtract 180° 
taken as many times as the polygon has sides, less two, 
and divide the remainder by 90° / the quotie7it will be the 
spherical excess. Find the area of a great circle of the 
sphere, and divide it by 2 / the quotient will be the area 
of a tri-rectangular triangle. Multiply the area of the tri- 
rectangular tHangle by the spherical excess, and the product 
will be the area required. 

This rule applies to the spherical triangle, as well as to 
any other spherical polygon. 

EXAMPLES. 

1. Required the area of a triangle described on a sphere, 
whose diameter is 30 feet, the angles being 140°, 92°, and 
60°. Ans. 471.24 sq. ft 

2. What is the area of a polygon of seven sides, do 
scribed on a sphere whose diameter is 17 feet, the sum of 
Uio angles being 1080° ? Ans. 226.98 

8. What is the area of a regular polygon of eight sides, 
described on a sphere whose diameter is 30 yards, each an- 
gle of the polygon being 140° ? Ans. 157.08 sq. yds. 
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MENSURATION OF VOLUMES. 

To find the volume of a prism. 

116. From the principle demonstrated in Book VH., 
Prop. XrV., we may wiite the follomng 

RULE, 

Multiply the area of the base by the altitude ; the pro- 
duct will be the volume required, 

EXAMPLES. 

1. What is the volmne of a cube, whose side is 24 inches? 

Arts. 13824 cu. in. 

2. How many cubic feet in a block of marble, of which 
the length is 3 feet 2 inches, breadth 2 feet 8 inches, and 
height or thickness 2 feet 6 inches ? Arts, 21^ cu. ft. 

3. Required the volume of a triangular prism, whose 
height is 10 feet, and the three sides of its triangular base 
3, 4, and 6 feet. Ana. 60. 

To find the volume of a pyramid. 

117. From the principle demonstrated in Book VJi., Prop. 
XVli., we may write the following 

RULE. 

Multiply the area of the base by one-third of the altU 
iude • the product will be the volume required. 

EXAMPLES. 

1. Required the volume of a square pyramid, each side 
of its base being 30, and the altitude 25. Ans. 7500. 

2. Find the volume of a triangular pyramid, whose alti- 
tude is 30, and each side of the base 3 feet. 38.9711 cu. ft. 
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3. What is the volume of a pentagonal pyramid, its alti- 
tude being 12 feet, and each side of its base 2 feet. 

Ans. 27.5270 en. ft. 

4, What is the volume of an hexagonal pyramid, whose 
altitude is 6.4 feet, and each side of its base 6 inches ^ 

A71S. 1.38504 cu. ft 

To find the volume of a fnistnm of a pyramid, 

118. From the principle demonstrated in Book VII., Prop., 
XVin., C, we may wiite the following 

HULK. 

Find the sum of the upper base, the loicer base, and a 
m,ean proportional between them / 7nidtiply the residt by one- 
third of the altitude ; the product will be the volume required, 

EXASIPLES. 

1. Find the number of cubic feet in a piece of timber, 
whose bases are squares, each side of the lower base being 
15 inches, and each side of the upper base 6 inches, the 
altitude being 24 feet. Ans, 19.6. 

2. Required the volume of a pentagonal frustum, whose 
altitude is 5 feet, each side of the lower base 18 inches, and 
each side of the upper base 6 inches. An^, 9.31925 cu. ft. 

119. Since cylinders and cones are limiting cases of prisms 
and pyramids, the three preceding rules are equally applicable 
to them. 

EXAMPLES. 

1. Required the volume of a cylinder whose altitude is 
12 feet, and the diameter of its base 15 feet. 

Ans, 2120.58 cu. ft. 

2. Required the volume of a cylinder whose altitude is 
20 feet, and the circumference of whose base is 5 feet 
6 inches. Ans, 43.144 cu. ft. 

1o> 
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8. Required the volurae of a cone whose altitude is 
27 feet, and the diameter of the base 10 feet. 

Ans. 706.86 cu. ft. 

4. Ttequired the volume of a cone whose altitude is 
JOJ feet, and the circumference of its base 9 feet. 

Am. 22.56 cu. ft. 

5. Find the volume of the frustum of a cone, the altitude 
uomg 18, the diameter of the lower base 8, and that of the 
upper base 4. Ans. 527.7888. 

6. What is the volume of the frustum of a cone, the 
altitude being 25, the circumference of the lower base 20, 
and that of the upper base 10 ? Ans. 464.216. 

7. If a cask, which is composed of two equal conic frus- 
tums joined together at their larger bases, have its bung dia- 
meter 28 inches, the head diameter 20 inches, and the length 
40 inches, how many gallons of wine will it contain, there 
being 231 cubic inches in a gallon ? Ans. 79.0613, 

To find the volume of a sphere. 

120. From the principle demonstrated in Book VlJi., 
Prop. XIV., we may write the following 

RULE. 

Cube the diameter of the sphere^ and imdtiply the result 
by J-T^, that iSs by 0.5236 ; the product will be the volume 
required. 

EXAMP LES. 

1, What is the volume of a sphere, whose diameter is 
12 ? Ans. 904.7808 

2. What is the volume of the earth, if the mean diara 
eter be taken equal to 7918.7 miles. 

Ans. 259992792083 cu. miles 
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To find the volume of a wedge, 

121. A Wedge is a volume bound- 
ed by a rectangle ABCD^ called the 
bdcJc^ two trapezoids ABHG^ DGIIG^ 
called faces^ and two triangles ADG^ 
CBH called ends. Tlie line GH^ in 
which the faces meet, is called the edge. 
The two faces are equally inclined to 
the back, and so also are the two ends. 

There are three cases: 1st, When the length of the edge is 
equal to the length of the back ; 2d, When it is less ; and 3d, 
When it is greater. 

In the first case, the wedge is a right prism, whose base is 
the triangle ADG^ and altitude GH or AB : hence, its volume 
is equal to ADG multiplied by AB, 

In the second case, through IT^ 
the middle point of the edge, pass 
a plane HOB perpendicular to the 
back and intersecting it in the line 
BG parallel to AD, This plane 
will divide the wedge into two 
parts, one of which is represented 
by the figure. 

Through G^ draw the plane GNM parallel to HCB^ and ii 
will divide the part of the wedge represented by the figure into 
the right triangular prism GNM — B^ and the quadrangular pyr 
amid ADNM — G, Draw GP perpendicular to NM\ it will 
also be perpendicular to the back of the wedge (B. VI., P. 
.XVII.), and hence, will be equal to the altitude of the wedge. 

Denote AB by Z, the breadth AD by 5, the edge GH by 
\ the altitude by A, and the volume by F"; then, 

AM- L-l, MB = GH- l^ and area NGM^ \hh : then 

Prism = ^bhl; Pyramid = b{L — f)^h = ^bh{B — /), and 
F= ibhl + ibh{L - /) = ^b/d + \bhL - \bhl = lM(^+2i). 

We can find a similar expression for the remaining part of the 
wedge, and by adding, the factor within the parenthesis becomes 
the entire length of the edge plus twice the length of the back. 
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In the tliird case, I is greater than i, and denotes the 
altitude of the prism ; the volume of each part i» equal to 
the ditFerence of the prism and pyramid, and is of the same 
form as before. Hence, the following 

Rlle. — Add ticice the length of the back to the length of 
the edge; multiply the sum by the breadth of the hack^ and 
that residt by one-sixth of the altitude ; the final product will 
be the volume required. 

EXAMPLES. 

1. If the back of a wedge is 40 by 20 feet, the edge 
35 feet, and the altitude 10 feet, what is the volume? 

Arts. 3833.33 cu.ft. 

2. What is the volume of a wedge, whose back is 18 feet 
by 9, edge 20 feet, and altitude 6 feet? 504 cu. ft. 

To find the volume of a prismoid. 

122. A PmsMOiD is a frustum of a wedge. 

Let L and J5 denote the 
length and breadth of the lower 
base, I and b the length and 
breadth of the upper base, M and 
m the length and breadth of the 
section equidistant from the bases, 
and h the altitude of the prismoid. 

Through the edges L and l\ 
let a plane be passed, and it will 

divnde the prismoid into two wedges, having for bases, tlie 
bases of the prismoid, and for edges the lines L and /'. 

The volume of the prismoid, denoted by F", will be 
equal to the sum of the volumes of the two wedges ; hence, 



/' 




M 




on 



F = iJBhil -f 2Z) -f \bh{L + 21) ; 
F= ih{2BZ + 2bl + Bl + bL) ; 
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which may be written uuJor the form, 

V = ih [( J5i + W + i?/ + bZ) -^ BZ + bl]. (41.) 

Because the auxiliary section is midway between the bases, 

ue have, 

231 = Z+ I, and 2m = JS + b ; 
hence, 

4Mm = (Z + /) (i? -f Z.) = BZ -h Bl + hZ -f bl. 

Substituting in ( ^ ), we liave, 

V = ih{ZZ + W + 4J/m). 

But -SX is the area of the lower base, or lower section, 
bl is the area of the upper base, or upper section, and Mm 
is the area of the middle section ; hence, the following 

RULE. 

To find the volume of a prismoid^ find the sum of the 
areas of the extreme sections ayid four times the m,iddle sec- 
tion / multiply the resiUt by one-sixth of the distance between 
the extreme sections / the residt will be the volume required. 

This rule is used in computing volumes of earth-work in 
railroad cutting and embankment, and is of very extensive 
application. It may be shown that the same rule holds for 
every one of the volumes heretofore discussed in this work. 
Thus, in a pyramid, we may regard the base as one extren^e 
section, and the vertex (whose area is 0), as the other 
extreme ; their sum is equal to the area of the base. The 
area of a section midway between between them is equal to 
one-fourth of the base : hence, four times the middle section 
is equal to the base. Multiplying the sum of these by one- 
sixth of the altitude, gives the same result as that already 
found. The application of the rule to the case of cylinders, 
finistums of cones, spheres, <fec., is lefl as an exercise for the 
Rtudent. 
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EXAMPLES. 

1. One of the bases of a rectangular prismoid is 25 feet 
liv 20, the other 15 feet by 10, and the altitude 12 feet 
required the volume. Ans, 3700 cu. ft. 

2. What is the volume of a stick of hewn tiniber, 
whose ends are 30 inches by 27, and 24 inches by 18, its 
lenorth heinfr 24 feet ? Am. 102 cu. A. 



3IENSUKATI0N OF REGULAR POLYEDRONS. 

123. A Regular Polyedeon is a polyedron bounded by 
equal regular polygons. 

The polyedral angles of any regular polyedron are all 
equal. 

124. There are five regular polyedrons (Book VII., 
Page 208). 

To find the dledral angle between the faces of a regvlar 

polyedron. 

125. Let the vertex of any polyedral angle be taken aa 
the centre of a sphere whose radius is 1 : then will this 
sphere, by its intersections with the faces of the polyedral 
angle, determine a regular spherical polygon whose sides ^vill 
be equal to the plane angles that bound the polyedral angle, 
and whose angles are equal to the diedral angles between 
the faces. 

It only remains to deduce a formula for finding one 
angle of a regular spherical polygon, when the sides are 
given. 
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Let ABODE represent a regular spherical polygon, and 
let -P be the pole of a small circle passing through its verti- 
ces. Suppose P to be connected 
with each of the vertices by arcs of 
great circles ; there will thus be 
formud as many equal isosceles tri- 
angles as the polygon has sides, the 
vertical angle in each being equal 
to 360° divided by the number of 
sides. Through P draw PQ per- 
pendicular to AJB : then will A Q 
be equal io BQ, If we denote the number of sides by n, 

the angle APQ will be equal to 




or 



2;i ' n 

In the right-angled spherical triangle APQ, we know the 

base AQ, and the vertical angle APQ; hence, by Napier's 

rules for circular parts, we have, 

sin (90° - APQ) = cos (90° - PA Q) cos ^ § ; 



or, by reduction, denoting the side AB by «, and the an- 
gle PAB, by|^, 

180° 



cos 



whence, 



n 



= sin iA cos ^8 ; 



cos 



sin iA = 



180^ 



n 



cos is 



In the Tetraedron, 
180° 



n 



In the Hexaedron, 
ISO* 



n 



EXAMPLES. 



= 60°, and is = 30° .'. A = 70° 31' 42". 



= 60°, and i* = 45° .' A == 00°. 
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In the Octaedron, 

^^ = 45°, and i« =- 30^ ,-. J = 109° 28' 18" 
n 

In the Dodecaedron, 



n 

hi the IcosaedroD, 
180° 



= 60% and U = 54^ .•. A = 110° 33* 54". 



n 



= 36% and is = 30° .' . A = 138° H' 23". 



To find the volume of a regular polyedron. 

126. If planes be passed through the centre of the poly- 
edron and each of the edges, they will divide the polyedron 
into as many equal right pyramids as the polyedron has fiices. 
The common vertex of these pyramids will be at the centre 
of the polyedron, their bases will be the faces of the poly- 
edron, and their lateral faces will bisect the diedral angles 
of the polyedron. The volume of each pyramid will be equal 
to its base into one-third of its altitude, and this multiplied 
by tiie number of faces, w^ill be the volume of the polyedron. 

It only remains to deduce a formula for finding the dis- 
tance from the centre to one face of the polyedron. 

Conceive a perpendicular to be drawn from the centre of 
the polyedron to one face ; the foot of this perpendicular 
will be the centre of the face. From the foot of this per- 
pendicular, draw a perpendicular to either side of the face 
in which it lies, and connect the point thus determined with 
the centre of the polyedron. Tliere will thus be formed a 
right-angled triangle, whose base is the apothem of the foce, 
whose angle at the base is half the diedral angle of the 
polyedron, and whose altitude is the required altitude of the 
pyramid, or in othei words, the radius of the inscribed 
sphere. 
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Denoting the perpendicular by P, the base by b, and 
the diedral angle by A^ we have Formula ( 3 ), Art. 37, 

Trig., 

P = b tan ^A ; 

Dut b is the apothem of one face ; if, therefore, we denote 
the number of sides in that face by w, and the length of 
each side by 5, we shall have (Art. 101, Mens.), 

= is cot ; 



n 



whence, by substitution, 



P = 



is cot _ tan ^^ ; 



91 



hence, the volume may be computed. The volumes of all 
the regular polyedrons have been computed on the supposi- 
tion that their edges are each equal to 1, and the results 
are given in the following 



NAMES. 

Tetraedron, , 
Hexaedron, , 
Octaedron, 
Dodecaedron, 
Icosaedron, , 



TABLE. 



NO. OF FACES. 



TOI.UMES. 



4 0.1178513 

6 1.00^0000 

8 0.4714045 

12 7.6G31180 

20 2.181G950 



From the principles demonstrated in Book VII., we may 
write the followin^j 



RULE. 



To find th^ volume of any regular polyedron^ multiply 
tfie cube of its edge by the corresponding tabular volume / 
the product will be the volume required. 



134 MENSURATION. 

EXAMPLES. 

1. What is the volume of a tetraedron, whose edge is 15 ? 

Ans. 397.75. 

2. What is the volume of a hexaedrou, whose edge is 1 2 ? 

Ans. 1728. 

8. What is the volume of a octaedroD, whose edge is 20 ? 

Atis. 3771.236. 

4. What is the volume of a dodecaedron, whose edge 
is 25 ? Ans. 119736.2328. 

5. What is the volume of an icosaedron, whose edge 
13 20? Ans. 17468.66. 
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76 
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3 


o«477i2i 


•447158 


53 


1-724276 


1-892095 


4 


o> 602060 


29 1 


•462398 


54 


i-7323o4 
1 . 74o3o3 


ll 


1-897627 


5 


0' 698970 


3o I 


'477121 


55 


1.903090 


6 


o«'[78i5i 
0-845098 


3i 1 


•491 362 


56 


1.748188 


81 


1-908485 


I 


32 I 


•5o5i5o 


ll 


1-755875 


82 


1-913814 


o« 903090 


33 1 


>5i85i4 


1.763428 


83 


1-919078 


9 


0-954243 


34 I 


•531479 

-544068 


59 


I - 770852 


84 


1-924279 


10 


I-OOOOOO 


35 i< 


60 


1.778151 


85 


1-929419 


II 


I -041303 


36 I- 


5563o3 


61 


1-785330 


86 


1-934498 


17 


1-070101 
I -11^943 


ll :: 


568202 


62 


1-792392 


87 


1-939510 
1-944485 


i3 


579784 


63 


I- 79934 I 
1-806181 


88 


14 


1-146128 


39 1. 


591065 


64 


89 


1-949390 


i5 


1-176091 


40 I- 


602060 


65 


1-812913 


90 


1-954243 


i6 


I -204120 


41 1' 


612784 


66 


1-8(9544 
1-826075 


9» 


1-959041 
1-965788 


17 


1-230440 
I -255275 


42 !• 


623249 
633468 


U 


92 


i8 


43 1. 


i-8325o9 


93 


1.968483 


19 


1-278754 


44 1- 


643453 


60 


1-838849 
1-845098 


94 


1-973128 


20 


i-3oio3o 


45 I- 


653213 


70 


95 


1-977724 


21 


I -322210 
1-342425 


46 I- 


662758 


71 


I -851258 


96 


i'58227i 


23 


ir :: 


672098 
681241 


72 


1-857333 


ll 


1-986772 


23 


1-361728 


73 


1-863323 


1-991226 


24 


I -38021 1 


49 I- 


690196 


74 


1-869232 
1-875061 


99 


I -995635 


25 


1-397940 


5o I- 


698970 


75 


too 


2-000000 



Semark. In the following table, in the nine right hand 
columns of each page, where the first or leading figures 
change from 9's to O's, points or dots are introduced in- 
stead of the O's, to catch the eye, and to indicate that from 
thence the two figures of the Logarithm to be taken from 
the second column, stand in the next line below. 



A TABLE OF LOGARITHMS FROM 1 TO 10,000. 



N. 
loo 





I 


2 


3 


4 


5 


6 


7 


8 


9 


D. 


004)000 


0434 


0868 


i3oi 


1734 


2166 


2598 


3029 


3461 


3891 


439 


loi 4321 


47^1 


5i8i 


5609 


6o38 


6466 


6894 


7321 


7748 


8174 


428 


102 86oo 


0026 
3259 


9451 
368o 


9876 


•3oo 


•724 


1 147 


1570 


1993 


24i5 


424 


io3 012837 


4100 


4521 


4940 


536o 


5779 


6197 


6616 


419 
416 


104 7033 


745 1 


7868 


8284 


8700 
2841 


9116 

3252 


9532 
3664 


)947 


•36 1 


•775 
4896 


io5 021189 


i6o3 


2016 


2428 


4073 


4486 


412 


106 1 53o6 


5715 


6125 


6533 


6942 


7350 


7757 


8164 


8571 


8978 


408 


107 o3H4 

108 033424 


0789 
3826 


•195 


•600 


1004 


1408 


1812 


2216 


2619 


302I 


404 


4227 
8223 


4628 


5029 


543o 


5830 


6230 


6629 


7028 


400 


109 7426 


7825 


8620 


9017 


9414 


9811 


•207 


•602 


•998 


396 


no 041393 


1787 


2182 


2576 


2060 
6885 


3362 


3755 


4148 


4540 


4032 


393 

389 


111 


5323 


, 5714 


6io5 


6495 
•38o 


7275 
ii53 


7664 


8o53 


8442 


883o 


iia 


0218 
053078 


9606 
3463 


tt 


•766 
461 3 


1538 


1924 


23o9 


2694 


386 


ii3 


423o 


'^5 


5378 
9185 


5760 


6142 


5524 


382 


114 


6905 


7286 


7666 


8046 


8426 


9563 
3333 

7071 


9942 
3700 
7443 


•320 


379 
376 

372 


ii5 060698 
116 44^8 


1075 
4832 


1452 
5206 


1829 
558o 


2206 
5953 


2582 

6326 


2958 
6699 


4o83 
7815 


117 81S6 
iiS 071882 


8557 


8028 


9298 


9668 


••38 


•407 
4o85 


•776 


1145 


i5i4 


36o 


225o 


2017 
6276 


2985 


3352 


3718 
7368 


445i 


4816 


5i82 3661 


119 5547 


5912 


6640 


7004 


7731 


8094 


8457 


8819 


363 


120 


079181 


9543 

3 144 


9904 

35o3 


•266 


•626 


:n 


1 347 


1707 


2067 


2426 


36o 


121 


082785 


386 1 


4219 


4934 


5291 


5647 
9198 


6004 


357 
355 


122 


636o 


6716 


7071 


7426 


7781 
i3i5 


8i36 


8490 


8845 


o552 
3071 


123 


990 5 


•258 


•611 


•963 


1667 


2018 


2370 


2721 


35i 


124 


093422 


3772 


4122 


4471 
7951 


4820 


5169 


55i8 


5866 


62i5 


656a 


349 
346 


125 


6010 


7257 
0715 


7604 


8298 


8644 


8900 
24J4 


9335 


0681 
3119 


••26 


126 


100371 


1059 


i4o3 


1747 


2091 


2777 


3462 


343 


\ll 


38o4 


4146 


4487 
7888 


4828 


5169 
8565 


55io 


585i 


6191 


653 1 


6871 
•253 


340 


7210 


7549 


8227 


8903 


9241 


9579 


V.^^ 


338 


129 


110590 


0926 


1263 


1599 


1934 


2270 


26o5 


2940 


3609 


335 


i3o 


113943 


4277 


4611 


4944 


5278 


56ii 


5943 


6276 
9586 


660O 


6940 


333 


i3i 


7271 


7603 


7934 


8265 


8595 


8926 


9256 


6456 


•245 


33o 


l32 


120574 


0903 


I23l 


i56o 


1888 


2216 


2544 


2871 


3525 


328 


i33 


3852 


4178 


45o4 


483o 


5i56 


5481 


58o6 


6i3i 


6"t8i 


325 


i34 


7io5 


7429 
o655 


7753 


8076 


8399 


8722 


9045 


9368 


9690 


••12 


323 


i35 


i3o334 


0977 


1298 


1619 


1939 
5i33 


2260 


258o 


2900 


32IO 

6403 


321 


i36 


3539 


3858 


4177 
7354 


4496 


4814 


545 1 


5769 


6086 


3i8 


1 38 


6721 

0A79 

UJOID 


7037 


7671 


7987 


83o3 


8618 


8934 


9249 


9564 


3i5 


•194 


•5o8 


•822 


ii36 


i45o 


1763 

4885 


2076 


2389 


2702 
5818 


3i4 


139 


3327 


3639 


3951 


4263 


4574 


5196 


5507 


3ii 


140 


146128 


6438 


6748 
9835 


7o58 


7367 


7676 
•756 
38i5 


7985 


8294 


86o3 


O911 


3oo 


I4T 


9219 


9527 


•142 


•449 


io63 


1370 


1676 


1982 


307 

3o5 


142 


152288 


2D94 


2900 


32o5 


35io 


4120 


4424 


4728 


5o32 


!43 


5336 


5640 


5943 


6246 


6549 


6852 


7154 


7457 


7759 


8061 


3o3 


144 


8362 


8664 


8965 


9266 


9567 


9868 


•168 


•469 


375? 


1068 


3oi 


145 


i6i368 


1667 


1967 


2266 


2564 


2863 


3i6i 


3460 


4o55 


299 


146 


4353 


465o 


4947 
7008 
0848 


5244 


5541 


5838 


6i34 


6430 


6726 


7022 


297 

205 


148 


7317 


7613 


8203 


8497 
1434 


8792 


9086 


9380 


9674 


996S 


170262 


o555 


1141 


1726 

4641 


2019 


23ll 


26o3 


2895 , 3q3| 


149 


3i86 


3478 


3769 


4060 


435i 


4932 


5222 


55i2 


58o2 


291 


i5o 


176091 


638i 


6670 
9552 


6969 


7248 


7536 


7825 


9ii3 


8401 


8689 
i558 


t'29 


i5i 8977 


9264 


9839 


•126 


•4i3 


l^ 


•985 

3839 


1272 


'287 
285 


i5a 


181844 


2120 
4075 
7803 


24i5 


2700 
5542 


2985 


3270 


4123 


4407 


1 53 


4691 


5259 


5825 


6108 


6391 


6674 


6956 


7239 


283 


1 54 


7521 


8084 


8366 


8647 


8928 


9209 


9490 


9771 


••5i 


281 


i55 


190332 


0612 


.0892 
368 1 


3959 


i45i 


1730 
45i4 


2010 


2289 


2567 


a846 


'?? 


156 


3i25 


3403 


4237 

7005 


4792 
7556 


5069 


5346 


5623 


\U 


5899 


, 8932 


6453 


6729 


7281 


7832 


8107 


8382 


276 


8657 


9206 


9481 


9755 


••29 


•3o3 


•577 
33o5 


•85o 


1124 


274 


i59 

N. 


201397 


; 1670 


1943 


2216 


2488 


2761 


3o33 


3577 


3848 


272 
D. 





1 


a 


3 


4 


5 


6 


7 


8 


9 



A TABLE OF LOGARITHMS FKOM 1 TO 10,000. 



8 



N. 



[OO 

[6i 

[6a 
t63 
164 
[65 
[66 

\u 

[69 

170 
[71 

[73 

[75 
[76 

[79 

180 
181 
182 

[83 
184 
1 85 
[86 

[8 
189 

[90 
[91 
[92 
193 

\H 
196 

'9 
19 

199 

200 
201 
202 
2o3 
204 
2o5 
206 
207 
ao8 
209 

:ic 
an 
212 
ji3 
214 

2l5 

216 

7ll 
219 



204120 
6826 

212188' 
4844^ 
7484} 

220108 

27161 
5309! 

7887 

230449 
2996 
5528 
8046 

240549 
3o38 
55i3 

7973 

260420 

2853 

255273 
7679 

260071 
245i 

4818 
7172 
95i3 
271842 
41 58 
6462 

27H754 

281033 

33oi 

5557 

7802 

290035 

2256 

4466 
6665 
8853 

.'?oio3o 
3iq6 
535 1 
7496 
96J0 
4 
3867, 
5970! 
8o63 

3201461 

322219' 

4282 
6336 

838o' 

33o4i4 
2438, 

4454' 

6460^ 

8456' 

340444 



311754 



4391 
7006 
9783 
2454 
5109 

7747 
0370 

2976 

5568 

8144 

0704 
325o 

5781 
8297 
0799 
3286 
5759 
8219 
0664 
3096 

55i4 

7018 
o3io 
2688 
5o54 
7406 
9746 

2074 
43S9 

6692 

8982 
1:61 
3527 
5782 
8026 
0257 
2478 
4687 
6S84 
9071 

1247 
3412 
5566 
7710 
9H43 
1966 
40-78 
6180 
8272 
o354 

2426 
4488 
6541 
8583 
0617 
2640 
4655 
6660 
8656 
0642 



4663 
7365 
••5 1 
2720 
5373 
8010 
o63i 
3236 
5826 
8400 

0960 
3do4 
6o33 
8548 
1048 
3534 
6006 

8464 
0908 
3338 

5755 
8i58 
0548 
2925 
5290 

7641 
9980 
23o6 
4620 
6921 

92 1 1 

1488 
3753 
6007 

8249 
0480 
2699 
4907 

7«o4 
9289 

1464 
3628 
16781 
7924 
••56 

2177 
4289 
6390 
8481 

o562 

2633 
4694 
6745 
8787 
0819 
2842 
4856 
6860 
8855 
0841 



4934 
7634 
•3 19 
2986 
5638 
8273 
0892 
3496 
6084 
8657 

I2l5 

3757 
6285 
8799 
1207 
3782 
6252 
8709 
Ii5i 
358o 

5996 
83o8 
0787 
3162 
5525 
7875 

•2l3 

2538 
485o 
7i5i 

943o 
I7i5 
3979 
6232 

8473 
0702 
2920 

5l2 

732 
9507 

1681 

3844 
5996 
8137 
•268 
2389 

4499 
6599 
8689 
0769 

2839 
4899 
6960 
8991 
1022 

3o44 
5o57 
7060 
9054 
1039 



5204 
7904 
•d86 

3252 

6902 
8536 
ii53 
3755 
6342 
8913 

1470 
401 1 
6537 
9049 
i546 
4o3o 
6499 
8o54 
1095 

3822 

6237 

8637 

1023 
3399 
5761 
81IO 
•446 
2770 

5o8i 
73So 

9667 
1942 
42o5 
6456 
8696 
0925 
3i4i 
5347 
7542 
9725 

1898 
4059 
6211 
835i 
•481 
2600 
4710 
6809 
8898 

0977 

3046 
5io5 
7i55 
9194 

1223 
3246 

5257 
7260 
9253 
1237 



5475 
8173 

•853 
35i8 
6*1 66 
8798 

1414 
4oi5 
6600 
9170 

1724 
4264 
6789 
9299 
1795 

6745 
9108 
1638 
4064 

6477 
8877 

1263 

3636 

6996 

8344 

•679 
3ooi 
53ii 
7609 

9895 
2169 
443 1 
6681 
8920 

1 147 
3363 
5567 
7761 
9943 

2114 
4275 
6425 
8564 
•693 
281: 
4920 
7018 
9106 
1184 

3252 

53io 
73 5q 
9398 
1427 

3447 
5458 
7459 
945 1 
1435 



5746 
8441 
1121 
3783 
643o 
9060 
1675 
4274 
6858 
9426 

1979 
4517 

7041 

9550 

2044 
4525 
6991 
9443 
1881 
43o6 

6718 
9116 
i5oi 
3873 
62^2 
8578 
•912 
3233 
5542 
7838 

•123 

2396 
46D6 
6905 
9143 
1369 
3584 
5787 

7979 
•161 

233 1 
4491 
6639 
877B 
•906 
3o23 
5i3o 
7227 

9314 
1391 



6016 
8710 
iJ88 
4049 
6694 
9323 
iq36 
4533 
7115 
9682 

2234 

4770 
7292 

9800 
2293 

4772 
7237 

9687 

2125 

4548 

6q58 
9355 
1739 
4109 
6467 
88i2 
1 144 
3464 
5772 
8067 

•35 1 
2622 
4882 
7i3o 
9366 
1591 
38o4 
6007 
819$ 
•378 

2547 

4706 

6854 

8991 
1118 

3234 
5340 
7436 
9522 
1598 



8 



3458 


3665 


55i6 


5721 


7563 


7767 


9601 


9805 


i63o 


i832 


3649 


385o 


5658 


5859 


7659 


7858 


9650 


9»49 


i632 
6 


i83o 


7 



6286 

43i4 
6957 
9585 
2196 

4792 
7372 
9938 

2488 
5o23 

7544 
••5o 
2541 
6019 

7482 

2368 

4790 

7198 
9594 
1076 
4J46 
6702 
9046 
1377 
3696 
6002 
8296 

•578 
2849 
5i07 
7354 
9589 
i8i3 
4025 
6226 
8416 
•595 

2764 
4921 
7068 
9204 
i33o 
3445 
555 1 
7646 
9730 
i8o5 

3871 
5926 
7972 
•••8 
2o34 
4o5i 
6069 
8o58 
••47 
2028 

8 



6556 

9247 
1921 

4579 
7221 
9846 
2456 
5o5i 
763o 
•193 

2742 
5276 

7795 
•3oo 
2790 
5266 
7728 
•176 
2610 
5o3i 

7439 
9833 

2214 
4582 
6937 
9279 
1609 
3927 
6232 
8525 

•806 
3075 
5332 
7578 
9812 
2o34 
4246 
6446 
8635 
•8i3 

2980 
5i36 

7282 

94«7 
1 542 
3656 
5760 
7854 
9938 
2012 

4077 
6i3i 
8176 
•21 1 

2236 

4253 
0260 

8257 
•246 

2225 



I>. 



269 
267 
266 
26% 
262 
261 
259 

258 
256 

254 
253 

252 

25o 



246 
245 
243 
242 

241 
239 
238 



234 
233 

232 

23o 

229 

228 
227 
226 
225 
223 
222 
221 
220 
219 
218 

217 
216 
2l5 
2l3 
212 
211 
210 
209 
208 
207 

206 
205 
204 
203 
202 
202 
201 
200 
190 
198 



—1. 



i^ 



A TABLE OF LOGARITHMS FROM 1 TO 10,000 



ITl 



N. 

320 
231 
222 
223 
^24 

226 
22 
22 
229 

23o 

23 1 
232 

233 

234 
235 
236 

237 
238 
239 

240 

241 

242 
243 

544 
S43 
246 
247 
248 

249 
25o 

25l 
252 
253 
254 
255 
256 
257 
258 
259 

260 
261 
262 
263 
264 
265 
266 
267 
268 
869 

270 
271 

272 

2/3 

274 

275 

276 

l]l 

279 



342423 
43o2 
6353 
83o5 

350248 
Ii83 
4108 
6026 
7935! 



;o3 
383 



35 

361728 
3612 
5488 
7356 
9216 

371068 
2912 
4748 
657 
839 

38o2ii 
2017 
38iD 
56o6 
7390 
9166 

390935 
2607 
4452 
6199 

397940 

9674 

40140: 

3l2l 

4834 
6540 
8240 
9933 
41 1620 
33oo 

414973 
6641 
83oi 
9956 

421604 
3246 
4882 
65ii 
8i35 
9752 

43 1 364 
2969 
4569 
6i63 
7751 
9333 

440909 
2480 
4045 
56o4 



2620 

4589 
6549 
85oo 
0442 
2375 
43oi 
6217 
8125 

••25 

3?oo 
6675 
7542 
9401 
1253 
3oo6 
4932 
6759 
8d8o 

0392 

3993 
5785 
7568 
9343 
1112 
2873 
4627 
6374 

8114 
9847 
1573 
3292 
5oo5 
6710 
8410 
•102 
1788 
3467 

5i4o 
6807 

8467 
•121 

1788 
341C 
5o45 

6674 
8297 

9914 

i525 
3i3o 

4729 

6322 

7909 
9491 

1066 

2637 
4201 
5760 



2817 
4785 
6744 
8694 
o636 
2568 

4493 
6408 
83i6 

•2l5 

2io5 

3988 
5862 

7729 
9687 

1437 

3280 

5ii5 

6942 

8761 

0573 

2377 
4174 
5964 
7746 
9520 
1288 
3o48 
4802 
6548 

8287 
••20 
1745 
3464 
5176 
6881 
8579 
•271 
1956 
3635 

5307 

8633 
•286 
1933 
3574 
5208 
6836 
8459 
••75 

i685 
3290 
4888 
6481 
8067 
9648 
1224 

5916 



3oi4 
4981 
6939 

8889 



3213 
5178 
7135 
9083 



0829 I 1023 



2761 
4685 
6599 
85o6 
•404 

2294 
4176 
6049 
7915 

9772 
1622 

3464 
5298 

7124 
6943 

0754 
2557 
4353 
6142 

9698 

1464 

3224 

4977 
6722 

8461 
•192 
1917 

3635 
5346 
705 1 

8749 
•440 

2124 
38o3 

5474 
i3o 
708 
•45 1 
2007 
3737 
5371 
6999 
8621 
•236 

1846 
3450 
5048 
6640 
8226 
0806 
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43i3 
6071 
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48/6 
6790 
8696 
•593 

2482 
4363 
6236 
8101 
9o58 
1806 

3647 
5481 
7306 
9124 

0934 
2737 
4533 
6321 
8101 
9875 
1641 
3400 
5i52 
6896 

8634 
•365 
2089 
3807 
5517 
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3970 

5641 
7306 
6964 
•616 
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3901 

5d34 

7161 
8783 
•398 
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5207 
6798 
8384 
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3io6 
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5374 

7330 
9278 
I216 
3147 

5o68 
6981 
8886 
•783 

2671 
45Di 
6423 
8287 
•143 
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5664 
7488 
9306 
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2917 
4712 

6499 
8279 
••51 
1817 
3575 
5326 
7071 

8808 
•538 
2261 

3978 
5688 

7391 
9087 

•777 
2461 

4i37 

58o8 

7472 
9129 
•781 
2426 
4o65 
5697 
7324 
8944 
•559 

2167 

5367 
6957 
8642 
•122 
1695 
3263 
4825 
6382 



36o6 
5570 
7525 

9472 
1410 
3339 
5260 
7172 
9076 
•972 
2859 

4739 
6610 

8473 
•328 
2175 
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5846 
7670 
9487 

1296 
3097 
4891 

Sill 
•228 

It 

55oi 
7245 

8981 
•711 
2433 
4149 
5858 
7561 

9257 
•946 
2629 
43o5 

%l 

9295 
•945 
2390 
4228 
586o 
7486 
9106 
•720 

2328 

3930 

5526 

7116 

8701 
•279 

1852 

3419 
4981 
6537 
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5766 
7720 
9666 
i6o3 
3532 
545: 
7363 
9266 
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3o48 
4926 
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•5i3 
236o 
4198 
6029 
7852 
9668 

1476 
3277 
5070 
6856 
8634 
•4o5 
2160 
3926 
5676 

7419 

9154 
•883 
26o5 
4320 
6029 

773 1 
9426 

1114 

2796 
4472 

6141 

7804 
946a* 

IIIO 

2754 

4392 
6023 

7648 
9268 
•881 

2488 

4090 
5685 

375 
869 

•437 
2009 
3576 
5i37 
6692 
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6962 
7oi5 
9860 
1796 
3724 
5643 
7554 
9456 
i35o 

3236 
5ii3 
6983 
8845 
•698 

2544 
4382 
6212 
8o34 
9849 

1 656 
3456 
5249 
7034 
8811 
•582 
2345 
4101 
585o 
7592 

9328 
io56 

2777 
4492 
6199 
7001 
9595 
1283 
2964 
4639 

63o8 

9625 
1275 
2918 
4555 
6186 
781 1 
9429 
1042 

2649 
4249 
5844 
7433 
9017 

•5o4 
3166 
3732 
5293 
6848 
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4196 
6157 
8110 
••54 
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5834 
7744 
9646 
1539 

3424 
53oi 
7169 
9o3o 
•883 
2728 
4565 
6394 
8216 
••3o 

1837 
3636 
5428 
7212 
8989 

•759 

2521 

4277 
6025 
7766 

9501 
1228 
2049 

4663 
6370 
8070 
9764 
I45i 
3i32 
4806 

6474 
8i35 

9791 
1439 
3082 
4718 
634Q 

7973 
9591 

I203 

2809 
4409 
6004 

7592 
9175 
•752 

2323 

3889 
5449 

7003 
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93 

92 
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88 
88 

87 
86 

85 
84 
84 
83 
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81 

81 

80 
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78 
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74 
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61 
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8861 


7468 


7623 
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7933 
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8397 


8552 


281 


90i5 
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9478 


9633 


9787 


9941 


••95 
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1 54 


382 


450249 


o4o3 


o5d" 
2093 


071 1 


0865 


1018 


1172 


i326 


1479 


1 54 


283 


1 786 
33i8 


1940 


2247 


2400 


2553 


2706 


2859 


3oi2 


3i65 


1 53 


284 


3471 


3624 • 3777 


3930 


4082 


4235 


4387 


4540 


4692 


i53 


285 


4845 


4997 


5i5o ! 53o2 


5454 


56o6 


5758 


5910 


'6062 


6214 


|53 


286 


6366 


65i8 


6670 


6821 


8487 


7125 
8638 


^7^9 


7428 
8940 


7579 


7731 


1 52 


287 
288 


7882 


8o33 


8184 


8336 


9091 


9242 


i5i 


9392 


9543 


9694 


9845 


999$ 


•146 


•296 


•447 
1948 


•597 
2098 


•748 


l5i 


289 


460898 


1048 


1198 


1348 


1499 


1649 


1799 


2248 


i5o 


290 


462398 


2548 


1697 


2847 


2997 


3146 


3296 
4788 


3445 


3594 


3744 


i5o 


291 


3893 
5383 


4042 


4191 


4340 


4490 


4639 


4936 


5o85 


5234 


149 


292 


5532 


568o 


5829 


^977 


6126 


6274 


6423 


6571 


6719 


149 


293 


6868 


7016 
64o5 
9960 
1438 


7164 
8643 


73l2 
8790 


7460 
8938 


7608 


7756 


7904 
9380 


8o52 


8200 


148 


294 


8347 


9085 


9233 


9527 

•998 


9675 


148 


295 


9822 


•116 


•263 


•410 


•557 

2025 


•704 


•85i 


1145 


147 
146 


296 


471292 
2706 


1585 


1732 


1873 


2171 


23i8 


2464 


2610 


292 


2Q03 

4362 


3o4o 


3195 
4653 


3341 


3487 


3633 


lilt 


3925 
538i 


4071 


146 


29S 


4216 


45o8 


62S2 


4944 
6397 


5090 


5526 


146 


299 


5671 


58i6 


5962 


6107 


6542 


6687 


6832 


6976 


145 


3oo 


477»2i 

8566 


7266 

6711 


741 1 
8855 


7555 
04J8 


7700 


7844 


7989 


8i33 


8278 


8422 


145 


3oi 


9143 


9287 
0725 


9431 


9575 


9719 


9863 


144 


3o2 


480007 


oi5i 


0294 


o582 


0869 


1012 


ii56 


1209 
273 1 


144 


3o3 


1443 
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1729 


1872 


2016 


2159 


2302 


2445 


2588 


143 


3o4 


2874 


3oi6 


3i59 


33o2 


3445 


3587 


3730 


3872 


401 5 


4157 


143 


3o5 
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4442 


458d 


4727 


4869 


Son 


5i53 


5295 


5437 


5570 


142 


3o6 


5721 


5863 


6oo5 


6147 


6289 


643o 


6572 


6714 


6855 


6997 


142 


3o7 
3o8 


7i38 
855 1 


7280 


7421 
8833 


7563 


7704 


7845 


9396 


8127 


8269 


8410 


141 


8692 


'4^ 


9i»4 


9255 


9537 


9677 


9818 


141 


3o9 


9958 


••99 


•239 


•520 


•661 •801 


•941 


1081 


1222 


140 


3io 


491362 


|502 


1642 


1782 


1022 
3ji9 


2062 


2201 


2341 


2481 


2621 


140 


3ii 


2760 


2900 


3o4o 


3179 


3458 


3507 


3737 
5128 


3876 


4oi5 


139 


3l2 


4i55 


4294 


4433 


4572 


471 1 


485o 


4089 
6376 
7759 


5267 
6653 


5406 


139 


3i3 


554 /{ 


5683 


5822 


5q6o 


8862 


6238 


65i5 


6791 


139 


3i4 


6930 
83ii 


7068 
^448 


7206 


•1344 
8724 


7621 


7897 
9275 


8o35 


8173 
9550 


i38 


3i5 


8586 


8099 


9137 


9412 


1 38 


3i6 


9687 


9824 


Ifil 


••99 


•236 


•374 


*5ii 


•648 


•785 


•922 


137 


^'1 
3i8 


5oio59 


1196 


1470 
2837 


1607 
4?35 


1744 


1880 


2017 


2i54 


2291 
3655 


137 


2427 


2564 


2700 


3109 


3246 


3382 


35i8 


i36 


319 


3791 


3927 


4o63 


4199 


4471 


4607 


4743 


4878 


5oi4 


i36 


320 


5o5i5o 


5286 


5421 


5557 


5693 


5828 


5964 
7316 
8664 


6099 


6234 


6370 


i36 


321 


65o5 


6640 


6776 


6911 


7046 
8395 


7181 
853o 


7451 


7586 
8934 


7721 


i35 
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7856 


X 
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8260 


8790 
•14J 


9068 


i35 
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9203 


9471 


9606 


9740 


9874 


•••9 


•277 


•411 


i34 


324 
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0679 
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0947 


1081 


I2l5 


i349 


1482 


1616 


1750 


i34 


325 


1 883 


2017 


2l5l 


2284 


2418 


255i 


2684 


2818 


2951 


3o84 


133 


326 


3218 


335i 


3484 


3617 
4940 


3750 


3883 


4016 


4149 


4282 


4414 


1 33 


32S 


4548 


4681 


48i3 


5070 
64o3 


52II 


5344 


5476 


5609 


5741 


133 


5874 


6006 


6139 


6271 


6535 


6668 


6800 


6932 


7064 

8382 


l32 


329 


7196 


7328 


7460 


7592 


7724 


7855 


7987 


8119 


825i 


l33 


33o 


5i85i4 


8646 


8777 


8909 


9040 


9171 


93o3 


9434 


9566 


9697 


i3i 
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9828 


9959 


••90 


•221 


•353 


•484 


•61 5 


•745 
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2i83 
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1269 
2575 


1400 


i53o 


1661 


1792 


1922 
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23i4 


i3i 


333 


2444 


2705 


2835 


2966 


3096 


3226 


3356 


3486 


36i6 


i3o 


334 


3746 


3876 


4006 


4i36 


4266 


4396 


4526 


4656 


4785 


4915 
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335 


5o45 


5174 


53o4 


5434 


5563 


5693 


5822 


5951 


6081 


6210 


129 


336 


6339 


6469 


6598 
7888 


6727 
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6856 


6985 


7114 

8402 


7243 
853 1 


7372 
8660 


7501 

8788 
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0456 
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9943 
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3772 


3899 
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6o53 
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6180 


63o6 
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73i5 
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•:79 
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¥l 
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0955 
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1454 
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348 
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2327 


2452 


2576 


2701 
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3199 


3323 


3447 


3571 


3696 


3820 


3944 


124 
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4564 


4688 


4812 


4936 


5o6o 


5i83 


124 


35i 


5555 
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58o2 


5925 


6049 
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6296 


6419 


124 
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9739 


9861 
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0595 
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1206 
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356 


i45o^ 1372 


1694 


I8I6 


1938 


2060 


2181 


23o3 


2425 


2547 


122 


357 
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2911 


3o33 


3i55 


3276 


3398 


35i9 


3640 


3762 


121 
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4126 


4247 


4368 


4489 


4610 


4731 


4852 


4973 


121 


359 
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5336 


5457 
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5940 


6061 


6182 
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5563o3 
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6785 


6905 


7026 
8228 


7146 
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8469 


7387 
8589 


120 
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7748 
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7988 


8108 


8340 
9548 
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8948 


9068 


9188 
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9428 


•863 


9787 
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•146 


•265 
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•624 
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43ii 
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5376 
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5494 


56i2 
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6320 


6437 
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118 


^ 


7026 


7144 
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7379 


7497 


7614 


7732 


7849 


7967 


8084 


118 
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83i9 


8436 


8554 
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8788 
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9842 
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"7 
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"7 
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1709 
2872 
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1825 
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2174 
3336 
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2407 
3568 


2639 


2755 


116 
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2988 


3io4 


3220 


3452 


3684 


3800 


3915 


116 


370 


4147 
53o3 


4263 


4379 
5534 


4404 


4610 


4726 


4841 


4957 


5072 


116 


376 


5i88 


5419 
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5765 


588o 


5996 


6111 


6226 
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p 


6341 
8639 


6457 
1607 
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8868 
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6802 
7951 


8066 
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8181 
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7262 
8410 
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9097 


9212 


9326 


9441 


9555 


9669 


114 


380 
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9808 
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••12 


•126 


•241 


•355 


•460 
1608 


•583 


i8?6 


•811 


114 


38i 
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ii53 


1267 


i38i 


1495 
263 1 


1722 
2858 
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114 


382 


2o63 


2177 


2291 


2404 


25i8 


2745 


2972 


3o85 


114 


383 


3199 


33i2 


3426 


3539 


3652 


3765 
4896 


3879 


3992 


4io5 


4218 


ii3 


384 
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4444 


4557 


4670 


4783 
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5l22 


5235 


5348 
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385 


5461 


5574 


5686 


u^ 


5912 


6024 


6137 


6250 


6362 


6475 


ii3 


386 
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7823 
8944 


6812 


7037 
8160 


7i49 
8272 


7262 
8384 


7374 
8496 


7486 
8608 


7599 
8720 

9838 


112 


387 
388 


8832 


7935 


8047 


112 


9o56 


9167 


9279 


9391 


95o3 


9615 


9726 


112 


389 


9950 


••61 


•173 


•284 


•396 


•5o7 


•619 


•730 


•842 


•953 


iia 


390 


5910651 1176 


1287 


1 399 


i5io 


1^31 


1732 

2843 


1843 


1955 


2066 
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39I 


3286 


2288 


2390 


25lO 


2621 


2732 
3840 


2954 


3064 


3175 
4282 
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393 


45oi 


3568 


36i8 


3729 


3950 


4o6i 


4171 


III 


393 


4393 


4614 


4724 


4834 


4945 


5o55 


5i65 


5276 


5386 
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M 
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5717 


5827 


5937 


6047 
7146 
8243 


6i57 


6267 
7366 
8462 


6377 

lii 


6487 


no 


3o5 


6597 
■jbg5 

8791 


6707 


6817 


6927 


^o37 


7256 
8353 
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8681 


no 


396 


•78o5 
0900 


79«4 


8024 


8i34 


lie 
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9009 


9U9 


9228 


9337 
•428 


9446 


9556 


9665 


X 


109 


9883 


9902 
1082 


•lOI 


•210 
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•537 
1625 


•646 


•755 
1843 
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i5i7 


1734 


1951 
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2169 
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2277 
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2494 
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2711 


2819 


2928 


3o36 


108 


40I 


3i44 
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3469 


3377 
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3704 


3902 


4010 


4118 


108 


403 


4226 


4334 


4442 


455o 


4638 


: 4766 


4874 


4982 


5089 


5197 


108 


io3 


5Jo5 


541 3 


5521 


5628 


5-»36 


! 5844 


3951 


6059 


6166 


6274 


108 


404 


6381 


6489 


6596 


6704 


6811 


i 6919 


1026 


Ti33 


7241 


7348 
8419 


107 


4o5 


7455 
8526 


7062 


76O9 


7777 
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8098 


6205 


83i2 


107 


406 


8633 


8740 


8847 


8934 


9061 


9167 


9274 


9381 


9488 


107 


io7 


9)94 


9701 


9808 


99!4 


••21 


•128 


•234 


•341 


•447 i •554 


107 


40b 


6 1 0660 


07^7 


0873 


0979 


1086 


1 192 


1298 


i4o5 


i5ii 


1617 


106 


409 


1723 


1829 


1936 


2042 


2148 


2234 


236o 


2466 


2572 


2678 


106 


4:0 


(T2784 


2 890 


2996 


3l02 


3207 


33i3 


3419 


3525 


363o 


3736 


106 


liii 


3'S42 


3947 


40D3 


4i59 


4264 


4370 


4473 


458i 


4686 


4792 


106 


412 


4897 


5oo3 


5io8 


52i3 


5319 


1 5424 


5529 


5634 


5740 


5845 


io5 


4ii 


5(v^o 


6o35 


6160 


6265 


6370 


6476 


658i 


6686 


6790 1 6895 


io5 


414 


7000 


7io5 


7210 


73i5 


7420 


7525 


7629 


7734 


7839 


7943 


103 


4i5 


8048 


8jd3 


8257 


8362 


8466 


8571 


8676 


8780 


8884 


8989 


io5 


4i0 


9093 


9198 


9302 


9406 


9511 


9615 


97'9 


9824 


9928 


••32 


104 


417 


6201J6 


0240 


o344 


0448 


o552 


o656 


0760 


0864 


0968 


1072 


104 


4i« 


1 1 76 


1 2^0 


1384 


1488 


1592 


1695 


'799 


1903 


2007 


2110 


104 


419 


2214 


23 18 


2421 


2525 


2628 


2732 


2833 


2939 


3o42 


3146 


104 


420 


623249 


3353 


3456 


3559 


3663 


3766 


3869 


3973 


4076 


4179 


io3 


421 


42S2 


4i85 


4488 


4591 


4695 


4798 


4901 


5004 


5io^ 


5210 


io3 


422 


53 1 2 


54 1 5 


55i8 


5621 


5724 


5827 


5929 


6o32 


6i33 


6238 


io3 


423 


6340 


6443 


6546 


6648 


6751 


6853 


6950 


7o58 


7161 


7263 


io3 


424 


7366 


7408 


7571 


7673 


7775 


7878 


7980 


8082 


8i85 


8287 


102 


4a5 


8389 


849 1 


8593 


6695 


»797 


8900 


9002 


9104 


9206 


9308 


102 


426 


9410 


9512 


9613 


97i5 


9^17 


9919 


••21 


•123 


•224 


•326 


102 


427 


63o42& 


o53o 


063, 


0733 


0833 


0936 


io33 


1 1 39 


1241 


1 342 


102 


428 


1444 


1D45 


1647 


1748 


1849 


195 1 


2052 


2i53 


2255 


2356 


101 


429 


2457 


2559 


2660 


2761 


2862 


2963 


3064 


3i65 


3266 


3367 


101 


43o 


633468 


3569 


3670 


3771 


3872 


3973 


4074 


4«75 


427^ 


4376 


100 


43 1 


4477 


4678 


4679 


4779 


4880 


4981 


5o8i 


5182 


5283 


5383 


100 


432 


5484 


5584 


5683 


5785 


5886 


5986 


6087 


6187 


6287 


6388 


100 


433 


6488 


6588 


6688 


6789 


6889 


6989 


7089 


7.89 
8190 


7290 


7390 


100 


434 


7490 


7590 


7690 


7790 


2^92 


7990 
8968 


8090 


8290 8389 


99 


435 


8489 


8589 


86y9 


8789 


88h8 


9088 


9168 


9287 93?S7 


1 

991 


436 


9t86 


9586 


9686 


9783 


9885 


9984 


••84 


•i83 


•283 •38a 


991 


437 


640481 


o58i 


0680 


0779 


0879 


0978 


1077 


1177 


1276 1375 


99 


438 


1474 


1573 


1672 


«77» 


1871 


1970 


2069 


2168 


2267 2366 


99 


439 


2465 


2363 


2662 


2761 


2860 


2959 


3o58 


3i56 


3255 


3354 


99 


440 


643453 


355 1 


365o 


3749 


3347 


3946 


4044 


4143 


4242 


4340 


9.8 


44 J 


4439 


4537 


4636 


4734 


4832 


4931 


5029 


5127 


5226 


5324 


98 


442 


5422 


5521 


56i9 


5717 


58i5 


5913 


60 ! I 


6110 


6208 


63o6 


98 


443 


6404 


OS02 


(i(>oo 


6698 


6796 


6894 


6992 


7089 


7187 


7285 


98 


444 


738J 

836o 


7481 


7579 


7676 
8653 


7774 


7872 


7969 
S945 


8067 
9043 


8i63 


8262 


98 


445 


8458 


8555 


^730 


8848 


9>4o 


9237 


97 


446 


9335 


9432 


953o 


9627 


9724 


982.1 


9919 


••16 


•ii3 


•210 


97 


447 
448 


65o3o8 


o4o5 


OJ02 


0599 


0696 


0793 


o8qo 


0987 


1084 


I181 


97 


1278 


1375 


1472 


i569 


1600 


1762 1 


1839 


1936 


2o53 


2i5o 


97 


449 


2246 


2343 


2440 


2536 


2633 


2730 i 


2826 


2923 


3019 


3ii6 


97 


455 


^532i3 


33oo 
427J 


34o5 


35o2 


3598 


3695 


3701 


3888 


3984 


4080 


96 


45i 


4177 
5i38 


4369 


4465 


43b2 


463S 


4734 


485o 


4946 


5o42 


96 


45 a 


5235 


533 1 


5427 


5323 


0619 


5715 


58io 


5oo6 


6002 


96 


453 


60^8 j 


6194 


6290 


6386 


6482 


6577 


6673 


6769 


6864 6960 


96 


454 
455 


7od6 

801 r , 


7132 
8107 


7247 
8202 


7343 
8298 


7438 
8393 


7534 

8488 


7629 
8584 


7723 

8679 


7820 1 7916 
8774 8870 


95 


456 


8965 


9060 


9155 


9230 


9346 


9441 


9536 1 


9631 


9726 9821 


95 


457 


9916 


••11 


•106 


•201 


•296 


•391 


•486 


•58i 


•676 i ^77 1 


93 


458 


660865' 


0960 


io55 


11 5o 


1245 


1 339 


1434 


1529 
2473 


1623 1 1718 


95 


459 

N. 


Ibi3 

1 


1907 


2002 


2096 


2191 


2280 


238o 


2569 1 fl663 


95 
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k TABLE OF LOGARITHMS FROM 1 TO 10,000 



N. 
460 





1 


a 

294-> 


3 


4 


5 


6 


7 


8 


^ 


94 


662753 2852 


3o4i 


3i35 


323o 


3324 


3418 


35i3 


3607 
4548 


461 


3701 


3795 1 3889 


3983 


4078 


4172 


4266 


436o 


4454 


94 


462 


4642 


4736 


483o 


4924 
5862 


5oi8 


5ll2 


5206 


5299 
6237 

7173 


5393 
633 1 


5487 


94 


463 


553 1 


5675 


576^ 


5956 


6o5o 


6143 


6424 


94 


464 


65i8 6612 


6703 


i]fs 


6892 


6986 


7079 


7266 
8199 


7360 
8293 


94 


465 


7453 


7546 
8479 


7640 
8572 


7826 
8759 


7920 


8oi3 


8106 


93 


466 


8386 


8665 


8852 


8945 


9o38 


9i3i 


0224 


93 


467 
46d 


9317 


QUO 


95o3 


9596 


9689 


0782 


9875 


9967 
0893 


••60 


•i53 


93 


670246 o339 1 


043 1 


o524 


0617 
1 543 


0710 
1 636 


0802 


0988 


1080 


93 


469 


1173 


1265 


1 353 


i45i 


1728 


(821 


19(3 


2oo5 


93 


470 


672098 


2190 


2283 


2375 


2467 


256o 


2652 


2744 
3666 


2836 


2Q29 

3830 


92 


471 


302I 


3ii3 


32o5 


3297 
4218 


3390 


3482 


3574 


3758 


93 


472 


3942 


4o34 


4126 


43io 


4402 


4494 


4586 


4677 
5395 


4769 


92 


473 


4861 


4953 


5045 


5i37 
6o53 


5228 


5320 


5412 


55o3 


5687 


92 


474 


5778 
6694 


5870 


5962 


6145 


6236 


6328 


6419 
7333 


65ii 


6602 


92 


475 


6785 


6876 


6968 


7059 


7i5i 
8o63 


7242 
81 54 


7424 
8336 


7516 
8427 


9» 


476 


7607 
85i8 


7698 


77«9 


7881 
S791 


I?!^ 


8245 


9» 


477 


8609 


8700 


8882 


8973 


9064 


9155 


9246 


9337 


9J 


47^ 


942S 


9519 


9610 


9700 


979 « 


9882 


9973 


••63 


•i54 


•243 


9« 


479 


68o336 0426 


o5i7 


0607 


0698 


07S9 


0879 


0970 


1060 


ii5i 


9» 


4S0 


681241 


i332 


1422 


i5i3 


i6o3 


1693 


1784 


1874 


1964 


2o55 


90 


4H1 


2145 


2235 


2326 


2416 


25o6 


2596 


2686 


2777 


2867 


3837 
4756 


90 


482 


3o47 


3i37 


3227 


3317 


3407 


3497 


3587 
4486 


3677 


3767 
4666 


90 


483 


3947 


4037 


4127 


4217 


43o7 


4396 


4576 


90 


484 


4845 


493d 


5o25 


5ii4 


5204 


5294 


5383 


5473 
6368 


5563 


5632 


^ 


485 


5742 


56ii 


5921 
681 5 


6010 


6100 


6.89 


6279 


6458 


6547 


486 


6636 


6726 


6904 


6994 


7o83 


7172 
8064 


7261 
8i53 


7351 
8242 


7440 
833 1 


89 


487 
4Sd 


7529 
8420 


7618 


7707 


7796 


7886 
8776 


un 


89 


85o9 


8D08 


8687 
9575 


8953 


9042 


9i3i 


9220 


89 


489 


9.309 


9398 


9486 


9664 


9753 


9841 


9930 


••19 


•107 


89 


490 


690106 

lOOI 


0285 


0373 


0462 


o55o 


0639 


07 28 


0816 


0905 


0093 


80 


491 


1170 


1258 


1J47 


1435 


i524 


1612 


1700 


1789 
2671 


3^39 


88 


402 


1955 


20D3 


2142 


223o 


23i8 


2406 


2494 


2583 


88 


493 


2847 


2935 


3o23 


3iii 


3199 


3237 


3375 


3463 


355i 


88 


494 


3727 


38i5 


3903 


3991 


4078 


4166 


4234 


4342 


443o 


4517 


88 


495 


460!) 


4693 


4781 


4b68 


4956 


5o44 


5i3i 


5219 


5307 


5394 


88 


496 


5482 


5569 


5657 


5744 


5832 


5919 


6007 


6094 
6968 

7839 
8709 


6182 


6269 


87 


497 


6356 


6444 


653 1 


6618 


6706 
8449 


6793 


6880 


7o55 


7142 
8014 
8883 


87 


498 
499 


7229 
8101 


7317 
8188 


7404 
8275 


7491 
8362. 


7663 
8535 


7752 
862a 


7926 
8796 


?7 
87 


5oo 


698970 


9057 


9144 


9231 


9317 


94o4 


9491 


9578 


9664 


9751 


87 


5oi 


9838 


9924 


••11 


••98 


•184 


•271 


•358 


•444 


•53 1 


•617 


U 


5o2 


700704 
i568 


0790 
1634 


0877 


0963 


io5o 


ii36 


1222 


1 309 


1395 


1482 


5o3 


1741 
26o3 


1827 


1913 


1999 


2086 


2172 


2238 


2344 


86 


5o4 


243 1 


25i7 


2689 


2775 


2861 


2Q47 


3o33 


3ii9 


32o5 


86 


5o5 


32QI 


4236 


3463 


3540 
4408 


3635 


3721 
4579 


3807 
4^^5 


3893 


3979 


4o65 


86 


f)o6 


4131 


4322 


4494 


47^1 


4837 


492 a 


86 


S07 


5oo8 


5094 


60]? 


5265 


53 DO 


5436 


5522 


56o*7 


5693 


5778 


86 


608 


5864 


^^? 


6iao 


6206 


6291 


6376 


6462 


6547 


6632 


85 


509 


6718 


6888 


6974 


7059 


7144 


7229 


73i5 


7400 


•»485 


85 


5io 
5ii 


707570 
8421 


7655 
85o6 


8591 


7826 
6676 


7911 
8761 


l?S> 


8081 
8931 


8166 
9015 


8a5i 
9100 


8336 
9185 


85 
85 


5l2 


9270 


9355 


9440 


9524 


9609 


9694 


9779 


9863 


9948 


••33 


85 


5i3 


710117 


0202 


0287 


0371 


0456 


0340 


0623 


0710 
1354 


o79i 
1 639 


0879 
1723 


85 


5i4 


0963 


1043 


Il32 


1217 


i3oi 


1 385 


1470 


84 


5:5 


1807 


1802 


1976 


2060 


2144 


2229 


23i3 


11% 


2481 


2566 


84 


Die 


265o 


2734 


2818 ! 2902 


2986 


3070 


3i54 


3323 


3407 


! 84 


5'2 
5id 


3491 
4W0 


3375 


3359 


3742 


3826 


3910 


3994 
4833 


4078 


4162 


4246 


84 


4414 


4407 
5335 

2 


4d8i 


4665 


4749 


4916 


5ooo 


5o84 


84 


519 


5167 


525i 


5418 


55o2 


5586 


5669 


5753 


5836 
8 


5920 


84 
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A TABLE OF LOGARITHMS FROM 1 TO 10,000. 



S20 





1 


3 


3 


4 


5 


6 


7 


8 


9 


D. 

83 


716003 


6087 


6170. 


6254 


6337 


6421 


65o4 


6588 


6671 


6754 
7687 
8410 
9248 


531 


6838 


6921 


7004 


7088 


2^11 
8oo3 


7254 


7338 
8169 


7421 
8253 


7504 
8336 


33 


522 


7671 


8585 


8668 


7920 
8751 
9580 


8086 


83 


533 


85^2 


8834 


8917 
9745 
0573 


9000 


9083 


9165 


83 


53i 


9331 


9414 


23I? 


9663 


9828 


99U 


9994 


-77 
3903 


83 


525 


720159 


0242 


0407 
1233 


0490 


o655 


0738 
1 563 


0821 


83 


526 


0086 
1811 


1068 


ii5i 


i3i6 


1398 


1481 


1646 


1728 


83 


5i8 


1893 


1975 


2o58 


2140 


2222 


23o5 


2387 


2469 


2552 


83 


2634 


2716 


2798 


2881 


2963 


3045 


3127 
3948 


3209 


3291 


3374 


83. 


529 


3456 


3d38 


3620 


3702 


3784 


3866 


4o3o 


4112 


4194 


83 


53o 


724276 


4358 


4440 


4522 


4604 


4685 


bhl 


4849 


4931 


5oi3 


83 


53 1 


5095 


5176 


5258 


5340 


5422 


55o3 


5667 
6483 


5748 
6564 


583o 


83 


532 


5912 


5993 


6075 


61 56 


6238 


6320 


6401 


6646 


83 


533 


6727 
7541 
8354 


6bo9 

7623 
8435 


6890 


^11 


7053 


7«34 


7216 
8029 

8841 


7297 

8110 
8922 


7379 
8191 
9003 


7460 
8273 
9084 


81 


534 
535 


ITib 


^^1 

9408 


7866 
8678 
9480 
•298 


7948 
6759 
9570 


81 
81 


536 


9165 


9246 


9327 

•i36 


9651 


9732 
•540 


9813 


9893 


81 


^1 
538 


.9974 


••55 


•217 


•378 


•459 


•621 


•702 

1308 


81 


o863 


0944 


1024 


iio5 


1186 


1266 


i347 


1428 


81 


539 


1669 


1750 


i83o 


1911 


1991 


2072 


2132 


2233 


23i3 


81 


540 


732394 


2474 


2555 


2635 


2715 
35i8 


3796 


2876 


2956 


3o37 


3117 


80 


541 


3197 


3278 


3358 


3438 


3398 


3679 


4360 


3839 


3919 


80 


542 


3999 


4079 


4160 


4240 


4320 


4400 


4480 


4640 


4720 
55i9 


80 


543 


4800 


4880 


4960 


5o4o 


5l20 


5200 


5279 


5359 


5439 


80 


544 


5599 


5679 


6d50 


5838 


5918 


5998 


6078 


6157 


6237 


6317 
711J 


80 


545 


9572 


6476 


6635 


6715 
7511 
83o5 


6795 
7690 

8384 


6874 


6954 


7034 


80 


546 

547 


7272 
8067 


7352 
8146 


7431 
8225 


7670 

8463 


m 


7829 
8622 


7908 
8701 


79 
79 


548 


8860 


8939 


9018 


9097 


9*77 


9236 


9335 


9414 


9493 
•284 


79 


549 


965i 


9731 


9810 


9889 


9968 


••47 


•126 


•205 


79 


55o 


74o363 


0442 


052I 


0600 


0678 
1467 


0757 


o836 


0915 


0904 
1782 

2568 


1073 


79 


55 1 


Il52 


I230 


l30Q 

2096 


1388 


1340 


1624 


1703 


i860 


79 


552 


1939 


3018 


2n5 
2961 


2254 


2332 


241 1 


2480 
3275 

4o58 


2647 


]i 


553 


2723 


2804 


2882 


3o39 
3823 


3ii8 


3196 
3980 


3353 


343 1 


554 


35io 


3588 


3667 


3745 
4528 


3902 


4i36 


42i5 


78 


555 


4293 


4371 
5i53 


4449 


4606 


4684 


4762 


4840 


'^ 


4997 


78 


556 


5075 
5855 


523i 


5309 


5387 


5465 


5343 


5621 


5777 
6556 


78 


557 
558 


5933 


601 1 


6089 


6167 
6945 


6245 


6323 


6401 


8o33 


78 


6634 


6712 


6790 
7567 


6868 


7023 


7101 


7955 


7334 
8110 


78 


559 


7412 


7489 


7645 


7722 


7800 


7878 


78 


56o 


748188 


8266 


8343 


8421 


8498 


8576 
9330 


8653 


8731 

9604 


8808 


8885 


77 


56i 


8963 


9040 


9118 


9195 


9272 


9427 


9583 


9659 


77 


562 


9736 


9814 


9891 


9960 


••45 


•l23 


•200 


•277 

1048 


•354 


•43 1 


77 


563 


75o5o8 


o586 


0663 


0740 

1310 
2279 


0817 


0894 


0971 


1125 


1202 


77 


564 
565 


1270 
2048 


1356 

3125 


1433 
2202 


i587 
2356 


1664 
2433 


1741 
2309 


I8I8 

2586 


1895 
2663 


1972 
2740 
35o6 


■ ■ 

77 
77 


566 


2816 


2893 


3736 
4501 


3o47 


3if3 


3 200 


3277 


3353 


343o 


77 


^ 


3583 
4348 


366o 
4425 


38i3 
4578 


3889 
4654 


3966 
4730 


4042 
4807 


4119 

4883 


4195 
4960 


4272 
5o36 


'-H 


56, 


5ll2 


5189 


5265 


534i 


5417 


5494 


5570 


5646 


5722 


5799 


76 


570 


755875 
6636 


5951 


6027 
678^ 


61 o3 


6180 
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46 
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46 
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9685 
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46 
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45 
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3o85 


45 
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45 


963 
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4o32 
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4617 
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45 
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45 
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45 
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0783 0827 


9539 
9983 


9583 
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44 
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44 
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o5i6 


o56i 
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44 
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44 
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i3i5 
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i4o3 
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4i85 
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^ 
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U 
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44 
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44 
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5723 
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6337 
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6o3o 


44 
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44 
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6643 6687 
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44 
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7517 7561 
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8o85 
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7692 
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44 
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86q5 
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44 
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8q56 
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44 
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44 
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.01 
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108-87 


716677 


54 


I 


280773 


107 


•21 


999918 


.04 


289856 


107-26 
io5-7o 


710144 


53 


290207 


io5 


• 65 


999915 


•04 


296292 
302634 


703708 


52 


9 


3o254fc 


104 


.i3 


999913 


.04 


104-18 


697366 


5i 


10 


308794 


102 
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32 
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33 
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40 
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57 
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35 
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77 
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25 


36 
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99 
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ll 
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2o 
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45o6i3 
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23 
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73 


46 
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22 


39 
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463665 
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73 
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21 


40 
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00 
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.06 
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20 


41 
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29 
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.06 
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\t 


42 
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60 
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472454 
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43 
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9' 


.06 
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*7 


44 
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24 
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16 


45 
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59 
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4b 
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04 
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.07 . 
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14 


% 
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3i 
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i3 
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^? 
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12 


49 


5oio8o 
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999782 


.07 
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11 


60 
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48 
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10 


5i 
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89 
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64-96 
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3i 
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53 
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75 
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63. 


19 


999761 


•07 . 


520790 


63-26 


479210 


55 


524343 


62. 


64 


999757 
999753 


•07 
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56 
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4 


12 
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61. 


58 
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.07 
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1 
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3 
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06 
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2 


^ 
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55 
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999731 


•07 
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3 
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.08 
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.08 


5845 I 4 


54 


.68 


i3 


587469 


54-19 


999675 
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54 


.27 
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i5 
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.08 
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408949 
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i6 
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.08 
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53 
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\l 
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52 
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t 
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20 
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.09 
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22 
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.09 


616262 


5o 


• 85 


383738 


23 


5o-4i 
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5o 
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n 
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t 
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29 
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48 
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3i 
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27 
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• 12 
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32 
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3o 
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34 


'47 
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3o 
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34 
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34 


15 
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33 
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-i3 
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34 
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33.70 
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33 


35 
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36 
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802765 


33 


22 


39 
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I 8347 X 


i5 


46 


817522 


31.91 
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•14 
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3i 


.91 


i3 
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3i 
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49 
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5o 
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3i 
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3o 
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55 
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3o 


83 
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56 
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ll 
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45 
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5o 


2 
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J 
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140943 
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57 


4 
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56 


5 
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29-58 
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6 
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29-46 
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8 
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29-19 
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.i5 


857171 
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29-07 


998869 
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141068 


52 


9 
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5i 


10 
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137567 
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II 
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n 


864738 
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.i5 
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48 


i3 
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47 


14 
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99S813 


.16 


869351 


28.54 


1 30649 


46 


i5 


869S68 


28-28 


998804 


.16 


871064 


28.43 


128936 


45 


i6 


871565 


28-17 


998705 
998785 


.16 


872770 


28.32 


127230 


44 


\l 


873255 


28-06 


.16 


874469 


28-21 


125531 


43 


874033 


27-o5 

27-86 


998776 


.16 


876162 


28-11 


123838 


42 


19 


876615 


998766 


.16 


877849 


28.00 


I22!5l 


41 


20 


878285 


27-73 


998757 


.16 


879529 


27-89 


120471 40 


31 


8.879949 


27-63 


9-998747 


.16 


8-881202 


27-79 
27-68 


11. 1 18798 39 

ii7i3i 38 


22 


881607 


27.52 


998738 


.16 


882869 


23 


883258 


27-42 


998728 


.16 


884530 


27.58 


110470 


^7 


24 


884903 


27-3i 


998718 


.16 


886i85 


27-47 


Ii38i5 


3^ 


25 


886542 


27.21 


998708 


.16 


887833 


27.37 


112167 


35 


26 


888174 


27-11 


998609 
998689 


.16 


889476 


27.27 


110524 


34 


11 


889801 


27-00 


.16 


891 1 12 


27.17 


108888 


33 


891421 


26.90 


998679 


.16 


892742 


27-07 


107258 


32 


29 


893035 


26.80 


998669 


.17 


894366 


26-07 


io5634 


3i 


3o 


894643 


26.70 


998659 


.17 


895984 


26-87 


104016 


3o 


3i 


8.896246 


26.60 


9-998649 


•17 


8.897596 


26.77 


11.102404 


It 


32 


897 84 2 


26.51 


998639 


.17 


899203 


26-67 
26-58 


100797 


33 


899432 


26.41 


998629 


•17 


900803 


099197 


27 


34 


90 1 1 7 


26.3! 


9986 1 9 


• 17 


902398 
903987 
905570 


26-48 


097602 


26 


a5 


902596 


26.22 


998609 


•'7 


26-38 


096013 


25 


36 


904 1 69 


26.12 


998599 


•17 


26.29 


094430 


24 


u 


905736 


26.03 


998580 


.17 


907147 
9087 1 9 

910285 


26.20 


092853 


23 


907297 


25.o3 
25-84 


998578 


• 17 


26. 10 


091281 
089715 
088154 


32 


39 


90RH53 


998568 


• 17 


26-01 


21 


40 


910404 


25-75 


998558 


.17 


911846. 


25-92 


20 


41 


8-911919 


25-66 


9-998548 


• 17 


8.913401 


25-83 


11.086599 


\t 


42 


913488 


25-56 


998537 


.17 


914951 


25.74 


o85o4o 
o835o5 


43 


9l5022 


25-47 


998527 


■.\l 


916405 
O180J4 


25-65 


'7 1 


44 


9i655o 


25-38 


998316 


25-56 


081966 


16 


45 


918073 


25-29 


998506 


.18 


919568 


25-47 


080432 


i5 1 


46 


919591 


25-20 


998495 


.18 


921096 


25-38 


078004 

077381 
075864 


14 


ii 


921 ro3 


25-12 


998485 


.18 


922610 


25-3o 


i3 


922610 


25-o3 


998-174 


.18 


924t36 


25-21 


12 


49 


924112 


. 24-Q4 1 


99B464 


.18 


925649 


25-12 


074351 


II 


fro 


925609 


24-86 


998453 


•18 


927156 


25 03 


072844 


10 


5i 


8.927100 

9'i858T 
930068 


24-77 


9-998442 


.18 


8.928653 


24 -oi 
24-tl6 


11.071342 


t 


52 


24 69 


998431 


.18 


93oi55 


060845 
068353 


53 


24-60 


998421 


.18 


931647 


24-78 


I 


54 


93 1 544 


24-52 


998410 


.18 


933134 


24-70 


Ov66866 


55 


93301 5 


24-43 


998300 
998388 


.18 


934616 


24-M 


065384 


5 


56 


934481 


24-35 


.18 


936093 


24-53 


063907 
062435 


4 


ll 


935942 


24-27 


998377 


.18 


937565 


24-45 


3 


937398 


24-19 


998366 


.18 


939032 


24-37 


060068 
059006 
o58o48 


2 


^ 


938850 


24-11 


998355 


.18 


940494 


24 -3o 


1 


6o 


940296 
Cosine 


24 03 


998344 


.18 


941952 


24-21 



M. 


D. 


Sine 


Cotang. 


D. 


Tang. 



(85 DEORESa.) 



SINES AND TANGENTS. (5 DEGREES.) 



2? 






Bine 


D. 


Cosine 


.19 


Tang. 


D. 


Cotang. 


60 


8.940796 
94. ;38 


24 -03 


9.998344 


8.941952 


24.21 


ii.o58o48 


I 


23-94 
23.67 


998333 


.19 


943404 


24-13 


05650 


^ 


a 


943174 


998322 


.19 


944852 


24.05 


o55i48 


3 


944606 


23.79 


998311 


.19 


946295 


23-07 


o537o5 


U 


4 


946034 


23-71 


998300 


.19 


947734 


23.9c 
23.82 


o52266 


5 


947456 
948874 
95o2»] 


23-63 


998289 


.19 


949168 


o5o832 


55 


6 

I 


23-55 
23.48 


998277 
998266 


.19 
.19 


950397 
932021 


23.74 
23.6^ 


049403 i 54 
047979 1 53 


951696 


23-40 


998255 


.19 


953441 


23.6c 


046359 5: 


9 


953100 


23-32 


998243 


.19 


954856 


23. 5i 


045144 5i 


to 


954499 


23-25 


998232 


.19 


956267 


23-44 


043733 


5o 


II 


8 955894 
95-7284 
950670 
960002 


23.17 


9.998220 


.19 


8.957674 


23.37 


11.042326 


it 


12 


23.10 


998209 


.19 


939075 


23-29 
23-23 


040915 


i3 


23.02 


998107 
998186 


.19 


960473 


039J27 


2 


U 


2295 
22.88 


•19 


961866 


23.14 


o3Si34 


15 


961429 


998174 


.19 


963255 


23.07 


036745 


45 


16 


962801 


22.80 


998163 


.19 


964639 


23.00 


o3536i 


44 


1^ 


964170 


22.-73 
22-66 


998i5i 


.19 


966019 


22.93 
22.86 


033q8l 


43 


965534 


998139 


.20 


967394 
96^766 


o326o6 


42 


19 


966893 


22.59 


998128 


• 20 


22.79 


o3i234 


41 


20 


968249 


22.52 


9981 j6 


•20 


970133 


22.71 


029867 


40 


21 


8 •969600 


P2.44 


9.998104 


•20 


S. 971496 


22.65 


1 1 .©28504 


11 


22 

23 


970947 

972280 

973628 


22.38 

22.31 


998002 
998080 


•20 
.20 


972855 
974209 


22-57 
22-5l 


027145 
025791 


24 


22.24 


998068 


•20 


975560 


22-44 


024440 


25 


974962 


22-17 


998056 


•20 


976906 


22-37 


023094 

021732 


35 


26 


Q76293 


22*10 


998044 


.20 


978248 


22-3« 


34 


U 


977619 


22. 03 


998032 


.20 


979586 
980921 


22-23 


020414 


33 


978941 
950259 

98157I 


21.97 


998020 


.20 


22.17 


019079 


32 


?9 


21.90 

21.83 


998008 


.20 


982251 


22.10 


017740 
016423 


3i 


3o 


997996 


.20 


983577 


22.04 


3o 


3i 


8.982883 


21.77 


9.997985 


•20 


3.984899 


21.97 


i«.oi5ioi 


It 


32 


984189 


21. JO 

21.63 


997972 
997959 


•20 


986217 


21.91 
21.84 


013783 


33 


985491 


•20 


987532 
988842 
990 > 49 


012468 


11 

25 


34 
35 


986789 
988083 


21.57 
21. 5o 


997947 
997935 


•20 
•21 


21.78 
21.71 


01 1 1 53 
ooq85i 
008549 


36 


989374 


21-44 


997922 


•21 


991451 


21.65 


24 


u 


990660 


21.38 


997910 


•21 


992750 


21.58 


007260 
003955 


23 


991943 


21.31 


997807 
997885 


•21 


994045 


21.52 


22 


.39 


993232 


21.25 


•21 


995337 


21.46 


004663 


21 


40 


994497 


21.19 


997872 


•21 


996624 


21.40 


003376 


20 


41 


8-995768 


21.12 


9.997860 


•2! 


8.997908 


21.34 


11-002092 


\t 
'.I 


42 

43 


99*7036 
998299 


2106 
21-00 


997835 


•21 
•21 


999188 
9.000465 


21.27 
21.21 


000812 

10-999535 

998262 


44 


999560 


20 04 


997822 


•21 


001738 


21. i5 


45 


9'00o8i6 


20-87 


997809 


•21 


oo3oo7 


21.09 
21.03 


996993 


i5 


46 


002060 
oo33i8 


20-82 


997797 
997784 


•21 


004272 


995728 


14 


% 


20.76 


•21 


oo5534 


20.97 


994466 


i3 


004563 


20.4o 
20-64 


997771 
997758 


•21 


006792 


20. Ql 


993208 


12 


49 


oc58o5 


•21 


008047 
009298 


20. 8d 


991953 


II 


5o 


007044 


20.58 


997745 


•21 


20.80 


990702 


10 


5i 


9.008278 


20-52 


9.997732 


.21 


9.010546 


20.74 


I c. 989454 


I 


52 


009510 


20.46 


9977»9 


.21 


on 700 
oi3oJi 


20-68 


988210 


53 


010737 


20.40 


997706 
997603 
997680 


.21 


20-62 


986969 


I 


54 


01 1962 


20-34 


•22 


014268 


20-56 


985732 


55 


oi3i82 


20.20 

20. 2 J 


.22 


oi55o2 


20. 5i 


984498 


5 


56 


014400 


997667 


.22 


016732 


20.45 


983268 


4 


u 


0i56i3 


20.17 


997654 


•22 


017959 
019183 


20.40 


982041 


3 


016824 


20.12 


997641 


.22 


20.33 


980817 


2 


59 


oi8o3i 


20.06 


997628 


.22 


o2o4o3 


20.28 


97q5q7 


1 


60 


019235 


20.00 


997614 


•22 


021620 


20.23 


978380 



M. 


Cosine 


D. 


Sine 1 


Cotang. 


D. 


. Tanff. 



(84 bEQREES.) 



24 



(6 DEGREES.) A TABLE OF LOGARITHMIO 



M. 

o 
I 

2 

3 

4 

5 
6 

I 

9 

10 

II 

12 

i3 

U 
15 

i6 

\l 

»9 

20 

21 
22 
23 

24 

25 

26 

2 

2 



Siue 



I 



3i 

32 

33 

34 

35 
36 

u 

39 
40 

41 
42 
43 
44 
45 
46 

% 

5i 
5a 
53 
54 
55 
56 

U 



9'0i9i35 
023435 

021632 

022825 
024016 

025203 

026386 
027567 

028744 
029918 
031089 

9 '032257 
033421 
o34582 
035741 
036896 
o38o48 
039197 
o4o342 
041485 
042625 

9*043762 
044^95 
046026 
047154 
040279 
049400 
o5o5i9 
o5r635 
052749 
053859 

9.054966 

o56o7i 
05-7172 
058271 
059367 
060460 
o6i55i 
062639 

063724 
064806 

9-065885 
066962 
o68o36 
069107 
070176 
071242 
072306 
073366 

074424 
075480 

9*076533 
077583 
076631 
079676 
080719 
081759 



084864 
085S94 



Coeine 



D. 



20 

9 
9 
9 
9 
9 
9 
9 
9 
9 
9 

9 
9 
9 
9 
9 
9 



00 

$ 

84 
78 

5i 

47 

41 
36 
3o 

25 

20 
i5 
10 
o5 

99 
94 


5 
60 
55 
5o 
45 

41 
36 
3i 

27 
22 

;] 

08 
04 
99 

94 



I 



81 
77 

63 



5o 
46 
42 
38 
33 



21 



i>. 



CoRine 



9-997614 

997588 

997574 
997561 

997547 
997534 
997520 
997507 
9974o3 
997480 

9.997466 
997452 
99743 
99742 
997411 
9973 
9973 
907369 
997355 
997341 

9-997327 
997313 
6972 
9972 
997271 

9972^7 
997242 
997228 

997214 
997199 

9.997185 
997170 
997156 

997141 
997127 
997112 
997008 
997083 
997068 
997053 

9.997039 
997024 
91)7009 

996994 
996979 

996964 
996949 
996934 
996919 
996904 

9.996889 

996874 
996858 
996843 
996828 
996812 

996797 
996782 

996766 

996751 



D. 



22 
22 
22 
22 
22 
22 

23 
23 
23 
23 
23 

23 
23 
23 
23 
23 
23 
23 
23 
23 
23 

24 
24 
24 
24 
24 
24 
24 
24 
24 
24 

24 
24 

24 
24 

24 
24 

24 

25 
25 
25 

25 
25 
25 
25 
25 
25 
25 
25 
25 
25 

25 
25 
25 
25 
25 

26 
26 
26 
26 
26 



Siue 



Tang. 



D. 



9.021620 
022834 
024044 

02525l 

026455 
027655 
028852 
o3oo46 
031237 
o32425 
o336o9 

9-034791 
035969 

037144 
o383i6 
039485 
04065 I 
04i8i3 
042973 
0441 3o 
045284 

9.046434 
047582 
048727 

049< 
o5i< 

o52i44 
o53277 
054407 
o5553d 
o56659 

9-057781 
058900 
060016 
061 i3o 
062240 
063348 
064453 
©65556 
066655 
067752 

9.068846 
069933 
071027 
072114 
073197 
074278 
075356 
076432 
077505 
076576 

9.079644 
080710 
081773 
082833 
083891 

084947 
086000 

087050 

086098 

089144 



Cotang. 



\l 



18. 



D, 



CotBLg. 




10.978380 
977166 
973956 

97474Q 
973545 

972345 

97 "48 
90Q954 
968J63 

966391 

10.965209 
964031 
962856 

961684 
96051 5 

959349 

956187 
957027 
953870 
954716 

10.953566 
952418 
951273 

9501 3 I 

94f 

947t 

946723 

9455o3 

944465 

943341 

10.942219 
941100 

939984 
936670 
937760 
936652 
935547 
934444 
933345 
932248 

10.931154 
930062 

928gj3 

926803 
925722 
924644 
923568 
922495 
9214:4 

10.920356 
910290 
916227 
917167 
916100 
9i5o5i 
914000 
912950 
91 1002 
910656 



TMfc. 



60 
5o 

58 

U 

55 

54 
53 

52 

5i 
5o 

ii 

45 
44 
43 
42 
41 
40 

U 

35 

34 
33 
3s 
3i 
3o 



25 

24 

23 
22 
21 
20 

\t 
\l 

i5 

14 
i3 

19 
II 
10 

t 

i 
5 

4 
3 
a 
1 

o 

IT 



(83 DSOBBSS.) 



BINES AND TANGENTS (7 DEGREES.) 



2e 



o 
I 
a 

3 

4 
5 

6 

I 

9 

10 

II 

13 

i3 

14 
i5 
i6 

12 

«9 

20 

31 
33 
33 

34 
35 
36 

U 

3i 

33 

33 

34 
35 
36 



Sine 



39 
40 

4t 
43 
43 
44 
45 
46 

5i 

53 

53 

54 
55 
56 

u 



9>o85894 
086933 
087947 
088970 
089990 
091008 
093024 
093037 
094047 
095o56 
096062 

9*097065 
098066 
099065 
00063 
oio56 
02048 
o3o37 
ia4o23 
o5oio 
05992 

9- 



9- 




D. 



35387 
363o3 
37216 
38138 
39037 

39044 
4o85o 

41754 
43655 
43555 



CotiiM 



Cosine 



9.9967$! 
996735 
996720 

996704 
996688 
996673 
996637 
996641 
996625 
996610 
096594 

9.996578 
996563 
996546 
996530 
996514 
996498 
9964H3 
996465 

996449 
996433 

9.996417 
996400 
996384 
996368 
996351 
996335 
996318 
996302 
996285 
996269 

9.996252 
996235 
996219 
996202 
996185 
996168 
996i5i 
996134 

996117 
996100 

9*996083 
996066 
996049 
996033 
996015 
995998 
9959^ 
995963 
995946 
995928 

9-995911 
995894 
995816 
995859 
995841 
995823 
995806 
995788 

995753 



D. i Sine 



D. 



36 
36 
26 
26 
26 
26 
26 
26 
26 
26 
26 

2 
2 
2 

87 
2 

3 

3 

3 

a? 
3 

3 
3 
3 

2 

2 

2 

2 

2 

28 

38 

38 
28 
28 
28 
38 
38 
38 
38 
38 
38 

29 
29 
29 
29 
29 
29 
29 
39 
39 
29 

39 
39 
39 
39 
39 
39 
29 

29 

29 

39 



Tang. I D. 



9.089144 
090187 
091228 
092266 
093302 
094336 
095367 
096395 
097422 
098446 
099468 



9- 



9- 



00487 

oi5o4 
02519 
o3532 
04542 
o555o 
06556 
07559 
oS56o 
09559 

io556 
ii55i 
12543 
13533 
14521 
i55o7 
1 649 1 

18452 
19429 

20404 

2334S 
233 1 7 
24384 
25249 
262 1 1 
27172 
28 1 Jo 
29087 

3oo4i 
30994 
31944 
32893 
33839 

34784 
35726 
36667 
37605 
38543 

39476 
40409 
4 1 340 
43360 
43196 
44I3I 
45o44 

47803 



Cotang. 



D. 



Cotang. 



13 



10.910856 
909813 

908772 
907734 
906608 
9o5664 
904633 
9o36o5 
902578 

901 5D4 
900533 

>5i3 
J496 
897481 
896468 
895458 
894450 
893444 
892441 
891440 

890441 

10.889444 

888449 
887457 
886467 
885479 
884493 
883509 
882528 
881548 
880571 

10.879506 
878623 
877652 
876683 
875716 
8-J475I 
87378Q 
872S28 
871870 
870913 




867107 
866161 
865216 

864274 
863333 
fii^2395 
8614^8 

io.86o524 
859591 
858660 
857731 
8568o4 
855879 
8549^6 
854034 
853ii5 
853197 



60 

U 

55 

54 
53 

52 

5i 
5o 

45 
44 
43 
43 
41 
40 



Timff. 



35 

34 
33 

33 

3i 
3o 

It 
U 

35 

24 

33 
33 
31 
30 

\l 
\l 

i5 

14 
i3 

13 
II 
10 

t 

I 

5 

4 
3 
a 
I 
o 



(82 lUBGiuna.) 



2« 



(8 U£OB£S8 ) A TABLE OF LOGARITHKIO 



o 


SiXM 


D. 


Coftine 


D. 

•3o 


Tang. 


D. 


Cotang. 




9* 113555 


1496 


9996753 


9*147803 

148718 
149032 


i5.a6 


10 862107 
861282 
85o368 


60 


1 
a 


144453 
145349 


14*93 
14*00 
14-87 
14-84 


995735 
995717 


•3o 
•3o 


15.23 

l5*20 


^ 


3 

4 


146243 
1471 36 
140026 


995681 


•3o 
*3o 


160644 
161464 


16*17 
16*14 


840466 
848646 


U 


5 


i4-8i 


996664 


•3o 


162363 


i5*ii 


847637 
846731 
845826 


55 


6 


148015 
149802 


14-78 


996646 


*3o 


163269 


16.08 


54 


I 


14-75 


996628 


-3o 


164174 


16.06 


53 


i5o686 


14-72 


996610 


.30 


16607- 


l6.02 


844923 


52 


9 


l5i569 


14-69 


996691 


•3o 


166978 
166877 


14*99 
14*96 


844022 


5i 


10 


i5245i 


14-66 


996673 


.30 


843123 


5o 


11 


9'i5333o 


14-63 


9 •996666 


• 3o 


'■'Mf, 


1493 


10.842226 


40 
48 


12 


1 54208 


14-60 


995537 


•30 


14*90 

14*87 


841329 
840435 


i3 


i55o83 


14-57 


996619 


•3o 


169666 


2 


U 


:l^ 


14-54 


996601 


'3i 


160467 


14*84 


839643 
838653 


15 


i4-5i 


996482 


*3i 


161347 
162236 
i63i23 


14-81 


45 


i6 


157700 

158569 
159435 


14-48 
14-45 


995464 
996446 


.31 
.3i 


14*79 
14*76 


837764 

836877 


44 
43 


14-42 


996427 


*3i 


164008 


1473 


836992 


42 


«9 


i6o3oi 


i4-3o 
14*36 


996409 


.3i 


164892 


14*70 
14-67 


835io8 


41 


20 


161164 


996390 


.31 


166774 


834226 


40 


21 


9*162025 


14*33 


'■& 


*3i 


9*166664 


14*64 


10*833346 


l^ 


22 


162885 


i4*3o 


.3i 


167532 
168409 


l4*6i 


832468 


23 


163743 


14-27 


996334 


.31 


14*58 


831691 


ll 


24 


164600 


14*34 


996316 


.31 


169284 


14*66 


830716 

820843 
828971 
828101 
827233 
826366 


26 


165454 


14-22 


995297 
995278 

996260 

996241 


*3i 


170167 


14.53 


36 


26 

11 


i663o7 
167159 
168008 


14-10 
14*16 
14* i3 


.31 
*3i 

.32 


171029 
171809 

172767 
173634 


i4*5o 

14.47 
14*44 


34 
33 

32 


29 


168856 


14*10 


996222 


.32 


14*42 


3i 


3o 


16970a 


14-07 


996203 


*32 


174499 


14*39 


826601 


3o 


3i 


9-170547 


i4*o5 


9-996184 


•32 


9.175362 


14*36 


10*824638 


^ 


32 


171389 


14*02 


996166 


*32 


176224 


14*33 


823776 


33 


172230 


\l^ 


996146 


.32 


177084 


i4*3i 


822916 


U 


34 


173070 


996127 
996108 


*32 


177942 

180608 


14*28 


822068 


35 


173908 


i3*94 


.32 


14*26 


82120! 


25 


36 


174744 
175578 


i3*9i 
i3'88 


996089 


.32 


14*23 


820346 


24 


ll 


996070 
996061 


.32 


14*20 


810492 
818640 


23 


176411 


i3*86 


.32 


i8i36o 


14*17 
I4*i5 


21 


39 


17724a 
178072 


t3*83 


096032 


.32 


18221 1 


817789 


21 


40 


r3*8o 


996013 


.32 


i83o59 


14*12 


816941 


20 


41 


9*178900 


i3*77 


9.994993 


.32 


9.183907 


14.09 


10.816093 


\t 


42 


179726 


i3*74 


994974 
994966 


.32 


184762 


14 07 


816248 


43 


i8o55i 


13*72 


*32 


185597 


14-04 


8i44o3 


n 


44 


181374 


13*69 


994935 


07 


1864^9 


14*02 


8i366i 


16 


45 
46 


182196 
i83oi6 


i3*66 
i3*64 


994016 
994896 


33 
.33 


187280 
188120 


',t^' 


812720 
8118S0 


i5 
i4 


ii 


183834 


i3*6i 


zi 


*33 


188968 


13.93 


811042 


i3 


184661 


13*69 
i3*56 


*33 


189794 


13.01 


810206 


12 


49 


185466 


.33 


190629 


i3.8o 


808538 


11 


5o 


186280 


i3*53 


994818 


.33 


191462 


13-86 


10 


5i 


9*187093 


i3*5i 


9.994798 


.33 


9*192294 


i3.84 


10*807706 
806876 


t 


52 


189519 
190325 


i3*48 


994779 
994759 • 


.33 


193124 


i3.8i 


53 


i3*46 


.33 


193963 


\V,l 


806047 


I 


54 


13.43 


994739 


.33 


w^ 


806220 


55 


i3'4i 


9947 «9 


.33 


13.74 


804394 


5 


56 


191 i3o 


1338 


994700 
994680 


.33 


196430 


13.71 


863570 


4 


U 


191933 


13*36 


.33 


197263 

196074 


13*69 


802747 
801920 


3 


\'^ 


13*33 


994660 


.33 


i3.66 


2 


59 


13.30 


994640 


.33 


198894 


13-64 


801106 


1 


66 


19433a 


13* a8 


994620 


.33 


199713 


i3.6i 


860287 





Coune 


D. 


Sine 


Cotanfir. 


D. 


Tng^ 


IL 



(81 DSOBXIS.) 





SINES AND TANGENTS. (9 BEGREE.) 




27 


M. 

o 


Sine I 


K' 


Cotine 


D. 

.33 


Ttog. 


D. 


Cottng. 


6c 


9*194332 i3< 


28 


9*994620 


9.199713 

200520 

201345 


i3*6i 


10*800287 


1 

2 


195120 i3< 
195926 i3' 


26 

23 


994600 
994580 


•33 
*33 


13.59 
1356 


798655 


U 


3 


I96TI9 i3. 
1975H i3< 
198302 i3< 


21 


994560 


34 


202159 


13-54 


797841 


U 

55 


4 
5 


]8 
16 


994540 
994519 


.34 
•34 


202971 

203782 


13-52 
i3-49 


797020 
796218 


6 


199C91 i3 


i3 


994499 


•34 


204592 


13-47 
i3-45 


795408 


54 


7 


199870 i3 
200666 i3 


11 


994479 


.34 


206400 


794600 


53 


8 


08 


994459 
994438 


•34 


206207 
20701 J 


i3-42 


793793 

792987 
792183 


52 


9 


2oi45i l3' 


06 


•34 


13-40 


5i 


10 


202234 i3 


04 


994418 


•34 


207817 


13.38 


5o 


II 


9«2o3oi7 i3' 


01 


9.994397 


•34 


9-208619 


13-35 


io*79i38i 


it 


12 


203797 1 2 
204577 12 


•99 


994377 


.34 


209420 


13-33 


7oo58o 


i3 


96 


994357 


•34 


210220 


i3-3i 


780780 


V. 


14 


2o5354 12 


.94 


994336 


•34 


2IIOI8 


13-28 


788982 


i5 


206l3t I2< 


•87 


994316 


•34 


2ii8i5 


13-26 


788185 


45 


i6 


206906 12 
2076^9 1 2 
208432 1 2 


994295 
904274 
994 2 54 


•34 
*35 


2I26II 
2i34o5 


13-24 

l3-2I 


787380 
786595 


44 
43 


85 


.35 


214198 
214989 


13-19 


785802 


42 


»9 


209222 12 


82 


994233 


*35 


i3.i7 


78501 1 


41 


20 


209992 12 


80 


994212 


.35 


215780 


i3-i5 


784220 


40 


21 


9«2io76o 12 

2lir.26 12" 


.78 


9.994191 


.35 


9-216568 


l3-l2 


10.783432 


U 


22 


75 


994i7» 
994 I 5o 


.35 


217350 


i3-io 


782644 


23 


212291 I2< 


73 


.35 


218142 


i3-o8 


781858 


U 


24 


2i3o55 12. 


71 


994120 
994108 


.35 


218926 


i3-o5 


781074 


25 


2i38i8 12. 


68 


.35 


219710 


i3-o3 


780290 


35 


26 

U 


214379 12- 
215338 12. 


66 
64 


994087 
994066 


*35 
*35 


220492 
221272 


i3-oi 
12-99 


779508 
778728 


34 
33 


216097 I2< 


61 


994045 


.35 


222052 


12-97 


777948 


32 


;^ 


216854 12. 


59 


994024 


.35 


222830 


12-94 


777 « 70 
776394 


3i 


3o 


217609 I2« 


57 


994oo3 


.35 


2236o6 


12-92 


3o 


3i 


9-218363 i2< 


55 


9*993981 


*35 


9-224382 


12-00 

12-88 


10-775618 


\t 


32 


219I16 12' 


53 


993960 


*35 


225i56 


774844 


33 


219868 12- 


5o 


993930 
993918 
993896 


.35 


225929 


12-86 


774071 


U 


34 


220618 I2< 


48 


.35 


226700 


12.84 


773300 


35 


22i36t 12' 
222113 I2« 


46 


.36 


227471 
22S239 


12. 81 


772529 


25 


36 


44 


993875 


.36 


12-79 


771761 


24 


u 


222861 I2< 


42 


993854 


.36 


229007 

229773 

23o539 


12-77 


770993 


23 


223606 I2< 


39 


993832 


.36 


12-75 


770227 


22 


39 


224349 12< 


i? 


99381 1 


.36 


12-73 


769461 
768698 


21 


4o 


22509a I2« 


993789 


.36 


23l302 


12-71 


20 


4i 


9-225833 12 


33 


9.993768 


.36 


9-232065 


12-69 


10-767935 


;? 


42 


226573 12- 


3i 


993746 


.36 


232826 


12-67 
12-65 


767174 
766414 


43 


227311 12- 
228048 12 


28 


993725 


.36 


233586 


17 


44 


26 


993703 


.36 


234345 


12.62 


765655 


16 


45 


228784 12 


■24 


993681 


.36 


235 io3 


i2.6o 


764897 


i5 


46 


229518 12 


22 


993660 


.36 


235859 


12.58 


764141 


14 


% 


23o252 12 


• 20 


993638 


.36 


2366 14 


12.56 


763386 


i3 


230984 12 


-18 


993616 


.36 


237368 

238120 


12.54 


762632 


12 1 


49 


23I7I4 12 


16 


993594 


.37 


12.52 


761880 ! II 1 


5o 


232444 12 


•14 


993572 


.37 


238872 


12. 5o 


761:28 


10 


5i 


9-233172 12 


• 12 


9-993550 


•37 


9-239622 


12.48 


I c- 760378 


? 


52 


233890 : 12 

33462: , 12 


09 


993528 


•37 


240371 


12-46 


75^882 


53 


-.11 


993506 


•37 


241 118 


12-44 


I 


54 


235340 12 

23607 i 12 


993484 


.37 


24 I 865 


12-42 


758 1 35 


55 


03 


993462 


.37 


242610 


12-40 


757390 


5 


56 


236795 1 2 


>0I 


993440 


.37 


243354 


12-38 


756646 


4 


u 


237515 II 
238235 11 


•99 


993418 


.37 


244097 
244839 


12-36 


755903 


3 


:?? 


993396 


.37 


12-34 


755161 


2 


^ 


238953 II 


993374 


.37 


245579 


12.32 


754421 


I 


6o 


239670 1 1 


•93 


993351 


.37 


246319 


12.30 


753681 




JiL. 


• 


Coaine I 


). 


Sinfi 


Cotan/;. 


D. 


Tu«. 








(80 


DBOI 


IBS8.) 
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(10 I*K6RE£S.) A TABLE OF LOOARITUMIO 



M. 




Sine 


D. 


Coeine 


.37 


Tang. 


D. 


Cotttig. 


60 


"•a 


11.93 


9.993351 


9.346319 


I3-3o 


10.753681 


I 


\\:% 


993339 


-37 


347057 


13*38 


753943 


^ 


a 


341101 


» 


.37 


^^1794 


13-36 


753306 


3 


34I8I4 


Wil 


.37 


34853o 


13-34 


751470 


57 


4 


343526 


993262 


-37 


349364 


13-23 


750736 56 


3 


343237 


1183 


993240 


:U 


349998 
35o73o 


I3-30 


750003 55 


i 


243947 

344656 


II. 81 


993217 
993195 


13-18 


7493 "'0 54 


m 


11.79 


-38 


351461 


\IM 


748539 


53 


i 


245363 


n.77 


993172 


-38 


353191 


747809 


53 


9 

10 


346060 
346775 


993149 
993127 


.38 
.38 


353930 
353648 


13-13 
13.11 


747080 
746353 


5i 
5o 


II 

13 


9-247478 
348i»l 


B 


9.993104 
993081 


.38 
.38 


9.354374 
355ioo 


13-09 

lis 

1303 


10-745636 
744900 


% 


i3 
U 


348883 
349583 


11-65 


^^^ 


-38 
-38 


355834 
356547 


744176 
743453 


U 


i6 


350283 


11.63 


993oi3 


-38 


357369 


13-01 


743731 1 45 1 


i6 


35oo8o 
351677 
353373 
353067 


11-61 


992900 
992967 


-38 
-38 


357990 
358710 


i:-oo 
11.98 


743010 
741390 


44 
43 


992944 


-38 


359439 
360146 


11.96 


740571 
739854 


43 


»9 


11.56 


993021 
997898 


.38 


11-94 


41 


20 


353761 


11.54 


.38 


360863 


11-93 


739137 


4C 


21 


9*354453 


11.53 


''^ll 


.38 


9.361578 


\\X 


10-738433 


^ 


33 


355144 


II-50 


-38 


363393 


737708 


23 
34 


355834 
356533 


11.48 
11.46 


992820 
992806 


-39 
.39 


363oo5 
363717 
36443d 


::i? 


7363^3 


U 


i5 


3573 II 


II. 44 


992783 


.39 


11-83 


735573 
734863 


35 


36 


357898 

358583 


11.42 


992750 
992736 


.39 


365 1 38 


11-81 


34 


U 


II. 41 


.39 


365847 
366555 


\\:]l 


734153 


33 


359368 


11.39 


992713 


.39 


733415 


33 


11 


35995 I 
360633 


wii 


992600 
993666 


.39 


367361 
367967 


11.76 
11.74 


733739 
733033 


3i 
3o 


3i 


9*36i3i4 


11.33 


9-992643 


.39 


9.368671 


11. 73 


10-731339 
730635 


^ 


)3 


361094 
362073 
263351 


II.3I 


993610 
993596 


.39 


369375 


11. 70 


J3 


ii.3o 


.39 


370077 


11.69 


739933 


U 


34 


11.28 


992572 


-39 


270779 


\\:tl 


729221 
728521 


35 


264021 
264703 
265377 
266051 


11.26 


992540 

992523 


-39 


271479 
373178 


35 


36 


11-24 


-39 


11.64 


727822 


34 


U 


11.22 


9925oi 


.39 


372876 


11-63 


727124 
726427 


33 


11-20 


992478 
992454 


.40 


273573 


I]. 60 


33 


39 


266723 
267395 


U.I9 


40 


274269 


11-58 


725731 


31 


40 


11.17 


992430 


.40 


274964 


11-57 


735o36 


30 


41 


9 '268065 


II. i5 


9-997406 


.40 


9-275658 


11*55 


10*734343 


:? 


43 


268734 


11. i3 


992382 


.40 


276351 


11-53 


733649 


43 


269402 


II. II 


992359 
992335 
9933 II 


.40 


277043 


ii-5i 


733957 
733366 
731576 
730887 
730199 
7io5i3 


«7 


44 
45 


270060 
270730 


11-10 
1108 


.40 
.40 


277734 
378434 


ii.5o 
11. 48 


16 
i5 


46 


271400 
272064 

373-'26 


11-06 
11-05 
11.03 


992287 
992263 
992239 


-40 
.40 
.40 


379113 
379801 
380488 


11.43 


14 
i3 

13 


49 


273388 


11-01 


992314 


.40 


381174 


II. 41 


718836 


11 


5o 


274049 


10-99 


992190 


.40 


381808 


11. 40 


718143 


10 


5i 


9.374708 
375367 


10-98 


9-992166 


.40 


9-383543 


1138 


10-717458 


I 


53 


10-96 


993143 


.40 


383335 


11.36 


716775 


53 
54 


376024 
276681 


10.94 
10-92 


993117 
99»oo3 
993069 


.41 
.41 


383907 

384588 


11*35 
11.33 


716093 
715413 


I 


55 


377337 


lO'OI 

10-89 

10*87 

10.86 


•41 


385368 


ii.3i 


714733 


5 


56 

U 


378644 


992044 
993030 


•41 

-41 


385947 
386634 


11.30 
11.38 


714053 
713376 


4 
3 


379397 


991996 


.41 


387301 


11. 36 


713699 

713033 

711348 


3 


s 


10*84 
10 63 


991971 
991947 


•41 
.41 


'^11 


II. 35 
11. 33 


I 


M. 


Coeinfi 


D. 


Sine 


Cotang. 


I>. 


Tang. 
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SmXS AKO TAKGEKTS. (11 DEGBfiES.) 



29 



IL 




Sine 


D. 




Cosine 


•41 


Tiing. 


D. 


Cotang. 


1 
60 


9*280590 


10-82 


9.9QI947 


9*288652 


1123 


10 711348 


I 


28124s 


10*81 


991922 
991897 
991873 


•41 


289326 


11*22 


710674 


^ 


a 


281897 


10*79 


•41 


289999 


11*20 


710001 


3 


282544 


10*72 
10*76 


•41 


290671 


11.18 


]%lt 


Tf 


4 


28J190 
283836 


991848 


•41 


291342 


11.17 

ii*i5 


50 


5 


10.74 


991823 


•41 


292013 


707987 


55 


6 


28,1, i8o 


I0'72 


091799 


•4t 


292682 


11*14 


707318 


54 


I 


285124 


10.71 


991774 


•42 


293350 


11*12 


7a665o 


53 


285766 


10*69 


991749 


•42 


294017 


11*11 


705983 
7o53i6 


52 


9 


286408 


10.67 
10*66 


991724 


•42 


294684 


U.09 


3i 


lO 


287048 


991699 


•42 


295349 


11*07 


70465 1 


5o 


II 


0- 287687 
288326 


10*64 


9*991674 


•42 


9*296013 


ii*o6 


10-703087 


it 


13 


10*63 


991649 


•42 


296677 


11*04 


7o3j23 


i3 


288964 
289600 


10.61 


991624 


•42 


297339 
298001 


ii*o3 


702661 


47 


14 


10*59 
10.58 


991599 


•42 


11*01 


701009 
7013^8 


46 


i5 


290236 


991574 


•42 


298662 


11*00 


45 


i6 


290870 


10*56 


991549 


•42 


2993^2 


10*98 


700678 


44 


\l 


291504 


10*54 


991524 


•42 


299980 
3oo638 


.0*96 


70O020 
099362 
698705 


43 


292137 
292768 
293399 


10*53 


991498 


•42 


10*95 


42 


19 


io*5i 


991473 


•42 


301295 
301951 


10*93 


41 


20 


io*5o 


991448 


•42 


10*92 


698049 


40 


31 


9*294020 


10*48 


9.991422 


•42 


9*302607 


10*90 
10*89 


10-697303 
6967 J9 


^ 


22 


294658 


10*46 


991397 


•42 


3o326i 


23 


295286 


10*45 


991372 


•43 


303014 


10-87 


696086 


U 


24 


295^13 


10*43 


991346 


•43 


304367 
3o52id 


10*86 


695433 


25 


296339 


10*42 


991321 


•43 


10*84 


694782 


35 


26 


J97»64 


10*40 


991295 


•43 


3o5869 


10-83 


69413I 


34 


U 


297788 
298412 


10*39 


991270 


•43 


3o65io 


10*81 


693481 


33 


10*37 
10.36 


991244 


•43 


307168 


io*8o 


692832 


32 


29 


299034 


991218 


•43 


307815 
3o$463 


10.78 


692185 


3i 


3o 


299655 


10.34 


991193 


•43 


10*77 


691537 


3o 


3[ 


9*300276 


10*32 


9*991167 


•43 


9*309109 


10-75 


10-690891 


U 


32 


300S95 


io*3i 


991141 


•43 


309754 


10*74 


690246 


33 


3oi5i4 


10*29 
10*28 


991115 


•43 


310398 


10*73 


689602 
688958 

6883 1 5 


11 


34 


302l32 


991000 
991064 


•43 


3iio42 


10*71 


35 


302748 
3o3J64 


10*26 


•43 


3n685 


10*70 
10*68 


25 


36 


10*25 


99io38 


•43 


3i2327 


687673 


24 


U 


30397Q 


10*23 


991012 


•43 


3 1 2967 
3i36o8 


10-67 
10-65 


687033 


23 


304593 


10*22 


990986 


•43 


686392 
685753 


22 


39 


3o5207 


10.20 


990960 


•43 


314247 
314885 


10*64 


21 


40 


3o58i9 


10*19 


9909^4 


•44 


10-62 


685ii5 


20 


41 


9 '306430 


10.17 
10.16 


9.990008 
990882 


•44 


9 li5523 


10*61 


10*684477 


\t 


43 


307041 


•44 


3i6i5o 
316795 
3 174 JO 
3ido64 


io*6o 


683841 


43 


307650 
308259 


10*14 


990855 


•44 


io*58 


683205 


\l 


44 


io*i3 


990829 
99080J 


•44 


10*57 
10*55 


682570 


45 


308867 


10*11 


•44 


681936 
68i3o3 


i5 


46 


3094-74 
3ioo8o 


10*10 


990777 
990750 


•44 


318697 


10*54 


14 


% 


10*08 


•44 


319329 


10*53 


680671 


i3 


3 10685 


10*07 
io*o5 


990724 


•44 


319061 
320392 


io.5i 


680039 
679408 
678778 


:a 


49 


311289 
31189J 


990697 


•44 


io*5o 


11 


5o 


10*04 


990671 


•44 


321222 


10*48 


10 


5i 


9*312495 


10*03 


9*990644 


•44 


9*32i85i 


10*47 
10.43 


10*678149 


t 


52 


3 1 3097 


10.01 


990618 


•44 


322479 

323 106 


677521 
676894 


53 


313698 


ID'OO 


& 


•44 


10*44 


I 


54 


314297 


9.98 


•44 


323733 
324^58 


10*43 


6f6267 


55 


314897 
3 I 5495 


9-97 
9.96 


990538 


•44 


10*41 


675642 


5 


56 


99o5ii 


.45 


324983 
325607 
326231 


10*40 


675017 




u 


316092 
316689 


9.94 
9.93 


9904S5 
990458 


.45 
•45 


10*39 
10-37 
10*36 


674393 
673769 




59 


317284 


9*91 


990431 


•45 


326853 


673147 
672523 




60 


317879 


9.90 


9904 )4 


.45 


327475 


10*35 


1 


Coeine 


D. 


< Sine 


' Cotanflf. 


D. 


Tane. 
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30 



(12 DEGBEKS.) A TABLE OF LOGABITnStlC 



M. 

o 

I 


Sine 


D. 


Cosine 


D. 

.45 
.45 


Tang. 

9-327474 
320095 


D. 


Cotang. ' 




9.311870 
318473 


9 
9 


:?? 


9-990404 ' 
990378 
99035 I 


10 
10 


.35 
.33 


10.672526 
671905 


60 


s 


319066 


9 


■'& 


•45 


328715 


10 


-32 


671285 


5? 


3 


319608 


9 


990324 


-45 


329334 


10 


30 


6706^)6 57 1 


4 


320249 


9 


.84 


990297 


.45 


329953 


10 


•29 


670047 


56 


5 


320840 


9 


.83 


990270 


•45 


330D70 


10 


• 28 


669430 
66881; 


55 


6 


321430 


9 


.82 


990243 


•45 


331167 
33i8oj 


10 


.26 


54 


I 


323019 


9 


.80 


990215 


•45 


10 


•25 


668197 ' 53 1 


322607 


9 


•79 


990188 


•45 


332418 


10 


•24 


6676^2 


53 


9 

10 


323iq4 
323780 


9 
9 


:?2 


990161 
990134 


45 

>45 


333o33 
333646 


10 
10 


•23 
•21 


666967 
666354 


5i 
5o 


11 


9 324366 


9 


•75 


9.990107 


.46 


9.334259 


10 


•20 


10-665741 


% 


12 


324950 
325534 


9 


.73 


990079 
990052 


46 


334871 
335482 


10 


•19 


665 1 29 
6645 18 


i3 


9 


•72 


46 


10 


■17 


% 


i4 


326117 


9 


.70 


990025 
989997 


.46 


336093 


10 


•16 


663907 


i5 


326700 


9 


.68 


46 


336702 


10 


15 


66329S 
662689 


45 


i6 


327281 


9 


989970 


i6 


33731 1 


10 


.i3 


44 


\l 


327862 


9 


.66 


989942 


.i6 


337919 
338527 
339133 


10 


• 12 


6620S1 


43 


328442 


9 


.65 


989915 

989887 


'46 


10 


• II 


661473 42 


19 


329021 


9 


.64 


46 


10 


• 10 


660867 1 41 


20 


329399 


9 


.62 


989860 


•46 


339739 


10 


.08 


660261 


40 


ai 


9*330176 
330753 
331J29 
33i9o3 


9 


61 


9-989832 


.46 


9-340344 


10 


:S 


10.659656 


3I 


22 


9 


60 


989804 


■46 


340048 
34i552 


10 


65oo52 
655448 


23 


9 


.58 


989777 


46 


10 


04 


37 


24 


9 


% 


989749 ' 


•47 


342155 


10 


03 


657845 


36 


25 


332478 


9 


989721 . 


47 


342757 
343358 
343958 


10 


02 


657243 


35 


26 

11 


333oDi 
333624 


9 
9 


•54 
.53 


280?5 


47 
'47 


10 
9 


00 


656642 34 
656o42 33 


334195 
334766 


9 


52 


989637 . 


47 


344558 


9 


655442 


32 


29 


9 


.50 


989609 


47 


345 1 57 
345755 


9 


'97 


654843 


3i 


3o 


335337 


9 


.49 


989582 • 


47 


9 


96 


654245 


3o 


3i 


9 '335906 


9 


48 


9-989553 


47 


9.346353 


9 


•94 


10-6536^7 


J§ 


32 


336475 


9 


.46 


989525 


47 


346049 
347545 


9 


.93 


653o5i 


33 


337043 


9 


45 


989497 " 


47 


9 


.92 


652455 


?2 


34 


337610 
338176 


9 


44 


989469 « 


47 


348141 


9 


.91 


65 1859 
651265 


35 


9 


43 


989441 


47 


348735 
349329 


9 


:?§ 


25 


36 


338742 


9 


41 


989413 . 


47 


9 


650671 


24 


11 


339306 


9 


40 


989384 - 


47 


349922 
35o5i4 


9 


:^2 


650078 
649486 
648894 


23 


339871 


9 


.39 


989356 


47 


9 


23 


39 


340434 


9 


'^ 


089328 . 


47 


35iio6 


9 


85 


21 


40 


340996 


9 


989300 


47 


351697 


9 


83 


6483o3 


20 


41 


9-341558 


9 


35 


9.989271 . 


47 


9.352287 
352876 


9 


.82 


10.647713 


;s 


42 


3421 19 


9 


34 


989243 . 


47 


9 


.81 


647124 


43 


342679 


9 


32 


989214 - 


'47 


353465 


9 


80 


646535 


17 


44 


343239 


9 


3i 


989186 . 


47 


35^053 


9 


'79 


645947 
645J60 


16 


45 


343797 


9 


3o 


989157 
989128 i 


% 


354640 


9 


:?2 


i5 


46 


3443DD 


9' 


29 


355227 
3558i3 


9 


644773 
644187 


14 


% 


344912 


9' 


^2 


989100 


48 


9 


75 


i3 


345469 


9 


98907 1 


48 


3563o8 


9 


'74 


643602 


13 


49 


346024 


9 


25 


989042 


48 


356982 
357566 


9 


•73 


643018 


II 


5o 


346579 


9 


24 


989014 


48 


9 


.71 


642434 


10 


5i 


9.347134 


9 


22 


9.988985 . 


48 


9.358149 


9 


s 


10 64i85i 


\ 


53 


347687 
348240 


9 


21 


988956 . 


48 


358731 


9 


641269 


53 


9 


20 


988027 . 
988S98 . 
988869 . 


48 


359313 


9 


640687 


I 

5 


54 
55 


348792 
349 h3 


9" 
9' 


»9 


48 
48 


359893 

360474 
36iod3 


9 
9 


a 


640107 
6395 i6 

638947 
638368 


56 


349893 


9 


988840 - 


48 


9 


65 


4 


U 


35o1l3 


9" 


i5 


98881 1 • 


49 


36i632 


9 


63 


3 


350092 
35 1 540 


9 


14 


988782 < 


49 


362210 


9- 


62 


637790 


2 


59 


9 


i3 


988753 « 


49 


362787 


9' 


61 


637213 
636636 


I 


60 


352088 


9-11 


988724 • 


49 


363364 


9.60 1 


a 
M. 




Cosino 


D. 


Sine 


Cotanj?. 


I». 


Targ. 
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81 



ML 




Rind 


D. 


Cosine 


D. 

.49 


Tang. 


D. 


Cotan^:. 




Q.352088 


9.11 


9.988724 


9-363364 


9.60 


io-636t»36 


60 


I 


352635 


9*10 


988695 


.49 


363940 


9.59 


63bo6o 


59 


J 


353i8i 


9. 00 
9.08 


988666 


.49 


364315 


9-58 


635485 


58 


3 


353726 


988636 


.49 


36 5090 


9-57 


634910 
634336 


57 


4 


354271 


9-07 

9.05 


988607 
988578 


•49 


365664 


9.55 


56 


5 


354S15 


.49 


366237 


9.54 


633763 


55 


t 


355358 


9.04 


988548 


.49 


366S10 


9-53 


633190 


54 


m 


355901 


9.03 


988519 


.49 


367382 


9-52 


63 2(18 


53 


i 


356443 


9*02 


988489 


•49 


367953 


9-5i 


632C47 


52 


9 


356084 
357324 


9.01 
8-99 


988460 


•49 


368324 


9-5o 


631476 


5i 


lO 


988430 


•49 


369094 


9.49 


630906 


5o 


II 


9.358064 


898 


9.988401 


.49 


9 • 369663 


9.48 


io-63()337 
629768 


? 


13 


3586o3 


8.97 


98H371 


•49 


370232 


9.46 


i3 


359141 


8.96 


988342 


•49 


370799 


9-45 


629201 


46 


14 


359678 


8.95 


9S8312 


• 50 


371367 


9-44 


62^633 


i5 


36o2i5 


8.93 


988282 


.5o 


371933 


9-43 


628067 


45 


i6 


360752 


8.92 


988252 


.5o 


372499 


9-42 


627501 


44 


\l 


361287 


8-91 


988223 


.5o 


373064 


9-41 


626036 I 43 


361822 


890 


988193 


.5o 


373620 
37410J 
374756 


9.40 


626J71 1 42 


»9 


362356 


8.89 


988163 


.5o 


9-3o 


625807 


41 


20 


362 S89 


8.83 


988133 


.5o 


9.3^ 


623244 


40 


31 


9-363422 


8.87 
8.85 


9.988103 


.5o 


9.375319 


III 


10-624681 


It 


22 


363954 


9^8073 


.5o 


375881 


624HO 


23 


364485 


8.84 


988043 


.5o 


376442 


9-34 


623558 


11 


24 


365oi6 


8.83 


988013 


.5o 


377003 


9-33 


622997 


23 


3S554') 


8.82 


987983 


.5o 


377563 


9-32 


622437 
62 1 M 


35 


26 


36'>o75 


8.81 


987953 


.5o 


378122 


9-3i 


34 


U 


366604 


8.80 


987922 


.5o 


378681 


9 -30 


621319 


33 


367i3i 


8.79 


987892 


.5o 


379239 


9 20 
928 


620 /61 


32 


?9 


367659 
368i85 


2*77 
8.76 


987862 


.5o 


379797 


620203 


3i 


3o 


987832 


.5i 


38o334 


9.27 


619646 


3o 


3i 


9.36871 1 


8.75 


9.987801 


.5i 


9.380910 


9- 26 


10-619090 
6 I 8534 


It 


33 


369236 


8.74 


9^777' 


.5i 


381466 


9-25 


33 


36976 1 


8.^73 


987740 


.5i 


382020 


9-24 


6i"»')8o 


27 


34 


370285 


8.72 


987710 


.5i 


382575 


9-23 


6ij425 
616871 


26 


35 


370808 


8.71 


987679 


.5i 


383129 


922 


25 


36 


37i33o 


8.70 


987649 
987618 


.5i 


383682 


9-21 


6i63i8 


24 


u 


371852 


8.69 


.5i 


384234 


9-20 


615766 


23 


372373 


8.67 
8.66 


987588 


.5i 


384786 
385337 
385888 


9-ic 
9-18 


Si52i4 


22 


39 


372894 


987557 


.5i 


614663 


31 


40 


373414 


8.65 


987526 


.5i 


9-17 


614112 


30 


41 


9 373933 


8.64 


9.987496 


.5i 


9-386438 


9-15 


io-6i3562 


1? 


42 


374452 


8.63 


987465 


.51 


38698-r 
387536 
38S084 


914 


6i3oi3 


43 


374970 


8.62 


987434 


.5i 


9-i3 


612464 


\l 


44 


375487 
376003 


8.61 


987403 


.52 


9.12 


61 1916 
6ii369 


45 


8.60 


987372 


.52 


388631 


9-11 


i5 


46 


3765 IQ 


8.59 
8.58 


987341 


.52 


389178 


9-10 


610822 


14 


% 


377035 


987310 


.52 


389724 


9.00 
9-08 


610276 


]3 


377549 
378063 


!-?7 


987270 
987248 


.52 


390270 


609730 


12 


49 


3.56 


.52 


390815 


9-07 

9-06 


6oQi85 
608640 


11 


5o 


378577 


8.54 


987217 


.52 


391360 


10 


5i 


9.379089 


8.53 


9.987186 


•52 


9.391903 


9-o5 


10-608097 
607553 


t 


52 


379601 

38oii3 


8-52 


987155 


•32 


392447 


904 


53 


851 


987124 


.52 


392989 


9.03 


60701 1 


I 


54 


380624 


8.5o 


987092 


.52 


393331 


9.02 


606469 


55 


33ii34 


8.49 
8.48 


987061 


.52 


394073 


9. 01 


603927 


5 


56 


381643 


987030 
986998 


•52 


394614 


9.00 
8.98 


6o5386 


4 


u 

5g 


382152 


8.47 


.52 


395154 


604846 


3 


382661 
383 1 68 


8.46 
8.45 


a 


.52 

.52 


395694 
396233 


6o43o6 
603767 , 


3 

I 


6o 


383675 


8-44 


986904 


52 

1 


396771 


603229 







Cosine 


D. 


Sine 


Cotanj?. 


D. 


Tang. . 


1l 



27 
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fU DEGREES.) A TABLE OF LOOABITHlilC 





Siiie 


D. 


Cosine 

9.986904 

986873 


D. 

.52 

.53 


Tang. 


D. 


Ootaog. 


60 


9.383675 
384182 


8.44 
8.43 


■■ 

9.J96771 
397J00 
397846 
398383 


8.96 
8.96 


10.603339 
602691 


1 a 


384687 


8.42 


986841 


.53 


8.95 


603164 




385 I 92 


8.41 


986809 
986778 


.53 


8.94 


601617 


U 




385697 


8.40 


.53 


398919 


8.93 


601081 


5 


386201 


8.39 
8.38 
8.37 
8.36 


986746 


.53 


399455 


8.93 


600545 


55 


6 

I 


386704 
387207 


986714 
986483 


.53 
.53 


399990 
4oo524 


8.91 
8.90 


600010 
599476 
598943 


54 
53 


388210 
388711 


986651 


.53 


4oio58 


8.89 


53 


9 

10 


8.35 
3.34 


986619 
986587 


.53 
.53 


401591 
402124 


8.88 
8.87 


598409 
597876 


5i 
5o 


II 


9*389211 


8.33 


9.986555 


.53 


9.402656 


8.86 


10.597344 


^ 


13 


3897 1 1 


8.32 


986533 


.53 


403187 
403718 


8.85 


596813 


i3 


390210 


8.3i 


986491 
986459 


.53 


8.84 


5962S3 


% 


14 


390708 


8.3o 


.53 


404249 


8.83 


595751 


i5 


391206 


8.28 


986427 
986395 


.53 


404778 


8.83 


595333 


45 


l6 


391703 


8.27 
8.26 


.53 


4o53o8 


8.81 


59469 j 
594104 


44 


\l 


392199 
392695 


986363 


•54 


405836 


8.80 


43 


8.25 


986331 


.54 


406364 


8.70 
8.78 


593636 


43 


19 


393191 


8.24 


986290 
986266 


•54 


4o68q2 


593108 


41 


20 


393685 


8. 23 


.54 


407419 


8.77 


593581 


40 


21 


9-394179 
394673 


8.22 


9.986234 


•54 


9.407945 
40^471 


8.76 


10-592055 


u 


23 


8.21 


986202 


.54 


8.75 


591539 
59100J 


23 


395166 


8.20 


986169 


.54 


408997 


8-74 


u 

35 


34 
35 


395658 
396150 


8.19 
8.18 


986137 
986104 


.54 
.54 


409D21 
410045 


8.74 
8.73 


5^?? 


26 


396641 
397132 


8.17 
8.17 
8.16 


986072 
986039 


• 54 
.54 


410569 
41 1092 


8.72 
8.71 


589431 
588908 
588385 


34 
33 


397621 
39^111 


986007 


.54 


4ii6i5 


8.70 
8.6q 


33 


29 


8-15 


985974 


.54 


412137 
412658 


587863 


3i 


3o 


398600 


8.14 


985942 


.54 


8-68 


587342 


3o 


3i 

32 


9 "399088 
3995^5 
400063 


813 

8.13 


'•» 


.55 
.55 


9.413179 
413699 


8.67 
8.66 


10-586821 
586301 


It 


33 


8.U 


985843 


.55 


414210 


8.65 


585781 


V> 


34 


400549 
401035 


8.10 


985811 


.55 


414738 


8-64 


585262 


35 


8.09 
8.08 


985778 


.55 


415257 
415775 


8. 64 


584743 


35 


36 


401 530 


985745 


.55 


8-63 


584225 


34 


U 


4o2oo5 
402489 


8.07 
8.06 


985712 
985679 


.55 
.55 


416293 
416810 


8.63 
8.61 


583707 
583190 


33 
21 


39 


402972 
403455 


8.o5 


985646 


.55 


417326 


8-60 


583674 
582158 


21 


40 


8.04 


9856i3 


.55 


417843 


8.59 


20 


41 


9 '403938 


8.o3 


9.985580 


.55 


9.418358 


8.58 


13.581642 


;? 


42 


404420 


8.03 


985547 


.55 


418873 


8.57 
8.56 


581127 


43 


4o4qoi 


8-01 


985514 


.55 


419387 


58o6i3 


»7 


44 


4o5382 


8.00 


985480 


.55 


419901 


8.55 


580099 
579585 


16 


45 


4o5862 


7.90 
7-98 


985447 


.55 


420415 


8.55 


i5 


46 


406341 


985414 


.56 


420927 


8.54 


570073 


14 


S 


406820 


7-97 
7-9^ 


985380 


.56 


421440 


8.53 


578560 1 -3 I 


407299 


985347 


.56 


421952 


8.53 


578048 .1 \ 


49 


407777 


7.95 


985314 


.56 


432463 


8.5i 


577537 
577026 


11 


5o 


408254 


7*94 


985280 


.56 


422974 


8.5o 


10 


5i 


9-408731 


7-94 


9.985247 


.56 


9.423484 


8.49 
8.48 
8.48 


10.576516 


t 

I 


5a 
53 


409207 
409682 


7.93 
7.93 


985213 
985180 


.56 
.56 


423993 
424^3 


576007 
575497 


54 


410157 


7.91 


985146 


.56 


425oii 


8.47 
8.46 


574989 


55 


4io632 




9851 i3 


.56 


425519 


574481 


5 


56 


41 1106 


7.89 


985070 
985045 
985011 


.56 


426027 


8.45 


573973 


4 


u 


411579 
412062 


h 


.56 
.56 


436534 
437041 


8.44 
8.43 


573466 
672453 


3 
3 


^ 


412524 


984978 


.56 


437547 
428053 


8.43 


1 


6o 


412996 


7-85 


984944 


.56 


8.4a 


671^^8 







Ooaine 


D. 


Sine 


Ootanff. 


D. 


1W-,. 


M. 



(76 DKQRJUES.) 



BINK3 AND TAKQENTS. (15 DEGBKES.) 



33 



M. 




Sine 


D. 


Coeine 


x>. 

^7 


T^. 


D. 


Cotaitg. 




9413996 

413467 
41393d 


7-85 


9 '9184944 


9.428052 


8.42 


10-571948 


60 


1 


7-84 


984910 

984876 


.57 


428557 


8.41 


571443 


5o 


3 


7-83 


17 


439063 


8.40 


5;o938 


58 


3 


414408 


7-83 


984842 


•57 ; 


429566 


8.39 
8.38 


570434 
569930 


tl 


4 


414M 


7.83 


984808 


.57 , 


430070 


5 
6 


415347 
4i58i5 


7-8i 
7.80 


984774 
984740 


•57 


43o573 
431075 


8. 38 
8.37 
8-36 


^11 


55 
54 


I 


416283 


\-]t 


984706 


•57 


43 1577 


568423 


53 


416751 


984672 
9846J7 
984603 


'l'^ 


432079 


8.35 


567921 


53 


9 

10 


41 72 17 
417684 


?:?2 


.57 


432580 
433o8o 


8.34 
8.33 


566920 


5i 
5o 


II 


9*4i8i5o 


7.75 


9-984569 


17 


9.433580 


8-32 


10-566420 


it 


12 


4i86i5 


7-74 


984530 


17 


434080 


8.32 


565920 


i3 


419079 


7-73 


984500 


17 


434579 
435078 


8-3! 


565421 


U 


U 


419544 


7-73 


984466 


:U 


8.3o 


564923 


i5 


420007 


7.73 


984432 


435576 


8.29 
8.28 


564424 


45 


i6 


420470 


7-71 


984397 
984363 


.58 


436073 


563927 


44 


\l 


42oo33 


7'70 


.58 


436570 
437067 
437D63 


8.28 


563436 


43 


42i3q5 


7«6o 


984338 


.58 


8.27 
8.26 


562933 


43 


»9 


421857 
4223 id 


7'68 


984204 


.58 


562437 


41 


20 


7.67 


984259 


.58 


438059 


8.25 


561941 


40 


31 


9 '42 2778 
423238 


7.67 


9.984224 


.58 


9-438554 


8-24 


io-56i446 


3^ 


23 


7-66 


984190 


.58 


439048 


8-23 


560953 


33 


423607 
4241^6 


7-65 


984155 


.58 


439543 


8-23 


560457 


11 


34 


7-64 


984120 


.58 


44oo36 


8-22 


559964 


35 


42461 5 


7-63 


984085 


.58 


440529 


8-21 


559471 
558978 

5584fe 


35 


36 


425073 


7-62 


984050 


.58 


441022 


8.20 


34 


11 


425530 


7-6i 


984015 


.58 


44i5i4 


b.i9 


33 


425981 
426443 


7-6o 


983981 


.58 


442006 


8-19 
8.18 


557994 
5575o3 


33 


?9 


7-6o 


983946 


.58 


443497 
443988 


3i 


3o 


426899 


7.59 


983911 


.58 


8.17 


557013 


3o 


3i 


9*427354 


7-58 


9.983875 


.58 


9-443479 
44396S 


8.16 


10-556521 


11 


32 


427809 
428263 


7-57 


983840 


.59 


8-16 


556o32 


33 


7-56 


9838o5 


.59 


444458 


«.i5 


555543 


35 


34 
35 


428717 
429170 


7-55 
7-54 


983770 
983735 


.59 


444947 
445435 


8-14 
8.i3 


555o53 
554565 


36 


429623 


7-53 


983700 
983664 


.59 


445923 


8-12 


554077 
553589 


34 


]l 


430075 


7-52 


.59 


44641 1 


8-12 


33 


43o527 
430978 


7-52 


983629 


•59 


446898 


8.11 


553103 


33 


39 


7-5i 


983594 
983558 


•59 


447384 


8.10 


552616 


31 


40 


431429 


7-5o 


.59 


447870 


8-09 


553 i3o 


30 


41 


9*431879 


7-49 


9.983523 


.59 


9-448356 


8-09 
8-08 


10 -55 I 644 


\l 


42 


432320 


]:t 


983487 


.59 


448841 


55ii59 


43 


432778 


983452 


•59 


449326 


8-07 


550674 


17 


44 


433226 


7-47 


983416 


•59 


449810 
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4 


88 


242362 


i3 


690334 


3.67 


638402 


I-2I 


757931 


4 


88 


242069 


12 


^ 


696554 


3.67 


938330 


1-21 


758224 


4 


88 


24i77^> 


II 


So 


696775 


3.67 


938258 


1-21 


758517 


4< 


88 


2 11483 


10 


5i 


9*696995 


3.67 
3.66 


9.938185 


1-21 


9.758810 


4< 


.88 


10-241190 


t 


5a 


697215 


938113 


1-21 


•759102 


4 


.87 


240898 


53 


697435 


3. 66 


938040 


1-21 


759305 


4 


.87 


24o6o5 


I 


54 


697654 


3.66 


937967 


1-21 


759687 


4 


.87 


24o3i3 


55 


i>n^iA 


3-66 


937895 


1*21 


759979 


4 


.87 


340021 


5 


56 


bqryogi 


3.65 


937822 


1-21 


760272 


4 


.87 


239728 


4 


U 


698313 


3-65 


937749 


1.21 


760564 


4 


.87 


239436 


3 


698532 


3.65 


937676 


1. 21 


760856 


4 


.86 


239144 

238852 


3 


'^ 


698751 


3.65 


937604 


1-21 


761148 


4 


.86 


I 


6o 


698970 


3.64 


937531 


I.2I 


761439 


4.86 


238561 





Cosine 


D. 


Sine 


D. 


Cotanjf. 


D. 


Tamr. 




i 


iS 


(60 


DEGRI 


BBS.) 











18 


(3G 


DEGREES.; A TABLE 


OF LOGARirnMIO 




M 

o 


' Buio 


D. 


Cosine D. 


Tang. 


D. 


Cotang. 


60 


Q. 698970 


3.64 


9.937531 1 


>2I 


9.761439 


4*86 


10.338561 


I 


699189 


3 


.64 


937458 I 


•22 


761731 


4-86 


338269 


U 


a 


699407 


3 


64 


937385 I 


•22 


762023 


4.86 


237977 


3 


699^)26 


3 


64 


937312 I 


•22' 


762314 


4.86 


23 ,-686 ' 57 
237394 ( 56 


. 4 


699844 


3 


•63 


937238 I 


•22 


762606 


4-85 


5 


700062 


3 


63 


937165 I 


•22 


762852 
763 18a 


4-85 


237io:f 1 55 


6 


700280 


3 


63 


937092 I 


•22 


4-85 


236812 1 54 


I 


700498 


3 


"63 


937019 I 


•22 


763479 


4-85 


236521 


53 


700716 


3 


■63 


936946 I 
936872 1 


•22 


763770 
764061 


4-85 


236230 


52 


9 


700933 


3 


62 


•22 


4-85 


235930 
235648 


5i 


10 


7Cii5i 


3 


62 


936799 I 


•22 


764352 


4.84 


5o 


II 


9-701368 


3 


62 


9.936725 I 


22 


9 764643 


4.84 


10.235357 


:[§ 


12 


701585 


3 


62 


936652 I 


23 


764933 


4.84 


235067 
234776 
234486 


i3 


701802 


3 


61 


936578 1 


•23 


765224 


4.84 


U 


U 


702010 


3 


61 


93u5o5 I 


•23 


765514 


4.84 


i5 


3 


61 


936431 I 


23 


7658o5 


4.84 


234195 


45 


i6 


7024'i2 


3 


ti 


936357 I 


•23 


766095 
766385 


4.84 


233905 
2336i5 


44 


n 


7026^>o 

702885 


3 


60 


936284 I 


•23 


4-83 


43 


i8 


3 


60 


936210 I 


23 


766675 


4-83 


233325 


42 


19 


7o3ioi 


3. 


60 


9361 36 I 


23 


766965 


4-83 


233o35 


41 


30 


703317 


3. 


60 


936062 I 


'23 


767255 


4-83 


232745 


40 


31 


9.703533 


3 


59 


9 93 5988 I 


23 


9.767545 


4-83 


10.232455 


^ 


32 


703749 


3. 


59 


935914 I 


23 


767834 
768124 


4-83 


232166 


23 


703964 


3. 


59 


935840 I 


23 


4-82 


231876 


37 


24 


704179 


3. 


^9 


935766 I 


24 


768413 


4-82 


231587 36 


25 


704395 


3. 




935692 1 


24 


768703 


482 


231297 35 


26 


704610 


3. 


5? 


935618 i< 


24 


768902 
769281 


4-82 


23ioo8 


34 


27 

2d 
29 


704825 


3. 


58 


935543 1 


24 


4-82 


230719 


33 


7o5o4o 
7o5254 


3. 
3. 


58 
58 


935469 I 
935395 I 


24 
24 


769510 
769860 


4-82 
4-8i 


23o43o 
23oi4o 


3a 
3i 


3o 


705469 


3. 


57 


935320 I- 


24 


770148 


4-8i 


22q852 


3o 


3i 


9*705683 


3. 


?7 


9.935246 I' 


24 


9-770437 
770726 


4-8i 


10.229563 


It 


32 


705898 


3. 


57 


935171 I 


24 


4-8i 


229274 


33 


706112 


3. 


57 


935097 i- 


24 


771015 


4-8i 


228985 


J? 


34 


706326 


3. 


56 


935022 I" 


24 


77i3o3 


4-8i 


228697 26 
228408 25 


35 


706539 
706753 


3. 


56 


934948 1 • 
934873 I 


24 


77i5o2 
771880 


4-8i 


36 


3. 


56 


24 


4-8o 


228120 24 


ll 


706967 


3. 


56 


93479^ » ■ 


25 


772168 


4-8o 


227832 23 


707180 


3. 


55 


934723 I • 


25 


772457 


4-8o 


227543 22 


39 


707393 


3. 


55 


934649 « ' 


25 


772745 


4-8o 


227355 1 21 ; 


40 


707606 


3. 


55 


934574 I • 


25 


773o33 


4-8o 


326967 


20 1 


41 


9.707819 
708032 


3. 


55 


9.934499 *' 


25 


9.773321 


4- 80 


10.336679 


19 1 


42 


3. 


54 


934424 I • 


25 


773608 


4-79 


226392 18 1 


43 


708245 


3- 


54 


934349 I ' 


25 


773806 


4-79 


226104 17 
2258l6 1 16 


44 


708458 


3. 


54 


934274 I ' 


25 


774184 


4-79 


45 


708670 
708882 


3. 


54 


934199 »' 

934123 !• 


25 


77447 i 


4-79 


325529 i5 


46 


3. 


53 


25 


774759 


4-79 


325241 1 14 


il 


709094 


3- 


53 


93404S I ' 


25 


775046 


4-79 


224954 ; i3 1 


709306 


3. 


53 


933973 I ■ 


25 


775333 


4-79 


224667 ; 12 


^9 


709518 


3. 


53 


933898 I ' 


26 


775621 


4-7^ 


224379 I 11 


5o 


709730 


3. 


53 


933822 I 


26 


775908 


4-78 


224092 10 


5i 


9.709941 


3. 


52 


9.933747 1- 


26 


9.-76195 
776482 


4-78 


io.2238o5 


§ 


5a 


710153 


3. 


.52 


933671 I 


26 


4-78 


2235i8 


53 


7!o364 


3 


52 


933596 I< 


26 


776760 
777055 


4-78 


223231 


I 


54 


710575 
710786 


3 


52 


933520 I 


26 


4-78 


222945 


55 


3. 


5i 


933445 I " 


26 


777342 


4-78 


222658 1 5 


56 


710997 
71 1208 


3 


5i 


933360 !■ 
933 29J I • 


26 


777628 


4-77 


222372 4 


u 


3 


5i 


26 


777915 
778201 


4-77 


322085 , 3 


7»i4i9 


3 


5i 


933217 1' 


26 


4-77 


221799 3 
3!>l5l3 1 


^ 


711629 


3 


5o 


93314I I' 


a6 


778487 


4-77 


60 


711839 


3.50 
D. 


933066 I . 


26 


778774 


4-77 


321226 





Codino 


Sine I 


). 


Cotanc. 


1 D. 


Tang. 










(50 DI 


50TI 


res') 









SIXES AND TANGENTS. (31 DEGREES.) 



49 






Sine 


D. 


Cosine 


D, 


Tang. 


D. 


Cotanj:. 




9>7ii839 


3-5o 


9 '933066 


1.26 


9-778774 
779060 


4-77 


10*221326 


60 


I 


7i2o5o 


3.50 


932990 


1.27 


4-77 


220040 59 1 


s 


713260 


3 -50 


932914 


1.27 


779346 


4.76 


220654 


58 


3 


712469 


3 '40 


932838 


1.27 


779632 


4-76 


220368 


U 


6. 


712679 
712889 


3-49 1 


932762 


1*27 


7799 » 8 


4-76 


320082 


5 


3-49 1 


932685 


1-27 


780203 


4-76 


219797 


55 




713098 
7i33o8 


3-49 1 
3.49 1 
3-48 


932609 
932533 


1.27 

1.27 


780480 
780775 
781060 


4.76 
4-76 


2195:1 
2I0225 
218940 


54 
53 


d 


7i35i7 

713726 


932457 


1-27 


4-76 


52 


. 9 


3.48 


932380 


1.27 


781346 


4-75 


218654 


5) 


10 


713935 


3.48 


932304 


1.27 


781631 


4-75 


318369 


5o 


11 


9-714144 


3.48 


9.932228 


1.27 


9.781916 


4-75 


10.218084 


it 

47 


13 

i3 


714352 
714561 


3-47 
3.47 


932i5i 
932075 


I.2S 


782201 
782486 


4.75 
4-75 


217799 
217514 




714769 
714978 


3-47 


931998 


1.28 


782771 
783o56 


4.75 


217229 46 1 


i5 


3.47 


93i02i 


1.28 


4-75 


216944 


45 


i6 


7i5i86 


3-47 


931845 


1.28 


783341 


4-75 


316659 


44 


:s 


715394 


3.46 


93n68 


1.28 


783626 


4-74 


316374 


43 


7 1 56o2 


3-46 


931091 


1.28 


783910 


4-74 


316090 


43 


'9 


715809 


3.46 


931614 


1.28 


784195 


4-74 


3i58o5 


41 


20 


716017 


3.46 


93 1 537 


1.28 


784479 


4-74 


2l5521 


40 


21 


9'7i6224 


3.45 


9.931460 


1.28 


9-784764 


4-74 


io.2i5236 


It 


33 


716432 


3.45 


93 1 383 


1.28 


785048 


4-74 


314952 


23 


716639 


3.45 


93i3o6 


1.28 


785332 


4-73 


214668 


u 


24 


716846 


3.45 


931229 


1.29 


7856i6 


4-73 


214384 


25 


717053 


3.45 


931 l52 


1.29 


785900 


4.73 


214100 


35 


36 


7:7259 
717466 


3-44 


931075 


1.29 


786184 


4-73 


3i38i6 


34 


11 


3.44 


930998 


1.29 


786468 


4-73 


213532 


33 


717673 


3.44 


930021 
930843 


I '29 


786752 


4-73 


213248 


33 


?9 


7i8o^D 


3.44 


1-29 


787036 


4-73 


212964 


3i 


3o 


3.43 


930766 


1.29 


787319 


4-72 


21 2681 


3o 


3i 


9-718291 


3.43 


9.930688 


1*29 


9*787603 


4-72 


10.212397 


^2 


32 


718497 


3.43 


930611 


1-29 


787886 


4-72 


2I2II4 


38 


33 


718703 


3.43 


93o533 


1-29 


788170 


4-72 


2ii83o 


ll 


34 


718909 


3.43 


93o456 


1.29 


788453 


4-72 


3u547 


35 


719"^ 


3-43 


930378 


1.29 


788736 


4.72 


211264 


35 


36 


719320 


3.42 


93o3oo 


1.30 


789019 


4-72 


210981 


34 


ll 


719525 


3-42 


93o223 


i.3o 


789302 


4-71 


210698 


33 


719730 


3-42 


930145 


1.30 


789585 


4-71 


2io4i5 


33 


39 


719935 


3.41 


930067 


1.30 


789868 


4-71 


JIO|32 


31 


40 


720140 


3-41 


929989 


1.30 


790i5i 


4-71 


209849 


30 


4i 


9-720345 


3-41 


9-920911 


1.30 


9-790433 


4-71 


10.309567 


;? 


43 


720549 


3-41 


929833 


1.30 


790716 


4-71 


309384 


43 
44 


720754 
720953 


3-40 
3.40 


929755 
929677 


1.30 
1.30 


790909 
7912S1 


4-71 
4-71 


309001 
308719 


\i 


45 


721 162 


3-40 


929599 


1.30 


791563 


4-70 


208437 


i5 


46 


72 1 366 


3-40 


929521 


1.30 


791846 


4-70 


2081 54 


14 


% 


721570 


3 -40 


929442 


1.30 


792128 


4-70 


207872 


i3 


721774 


3-39 


929364 


1.31 


792410 


4-70 


207590 


13 


49 


721978 


3.39 


929286 


1-31 


792692 


4-70 


207308 


II 


5o 


722181 


3.39 


929207 


1.31 


793974 


4-70 


307036 


10 


5i 


9-723385 


3«39 


9-929129 


1-31 


9.793256 


4-70 


10 306744 


t 


53 


733588 


3-39 
3-38 


92oo5o 


1.31 


793538 


4-69 


206463 


53 


722791 


928972 


1.31 


793819 


4.69 


306181 j 7 1 


54 


722994 


3-38 


928893 


1.31 


794101 


4-69 


305899 


6 


55 


723197 


3.38 


928815 


i»3i 


794383 


4.69 


2o56i7 


5 


56 


723400 


3-38 


928736 


i.3i 


794664 


4.69 


2o5336 


4 


IS 


7236o3 


3.37 


928657 


i.3i 


794945 


4.69 


2o5o55 


3 


7338o5 


3.37 


928578 


1.31 


795227 


4.60 
4-68 


204773 


9 


^ 


724007 


3.37 


928499 


i.3i 


795508 


204492 


1 


6o 


724310 


3-37 


928420 


1-31 


795789 


4-68 


204211 



11. 


Coftino 


D. 


Sine 


D. 


1 Cotani?. 


1 D, 


Tang. 



(58 DEGREES.) 



50 



(32 DEOREES.) A TABLE OF LOOARITHHIO 



M. 




Sine 


D. 


Cosine 


D. 


Tang. 


1>. 


Cotang. 


60 


7 724210 


3.37 


9 928430 1 


1-32 


9.795789 


4-68 


10-304211 


I 

2 1 


72/4412 
72461 i 


3. 
3. 


37 

36 


938343 
938363 


1-32 
1-32 


796070 
796351 


4.68 
4-68 


i-3o3o 
203649 
303368 


^ 


3 


724'Si6 


3. 


36 


928183 


1-32 


796632 


4-68 


U 


4 


;25o!7 


3. 


36 


928104 


1-32 


796913 


4-68 


3o3o87 


5 


J252'9 


3. 


36 


928025 


1-32 


797194 


4-68 


203806 


55 1 


6 ! 


725 120 


3. 


35 


921946 


1.32 


797473 


4-68 


202525 ; 54 


I 


723622 


3. 


35 


927867 


1-32 


797733 


4-68 


303345 j 53 


725823 


3. 


35 


927787 
927708 


1-32 


798036 


4-67 


301964 f? 


9 


726024 


3. 


35 


1-32 


798316 


4.67 


301684 


5i 


10 


726225 


3- 


35 


927629 


1-32 


798596 


4-67 


301404 


5o 


1 

II 


0-726420 


3. 


34 


9-927549 


1-32 


9.798877 


4-67 


10-201133 


tl 


13 


726626 


3. 


34 


927470 


1-33 


799157 


4-67 


300843 


i3 


726827 


3. 


34 


927390 


1.33 


799437 


4-67 


3oo563 


U 


14 


727027 


3. 


34 


927310 


1-33 


799717 


4-67 
4-66 


300383 


i5 


727228 


3. 


U 


927231 


1-33 


799997 
800277 

800557 

8oo836 


3oooo3 


45 


l6 


•7^7423 


3 


33 


927151 


1.33 


4-66 


199733 


44 


\l 


737628 


3. 


33 


927071 


1. 33 


4-66 


199443 


43 


727828 




33 


920991 


1.33 


4-66 


199164 
198884 


42 


»9 


72S027 


3. 


33 


92691 1 
926831 


1-33 


801116 


4-66 


41 


20 


728227 


3. 


33 


1-33 


801396 


4-66 


198604 


40 


31 


723427 


3. 


33 


9 926751 


1-33 


9.801675 
801965 


4-66 


10-198335 


^ 


22 


728626 


3. 


33 


926671 


1-33 


4-66 


198045 


23 


728825 


3. 


33 


926591 


1.33 


802234 


4-65 


197766 


u 


24 


729024 


3. 


32 


9265 II 


1. 34 


8a95i3 


4-65 


197487 

197308 


25 


729223 


3. 


3i 


926431 


1-34 


802193 


4-65 


35 


26 


739422 


3. 


3i 


926351 


1-34 


8o3072 


4-65 


196038 
196049 


34 


27 


729621 


3. 


3i 


926270 


1.34 


8o335i 


4-65 


33 


28 


729820 


3. 


3i 


936190 


1-34 


8o363o 


4-65 


I96370 


32 


* 29 


730018 


3. 


3o 


9361 10 


1-34 


803908 


4-65 


196093 


3i 


3o 


730216 


3. 


3o 


736039 


1-34 


804187 


4-65 


195813 


3o 


3i 


• ••73o4i5 


3. 


3o 


9 925049 
935868 


i'*4 


9.804466 


4.64 


10.195534 


It 


32 


73061 3 


3. 


3o 


804745 


4-64 


195355 


33 


7J0811 


3. 


3o 


935788 


1-34 


8o5o33 


4-64 


» 94977 
194698 


U 


34 


73 1 009 


3. 


29 


935707 


1-34 


?o53o3 


4-64 


35 


731206 


3. 


29 


935636 


1.34 


8o558o 


4-64 


194430 


25 


36 


731404 


3 


29 


935545 


1-35 


8o5859 


4-64 


194141 


24 


37 


731602 


3. 


29 


935465 


1-35 


806137 
80641 5 


4.64 


193863 


33 


38 


731799 


3. 


U 


925384 


1.35 


4-63 


193585 


22 


39 


731996 


3. 


9253o3 


1-35 


806693 


4-63 


193307 


31 


4o 


732193 


3 


28 


925222 


1-35 


806971 


4-63 


193039 


20 


41 


9*732390 

732587 


3. 


28 


9-925i4i 


1.35 


9-807349 


4-63 


10.193751 


\t 


42 


3 


28 


925o6o 


1.35 


807537 
807805 
808083 


4-63 


192473 


43 


733784 


3 


28 


924979 
924897 


1-35 


4-63 


1^:195 


\l 


44 


733980 


3 


•27 


1-35 


4.C3 


19:917 


45 


733177 
733373 


3 


>27 


924816 


1.35 


8o836i 


4. 63 


191639 
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1-51 


857004 


4.44 


142906 
142730 


45 


766598 


2-92 


1-52 


857270 


4-44 


i5 


46 


766774 


2-92 


909237 
909 I 46 


1-52 


857537 


4-44 


142463 


14 


2 


766949 


2-92 


1-52 


8578o3 
858069 
858336 


4.44 


142107 
141064 


i3 


767124 


2-92 


900055 


1-52 


4.44 


13 


<9 


767300 


2-92 


908964 


1-52 


4.44 


11 


56 


767475 


2.91 


908873 


1-52 


858602 


4.43 


141398 


10 


5i 


9.767649 


291 


9-908781 
908090 


1-52 


9-858868 


4.43 


io-i4n33 


t 


52 


767824 


3-91 


1-52 


859134 


4.43 


140866 


53 

54 
55 


76A173 
768348 


2*91 
2-91 
2.90 


908599 
9o85o7 
908416 


1-52 
I 52 

1-53 


859400 
859666 
859932 


4.43 
4.43 
4.43 


140600 

i4o334 
140068 


I 

5 


56 


768522 


3*90 


908324 


1.53 


860198 
860404 


4.43 


139803 


4 


U 


768697 


2.90 


908333 


1.53 


4.43 


139536 


3 


768871 


3*90 


908 I 41 


1.53 


860730 


4.43 


139270 


a 


S 


769045 
769219 


2*90 

2«90 


908040 
907958 


1.53 
1.53 


860995 
861 361 


4.43 
4-43 


i3ooo5 
138739 


I 



IM. 


Coaine 


D. 


Sine 


D. 


Cotanjir. 


D. 


Tanff. 



(54 DBOREIS.) 



M 



(36 DEGREES.) A TABLE OF LOOAHITHMIO 





1 


! Biue 


D. 


Cosine 


D. 


Twig. 


D. 

4.43 

4-43 


Cotang. 


60 


9.769210 
769393 . 


3 
2 


X 


9.907058 
907866 


1.53 
1.53 


9.^1261 
36i527 


10 138739 
538473 


a 


769^66 


2 


.89 


907774 


1-53 


861792 
862053 


4-42 


138208 


3 


769740 


2 


.89 


907682 


1.53 


4-42 


137942 


57 


4 


769913 


2 


.89 


907590 


1.53 


862323 


4-42 


137677 56 


5 


770087 


2 


.89 


907498 


1.53 


862589 


4-42 


13741 1 55 


6 


770260 


2 


.88 


907406 


1.53 


862854 


4-42 


137146 ! 54 


I 


770433 


2 


•88 


907314 


1.54 


863 119 


4-42 


1 36881 


53 


770606 


2 


• 88 


907222 


1.54 


86338D 


4-47 


I366i5 


52 


9 


770779 


2 


.88 


907129 


1-54 


863650 


4-4' 


i3635o ; 5i 1 


lo 


770952 


3 


• 88 


907037 


1.54 


863915 


4.4 


i36o85 


5o 


II 


9.771125 


3 


.88 


9-906045 
906852 


1.54 


9-864180 


4.4^ 


10.135820 


49 


12 


771293 


3 


.87 


1.54 


864445 


4-42 


135555 ! 48 


i3 


771470 


2 


.87 


906760 


1-54 


864710 


4 42 


135290 : 47 


14 


771643 


2 


.87 


906667 
906575 
906482 


1.54 


864975 


4-41 


i35o25 


46 


i5 


771815 


2 


.87 


1.54 


865240 


4-41 


134760 


45 


i6 


7719*^7 


2 


.87 


1.54 


8655o5 


4-41 


i344o5 
1342J0 


44 


\l 


772159 


2 


ll 


9o638o 
906296 


1.55 


865770 


4-41 


43 


77233 1 


2 


1.55 


866o35 


4-41 


133965 


42 


19 


7725o3 


2 


86 


906204 


1.55 


866300 


4-41 


133700 


41 


30 


772675 


2 


86 


906111 


1.55 


866564 


4-4i 


133436 


40 


31 


9.772847 
773018 


2- 


86 


9.906018 


1.55 


9.866829 


4-4F 


J. 133171 


It 


32 


2- 


86 


905025 
905832 


1-55 


867094 
867358 


4 4r 


132906 


23 


773190 


2' 


86 


1.55 


4-41 


132642 


U 

35 


24 
35 


773361 
773533 


2- 
2< 


85 
85 


905739 
905645 


1.55 
1.55 


867623 
867887 
868152 


'4-41 
4-41 


132377 
i32ii3 


26 


773704 


2- 


85 


905552 


1.55 


4.40 


131848 


34 


11 


773875 


2- 


85 


905459 
905366 


1.55 


868416 


4.40 


i3i584 


33 


774046 


2« 


85 


1.56 


8686^0 


4.40 


l3i32o 


33 


29 


774217 
774388 


2. 


85 


905272 


1.56 


868945 


4-40 


i3io55 


3i 


3o 


2' 


84 


905179 


1.56 


869209 


4.40 


130794 


3o 


3i 


9-774558 


2. 


84 


9.905085 


1.56 


9.869473 
869737 


4.40 


io.i3o527 


It 


32 


774729 
774B99 


2- 


84 


904992 
904898 


1-56 


4.40 


i3o263 


33 


2< 


84 


1-56 


87C001 


4.40 


129909 
129735 


ll 


34 


775070 


2. 


84 


904804 


1.56 


870265 


4.40 


35 


775240 


2. 


84 


904711 


1-56 


870529 
87079J 
871057 


4.40 


1 2947 1 


35 


36 


775410 


2. 


83 


904617 
904523 


1-56 


4.40 


1 29207 
12894J 


34 


ll 


775580 


2. 


83 


1.56 


4.40 


33 


775750 


2. 


83 


904429 
904335 


1.57 


871321 


4.40 


128679 
128415 


33 


39 


775920 


2- 


83 


1.57 


871535 


4.40 


31 


40 


776090 : 


2. 


83 


904241 


1.57 


871849 


4-39 


I28i5i 


30 


41 


9.776259 


2" 


83 


9 904147 
904053 


1.5: 


9.872112 


4.39 


10.127888 


;s 


42 


776429 

776599 


2. 


82 


1.5: 


872376 


4.39 


127624 


43 


2. 


82 


9o3o59 


1.5- 


872640 


4-39 


127360 


'7 


44 


776768 


2- 


82 


903864 


1.57 


872903 


439 


127097 


16 


45 


776937 


2. 


82 


903770 


1.57 


873167 


4.39 


126833 


i5 


46 


777106 


2- 


82 


903676 
9o358i 


1.57 


873430 


4.39 


126570 


14 


% 


777275 


2- 


81 


1.57 


873604 
873957 


4.39 


i263o6 


i3 


777444 


2- 


81 


903487 


\:U 


4.39 


1 26043 


12 


f? 


777613 


2- 


81 


903392 


874220 


4-39 


125780 


II 


5c 


777781 


3- 


81 


903298 


1.58 


874484 


439 


I255i6 


19 


5i 


9-777950 
77S119 


3- 


81 


9*903203 


1-58 


9 '574747 


4.39 


10.125253 


t 


52 


3< 


81 


903 1 08 


1-58 


875010 


4.39 
4-38 


124990 


53 


778455 


3- 


80 


9o3oi4 


1.58 


875273 


124727 


I 


54 


2- 


80 


902019 
903834 


1.58 


875536 


4-38 


124464 


55 


778624 


3« 


80 


:.58 


875800 


4-38 


134200 


5 


56 


778792 
778960 


3' 


80 


903739 
902034 


1.58 


876063 


4-38 


133937 


4 


u 


3< 


80 


|.58 


876326 


4-38 


123674 


3 


779128 


3< 


80 


902539 


1.59 


876589 


4-38 


123411 


2 


^ 


779295 
779463 


3< 


79 


902444 


1.59 


876851 


4-38 


I33i49 


1 


to 


2.79 


902349 


1.59 


8771 u 


4-38 


133886 




M. 


Coeine 


D. 


Sine 


D. 


Cotang. 


D. 


Tang. 



(53 DEGREES.) 



SINES AND TANGENTS. (37 DEGIISES.) 
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Sino 


D. 


Cosine 


D. 


Tang. 


D. 


Cotaog, 


60 


9*779463 


J»-79 


9-903340 
903253 


1.59 


9-877114 


4-38 


10-133886 


I 


779631 


2- 


79 


1-59 


877377 


4 


33 


133623 


59 


a 


77979^ 


2< 


79 


902 1 58 


1.59 


877640 


4 


38 


122360 


58 


3 


779966 
780133 


3< 


79 


902063 


1.59 


877903 
878166 


4 


38 


122097 


57 


4 


3' 


?g 


901067 
901872 


1-59 


4 


38 


121835 56 


5 


780300 


3- 


1.59 


878428 


4 


38 


121672 55 


6 


780467 


2' 


78 


901776 
901681 


1.59 


878691 
878953 


4 


38 


i2i3o9 54 


I 


780634 


3< 


78 


1.59 


4 


37 


121047 53 


780801 


3< 


78 


901 585 


1.59 


879216 


4 


3- 


120784 52 


9 


78096S 


3 


^l 


901490 


1-59 


879478 


4< 


37 


120322 5l 


10 


781134 


3 


.78 


901394 


I -60 


879741 


4' 


37 


120269 i 5o 


11 


9.781301 


3 


( / 


9-901298 


1-60 


9-880003 


4" 


37 


10-119997 49 


n 


781468 


3 


'77 


901202 


1.60 


880266 


4 


37 


11973d 


48 


i3 


781634 


3 


77 


901 106 


1.60 


880628 


4 


37 


119472 


47 


U 


781800 


3 


77 


901010 


1.60 


880790 
881052 


4 


37 


110210 


46 


i5 


781966 


2 


77 


900914 
900818 


1-60 


4 


■37 


1 1 8948 


45 


i6 


782132 


3< 


77 
76 


|.6o 


88i3i4 


4 


37 


118686 


44 


\l 


782298 


3< 


900722 


1-60 


881676 


4 


37 


118424 


43 


782464 


3< 


76 


900626 


1.60 


881839 


4 


37 


118161 


43 


19 


782630 


3< 


76 


900620 
900433 


1-60 


882 1 01 


4 


U 


117809 
117637 


41 


30 


78270 


2' 


76 


1. 61 


882363 


4 


40 


21 


9-782961 


2< 


^^ 


9.900337 


161 


9-882625 


4 


36 


10-117375 


39 


32 


783127 


!• 


75 


900240 


1. 61 


882887 
883148 


4 


36 


117113 


38 


33 


783292 


2- 


75 


900144 


I 6» 


4- 


36 


116862 


U 


24 


7834^3 


3< 


7? 


900047 
899951 


1.61 


883410 


4< 


36 


116690 


35 


783623 


3' 


75 


I -61 


883673 


4 


36 


116328 


35 


36 


7837H8 


2> 


75 


899854 


1-61 


883934 


4 


36 


116066 


34 


11 


783953 


2- 


75 


899757 


1-61 


884196 


4< 


36 


li53o4 


33 


784118 


2" 


75 


899660 


1-61 


884467 


4 


36 


1 1 5543 


32 


?9 


784282 


2- 


74 


899664 


1-61 


884719 


4 


36 


116281 


3i 


60 


784447 


2- 


74 


899467 


1-02 


884980 


4 


36 


116020 


3o 


3i 


9'7846i2 


2< 


74 


9-899370 


1-62 


9-886343 


4 


36 


10.114768 


It 


32 


784776 


2< 


74 


899273 


1.62 


8856o3 


4 


36 


w^n 


33 


784941 


2 


74 


899176 


1.62 


886766 


4 


36 


11 


34 


785 io5 


2< 


74 


899078 
898981 
898H84 


1.62 


886oa6 


4 


36 


113974 


35 


785269 
786433 


2 


73 


1-62 


886383 


4 


36 


113712 


25 


36 


2- 


73 


162 


886649 


4 


35 


113461 


24 


37 


785597 


2 


73 


898787 


1.62 


886810 


4 


35 


113190 


23 


38 


785761 


2 


73 


898689 


1.62 


887073 


4 


35 


112928 


22 


«9 


785925 


2 


73 


898692 


1-62 


887333 


4' 


35 


1 1 2667 
112406 


31 


40 


786089 


3 


73 


898494 


,.63 


887694 


4 


35 


20 


41 


9-786252 


3 


72 


9.^98397 


1-63 


9-S87855 
8881 16 


4 


35 


10112145 


\t 


42 


786416 


3 


72 


898299 


1-63 


4 


35 


111884 


4:i 


786579 


n 


'•72 


89820a 


1-63 


888377 
888639 


4 


35 


111623 


\l 


44 


786742 


2 


7^ 


898101 


' 1-63 


4 


35 


iii36i 


45 


786906 


2 


72 


898006 


.63 


888900 


4 


35 


1 11 100 


i5 


46 


787060 


2 


72 


897008 
897810 


1-63 


889160 


4 


.35 


110845 ' 14 1 


ii 


78723^ 


2 


7» 


1-63 


889431 


4 


35 


110670 
iio3i8 


i3 


787395 
787557 


3 


71 . 


89-712 


1-63 


889683 


4 


35 


13 


49 


3< 


71 


897614 


1-63 


889943 


4< 


35 


110067 
109796 


II 


DO 


787720 


3 


71 


897616 


1-63 


890304 


4 


■34 


10 


5i 

53 


9.737883 
78S045 


3 
2 


7> 
7» 


9-897418 
897320 


1-64 
1-64 


9.890466 
890735 


4 

4 


34 
34 


10-109535 
109276 


I 


53 


788208 


2 


•71 


897222 


1.64 


890986 


4 


34 


109014 
108753 


I 


54 


788370 
788532 


3 


.70 


897123 


1-64 


891347 


4 


■34 


55 


3 


70 


897026 
896926 
896828 


!.64 


891607 
891768 


4 


•34 


108493 
108232 


5 


56 


788694 
•788856 


3 


70 


1-64 


4 


•34 


4 


U 


3 


.70 


1-64 


892028 


4 


•34 


107972 


3 


789018 


3 


.70 


896729 


1-64 


892289 


4 


•34 


107711 


3 


59 


789180 


3 


.70 


896631 


1-64 


892649 


4 


•34 


107461 


I 


6o 


789342 


3-69 


896632 


1-64 


892810 


4.34 


107190 





Coaino 


D. 


Sino 


D. 


Cot4ing. 


1 D. 


Tttug. 


1 ]LC. 



(52 DEGREES.) 



56 



(38 DEGREES.) A TIBIE OF LOQAKITHMIO 



M. 

o 


Sine 


D. 


Cosine 


D. 


Tang. 


D. 


Cotang. 


60 


9.789343 


3*69 


9-896532 


1-64 


9.892810 


4-34 


10.107100 


I 


789504 


2- 


69 


896433 


1.65 


893070 
893331 


4 


•34 


106000 


U 


a 


789665 


3< 


69 


896335 


1-65 


4 


.34 


106669 


3 


789822 
789988 


3 


69 


896236 


1.65 


89359! 
893851 


4 


.34 


106409 


u 


i 


3 


69 


896137 
896038 


1.65 


4 


.34 


106149 


5 


790149 


3 


68 


1.65 


8941 1 1 


4 


.34 


I05S89 


55 


6 


7903 10 


3 


895939 
895840 


1-65 


894371 
894632 


4 


.34 


io562o 
105368 


54 


I 


790471 


3 


68 


1-65 


4 


.33 


53 


790633 


3 


68 


895741 
895641 


1-65 


894802 
8951^2 


4 


.33 


io5io8 


5a 


9 


790703 
790954 


3 


68 


1-65 


4 


.33 


104848 


5i 


10 


2 


68 


895542 


1-65 


895412 


4 


.33 


104588 


5o 


II 


9'79iii5 


3 


68 


9.895443 


1-66 


9.895672 
895933 


4 


.33 


10*104328 


1? 


13 


791275 


3 


67 


895343 


1-66 


4 


.33 


104068 


li 


791436 


3 


67 


895244 


1.66 


896193 
896453 


4 


.33 


io38o8 


% 


14 


791 5o6 


3 


.67 


895145 


1-66 


4 


.33 


103548 


i5 


79>757 


3 


.67 


895045 


1-66 


896713 


4 


.33 


103288 


45 


|6 


791917 


3 


■67 


894945 
894846 
894746 


1-66 


896971 
8973J1 
897491 
897751 
898010 


4 


.33 


io3o29 


44 


\l 


792077 
792237 


3 
3 


:U 


1.66 
1-66 


4 
4 


.33 
.33 


102769 
io25o9 


43 
43 


«9 


792307 
792557 


3 


66 


894646 


1.66 


4 


.33 


102249 


41 


20 


3 


66 


894546 


1-66 


4 


.33 


101990 


40 


31 


9.792716 


2 


66 


9.894446 


1.67 


9.898370 
898530 


4 


.33 


10-101730 


U 


33 


792876 


3 


66 


894346 


1.67 


4 


.33 


101470 


33 


793035 


3- 


66 


894246 


1.67 


898789 


4 


.33 


101211 


u 


24 


793195 
793354 


3- 


65 


894146 


1.67 


899049 
89930S 


4 


.32 


iooo5i 


35 


3- 


65 


894046 


1.67 


4 


32 


lOOOOl 


35 


36 


79^514 


3 


65 


893946 


1.67 


899568 


4- 


32 


1004^2 


34 


11 


793673 
793833 


3 
3 


65 
65 


893846 
893745 


1.67 
1.67 


899837 
900086 


4' 
4- 


32 
32 


IOOI73 

099014 

099654 


33 

33 


29 


793901 
794 I 5o 


2 


65 


893645 


1.67 


900346 


4- 


32 


3i 


1 3o 


2 


64 


893544 


1.67 


900605 


4- 


32 


099395 


3o 


1 3i 


9 -794308 


2 


64 


9. 893444 


1-68 


9.900864 


4- 


32 


IO-O90I36 


It 


33 


794467 
794626 


2 


.64 


893343 


1-68 


901124 


4 


32 


093876 


33 


2 


64 


893243 


1-68 


901383 


4 


.32 


098617 


ll 


34 


794784 


2 


64 


893143 


1.68 


901642 


4 


32 


09835$ 


35 


794943 


2 


64 


893041 


1-68 


901901 


4 


32 


098099 


35 


36 


795101 


2 


64 


892940 


1-68 


902160 


4- 


32 


097840 


34 


ll 


795359 


2- 


63 


892839 


1-68 


902419 


4- 


32 


097581 


33 


795417 
7955p 
795733 


2 


63 


892739 
892638 


1.68 


902670 


4 


32 


097321 


33 


39 


2- 


63 


1-68 


902930 


4< 


32 


097062 


31 


40 


2 


63 


892536 


1-68 


903197 


4- 


3i 
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4-23 


042261 


ii 


li 


827467 


2 


32 


869474 
869360 


1-91 


4-23 


042007 


i5 


827606 


2 


32 


1-91 


958246 


4-23 


041754 

04I300 


45 


i6 


827745 
827884 
828023 


2 


32 


869245 


1-91 


9585oo 


4-23 


44 


\l 


2 


3i 


869130 


1-91 


958754 


4-23 


041246 


43 


2 


3i 


86901 5 
868900 


1.92 


959008 


4-23 


040992 
040738 


42 


19 


828162 


2 


3i 


1.92 


959262 


4-23 


41 


20 


828301 


2- 


3i 


868785 


1-92 


959516 


4-23 


040484 


40 


31 
32 


9-828430 
828578 


2- 
2< 


3i 
3i 


9-868670 
868555 


1.92 
1-92 


9.959760 
960023 


4-23 
4-23 


10 -04033 I 
039977 
039723 


u 


23 


828716 
828855 


a- 


3i 


868440 


1-92 


960217 


4-23 


u 


24 


2' 


3o 


868324 


192 


9605 J 1 


4-23 


03946Q 
039216 
038962 


25 


828903 
8291J1 


2- 


3o 


868209 
868093 


1-92 


960784 


4-23 


35 


26 


2- 


3o 


1-92 


961038 


4-23 


34 


11 


829369 


2- 


3o 


867978 
867862 


1-93 


961291 


4-23 


038709 
o38455 


33 


829407 
82954^ 
829683 


2- 


3o 


1-93 


961545 


4*23 


32 


^2 


2- 
2- 


3o 
3o 


867747 
867631 


1-93 
1-93 


961709 
962052 


4-23 
4-23 


o382oi 
037948 


3i 

3o 


3i 


9.829821 


2- 


29 


9-867515 


1 -93 


9.962306 


4-23 


10-037694 


\t 


33 


829959 


2- 


29 


867399 
867283 


1 -93 


962560 


4-23 


037440 


33 


83ooQ7 
830234 


2- 


29 


1.93 


962813 


4-23 


037187 
036933 
o3668o 


11 


34 


2- 


29 


867167 


1.93 


963067 


4-23 


35 


83o372 


2- 


29 


867051 


1 -93 


963320 


4-23 


25 


36 


83o5oo 
830646 


2- 


29 


866935 


1-94 


963574 


4-23 


036426 


24 


11 


2- 


29 


866819 


1-94 


963827 


4-23 


036173 


23 


830784 


2- 


U 


866703 
866586 


1-94 


964081 


4*23 


035919 
035665 


22 


39 


830921 


2- 


1-94 


964335 


4-23 


21 


40 


83io58 


2- 


28 


866470 


1-94 


964588 


4-22 


o354i2 


20 


41 


9-831195 
831332 


2- 


28 


9-866353 


1-94 


9-964842 


4-22 


io-o35i58 


\t 


42 


2- 


28 


866237 


1-94 


965095 


4-22 


o349o5 


43 


831469 
83 1606 


2- 


28 


866j 20 


1-94 


965349 


4-22 


05465 1 


\l 


44 


2- 


28 


866004 


1.95 


965602 


4-22 


034398 


45 


831742 


2- 


25 


865887 


1.95 


965855 


4-22 


034145 


i5 


46 


831879 
832015 


2- 


28 


865770 
865653 


195 


966105 


4-22 


033891 
033638 


14 


U 


1* 


27 


1-95 


966362 


4-22 


i3 


832152 


2- 


27 


865536 


1.95 


966616 


4-22 


033384 


12 


49 


832288 


2- 


27 


865419 


1.95 


966860 
967123 


4-32 


o33i3i 


II 


5o 


832425 


2- 


27 


865302 


1-95 


4-22 


032877 


10 


6i 


9. 832561 


2- 


27 


9-865i85 


1-95 


9.967376 


4-22 


10.033624 


t 


52 


■ 832697 
832833 


2- 


27 


865o68 


1-95 


967629 
967883 
9681 36 


4-22 


032371 


53 


2- 


11 


864950 
864833 


1-95 


4-22 


032117 


I 


54 


832969 
833 io5 


2* 


1-96 


4*22 


o3i864 


55 


2- 


26 


864716 
864598 
864461 


1-96 


968389 
08643 


4-22 


o3i6il 


5 


56 


833241 


2- 


26 


1 -96 


4-22 


o3i357 


4* 


ll 


833377 


2- 


26 


1 -96 


968896 


4'22 


o3iio4 


* 


833512 


2- 


26 


864363 


196 


969149 
96940J 


4-22 


o3o85i 


9 


59 


833648 


2- 


26 


864245 


1 96 


4-22 


o3o597 


1 


6o 


833783 


2-26 


864127 


I -0 


969656 


4.22 


o3o344 





Cosine 


I). 


Sine 


D. 


Cotansr. 1 


D. 


TansT. 










(47 


DFGRE 


:e8.) 









BIKES AND TANQENTS. (43 DEGREES.) 



61 






Sine 


D. 


Coaino D. 


Tung. 


D. 


Cotang. 


60 


9-833783 


3*26 


9.864127 I 


.96 


9 969656 


4-22 


io-o3o344 


I 


833919 


2 


.25 


864010 I 


.96 


96990Q 


4 


22 


030091 
029838 


^ 


a 


834o54 


2 


.25 


863892 1 


•97 


970162 


4 


22 


3 


834189 


2 


25 


863774 I 


'97 


970416 


4- 


22 


029584 


U 


4 


834325 


2 


25 


863656 I 


•97 


970669 


4' 


'22 


029331 


5 


834460 


2 


25 


863538 I 


•97 


970922 


4 


2-d 


029078 


55 


6 


834595 
834730 
834S65 


2 


25 


863419 i 


•97 


971175 


4- 


22 


028825 


54 


I 


2 


25 


863301 1 


97 


971429 


4 


22 


028571 


53 


2 


25 


863 1 83 1 


97 


971682 


4 


22 


028318 


52 


9 


834999 
8351^4 


2 


'24 


863o64 I 


97 


971935 


4 


22 


02806'j 


5i 


10 


2 


24 


862946 1 


98 


972188 


4 


22 


027813 


5o 


II 


9.335260 
835403 


2 


24 


9.862827 1 


.98 


9-972441 


4< 


23 


10037559 


^2 


la 


2 


24 


862709 I 


.98 


972694 


4 


22 


C27306 


48 


i3 


835538 


2 


24 


862590 I 


98 


972948 


4 


22 


027052 


ii 


14 


835672 


2 


•24 


862471 I 


.98 


973201 


4- 


22 


026799 


i5 


835807 


2 


'24 


862353 I 


.98 


973454 


4- 


22 


026546 


45 


i6 


835941 


2 


'24 


862234 I 


.98 


973707 


4" 


22 


020293 


44 


\l 


836075 


2 


23 


862!i5 I 


.98 


973960 


4- 


22 


026040 


43 


836209 
83634i 


2 


23 


861996 I 


98 


974213 


4- 


22 


025787 


42 


19 


2 


23 


861877 I 


.98 


974466 


4- 


22 


025534 


41 


20 


836477 


2 


23 


861758 1 


•99 


974719 


4 


22 


025381 


40 


21 


9-83661 1 


2 


23 


9-861638 I 


•99 


9-974973 


4- 


22 


10 -035037 


u 


22 


836745 


2 


23 


86i5i9 I 


99 


975226 


4- 


22 


024774 


23 


336878 


2- 


23 


861400 I 


99 


975479 


4" 


22 


024521 


37 


24 


337012 


2< 


22 


861280 I 


99 


975732 


4< 


22 


024268 


36 


25 


837146 


2- 


22 


861161 I 


•99 


975985 


4- 


32 


024015 


35 


26 


837279 


2< 


22 


861041 1 


•99 


976233 


4- 


22 


023762 


34 


11 


337412 


2 


22 


360022 I 
860802 I 


•99 


976491 


4- 


22 


O235oo 
033256 


33 


837546 


2< 


22 


•99 


976744 


4- 


22 


32 


29 


337679 


2< 


22 


860682 2 


• 00 


976997 
97725o 


4- 


22 


O23oo3 


3! 


3o 


337812 


2" 


22 


86o562 2 


• 00 


4- 


22 


032750 


3o 


3i 


9'83"T945 


2 


22 


9. 860442 2 


00 


9.977503 


4' 


22 


10 033497 


ll 


32 


838078 


2 


21 


86o322 2 


00 


977756 


4" 


22 


032244 


33 


33S3II 


2' 


21 


860202 2 


00 


978009 


4- 


22 


02190! 
02I7J8 


ll 


34 


838344 


2< 


31 


860082 2 


00 


978262 


4' 


22 


35 


838477 


2- 


21 


359062 2 
359842 2 


00 


9785 1 5 


4- 


22 


02 1485 


25 


36 


8386 10 


2 


21 


00 


978768 


4- 


22 


021232 


24 


ll 


338742 


2 


21 


359721 2 


-01 


979021 


4- 


22 


020979 


23 


338875 


2 


2! 


359601 2 


01 


979274 


4- 


22 


020726 


22 


39 


339007 


2 


21 


859480 2 


01 


979527 


4- 


22 


020473 


2! 


40 


339140 


2 


20 


859360 2 


01 


979780 


4' 


22 


020220 


20 


41 


9-839272 


2< 


20 


9. 859239 2 


0! 


9.980033 


4- 


22 


10-019967 


18 


42 


339404 


2- 


20 


859119 2 


01 


980286 


4- 


22 


019714 


43 


339536 


2 


20 


358098 2 
358877 2 


01 


980533 


4' 


22 


Ol9'«62 


17 


44 


33o6^8 


2 


20 


01 


98079! 


4- 


21 


010209 

01^956 


16 


45 


339800 


2 


20 


858756 2 


02 


981044 


4- 


21 


i5 


46 


339932 


2 


2C 


858635 2 


02 


981397 
981550 


4- 


21 


018703 


14 


S 


840064 


2 


»9 


8585 I 4 2 


02 


4- 


21 


018450 


i3 


840196 


2 


»9 


858393 2 


02 


981803 


4- 


21 


OI8I97 


12 


49 


840328 


2 


»9 


858272 2 


02 


982056 


4' 


21 


017944 


11 


5o 


340459 


2 


19 


858i5i 2 


02 


98230Q 


4- 


21 


OI769I 10 


5i 


9-840591 


2 


'9 


9.858029 2 
&57908 2 


02 


9-982502 


4< 


21 


10-017433 


f* 


62 


840722 


2 


19 


02 


982814 


4' 


21 


01 7 1 86 


^ 


53 


340854 


2< 


«9 


357786 2- 


-02 


983067 


4 


21 


oi6o33 
016680 


7 


54 


840985 


2 


'lO 


857665 2 


o3 


983320 


4- 


21 


6 


55 


841116 


2 


18 


357543 2 


o3 


983573 


4- 


21 


016427 


5 


56 


841247 
841378 


2 


.18 


357422 2 


o3 


983826 


4" 


21 


016174 


4 I 


U 


2 


18 


357300 2 


o3 


984079 


4- 


21 


015921 


3 1 


84i5c9 


2 


.18 


857178 2 


o3 


984331 


4- 


31 


1 5669 2 


59 


841640 


2 


18 


857056 2 


o3 


9?/ 584 


4 


21 


015416 


I 


6o 


841771 


2-18 


856934 2 . 


o3 


98483 -r 


4-21 
D. 


oi5i63 





Conine 


1 1). 


Sine 1 


). 


Ootansr 


Tunjf. 










(46 DB 


:oR] 


£88.) 











62 



(44 DEGREES.) A TABLE OF LOGABITHIUO 



M. 




Sine 


D. 


Cosine 


D. 


Tang. 




D. Cotang. 


60 


9-84I77* 


2.18 


9-856934 
856813 


2-o3 


9.984837 


4 


•21 io.oi5i63 


I 


841902 


2 


.18 


2-03 


086090 


4 


•21 014910 


5o 


3 


842033 


2 


.i8 


856690 


204 


985343 


4 


.21 014667 I 56 


3 


842163 


2 


.17 


856568 


2-04 


986696 


4 


-21 014404 57 
•21 014162 56 i 


4 


842294 


2 


.17 


856446 


2-04 


986848 


4 


5 


842424 


2 


■ 17 


856323 


2-04 


986101 


4 


•21 013899 I 55 


6 


842555 


2 


.17 


L5620I 


2.04 


986354 


4 


•21 013646 54 


I 


842685 


2 


• 17 


806078 
855956 


2 -04 


986607 


4 


•21 i 013393 I 53 1 


842815 


2 


.17 


2-04 


986860 


4 


-21 oi3i4o 


52 


9 


842946 


2 


•17 


855833 


2-04 


9871 12 


4 


•21 J 2888 


61 


10 


843076 


2 


• 17 


85571 1 


2-o5 


987366 


4 


•21 012635 


5o 


II 


9-843206 


2 


.16 


9-855588 


2-06 


9.987618 


4 


•21 I0.012382 49 


la 


843336 


2 


.16 


855465 


2-06 


987871 
988123 


4 


•21 012129 4b 


i3 


843466 


2 


16 


855342 


2.c5 


4 


21 011877 


47 


14 


843595 


2 


.16 


855219 


2.o5 


988376 


4 


21 01 1624 


46 


i5 


843725 


2 


16 


855096 


2.o5 


988629 


4 


•21 011371 


45 


i6 


843855 


2 


16 


854973 


2 06 


988882 


4 


>'ii 01 11 18 


44 


\l 


843984 


2 


16 


854850 


2.06 


989134 


4 


21 010866 


43 


844114 


2- 


i5 


854727 
854603 


2.06 


989387 


4 


21 oio6i3 


42 


«9 


844243 


2< 


|5 


2-06 


989640 


4" 


21 oio36o 


41 


30 


844372 


2- 


i5 


854480 


2. 06 


989893 


4- 


21 010107 


40 


31 


9.844502 


2- 


i5 


9.854356 


a. 06 


9.990145 


4- 


21 10.009855 


^ 


33 


844631 


2- 


i5 


854233 


2.06 


99o3q8 
99065 I 


4- 


21 009602 


33 


844760 
844889 


2- 


i5 


854109 


2.06 


4- 


2 1 009349 


u 


24 


2- 


i5 


853986 
853862 


2-06 


990903 


4- 


21 000097 
21 008844 


35 


845018 


2- 


i5 


3.06 


991 1 56 


4- 


35 


36 

11 


845147 
845276 


2- 
2- 


i5 
14 


853738 
853614 


2-06 
2-07 


99»409 
991662 


4- 
4- 


21 oo85oi 
21 008333 


34 
33 


845405 


2- 


14 


853490 
853366 


3-07 


991914 


4- 


2 1 008086 


32 


^ 


845533 


2- 


14 


3-07 


992167 


4- 


21 007833 


3i 


3o 


845662 


2. 


14 


853242 


3-07 


992420 


4- 


21 007680 


3o 


3i 


9-845790 


2- 


14 


9-853118 


2-07 


9*992673 


4- 


21 10.007328 


30 


32 


845919 


2- 


14 


852994 


2.07 


992926 


4- 


21 00707D 28 1 


33 


8460.^7 
846175 


2- 


14 


862869 


2-07 


993178 


4- 


21 006822 


27 


34 


2. 


14 


852743 


2-07 


993430 


i- 


21 006670 


26 


35 


846304 


2- 


14 


862620 


2-07 

2.08 


993683 


4- 


2 1 oo63 1 7 


25 


36 


846432 


2" 


i3 


862496 


993936 


4- 


2 1 006064 


24 


ll 


846660 


2- 


i3 


862371 


2.08 


994189 


4- 


21 006811 


23 


846688 


2- 


i3 


862247 


2.08 


994441 


4- 


21 006559 


32 


39 


846810 


2- 


i3 


862122 


2-08 


994694 


4- 


2 1 oo63o6 


31 


4o 


846944 


2" 


i3 


861997 


3-08 


994947 


4- 


2 1 006063 


30 


41 


9-847071 


2. 


13 


9.851872 


208 


9-996199 
996432 


4- 


21 10.004801 


;s 


42 


847199 


2- 


i3 


86 J 747 


2-08 


4- 


2 1 004648 


43 


847327 


2- 


i3 


851022 


2-08 


996706 


4- 


2 1 004296 


\i 


44 


847454 1 


2- 


12 


85 1497 


2-09 


996967 


4- 


2 1 004043 


45 


847582 


2- 


12 


861372 


2.09 


996210 


4- 


21 003790 


i5 


46 


847709 


2- 


12 


861246 


209 


996463 


4- 


21 003537 14 1 


tl 


847836 


2- 


12 


861121 


2.09 


996715 


4- 


21 003285 


i3 


84704 


2- 


12 


860996 


2 09 


996968 


4- 


21 oo3o32 


12 


49 


848091 


2- 


12 


ii 60870 


2-09 


997221 


4- 


21 002779 


11 


5o 


848218 


2" 


12 


660746 


2-09 


997473 


4- 


21 002D27 


ID 


5i 


9.848345 


2- 


12 


9. 860619 
85o49J 


2-09 


9.997726 


4- 


21 10002274 


t 


52 


848472 


2- 


II 


2-10 


997979 


4- 


2 1 00202 1 


53 


848599 

848726 
848^52 


2- 


II 


85o368 


2-10 


998231 


4- 


21 001769 


I 


54 


2' 


II 


860242 


2-10 


998484 


4- 


21 ooi5i6 


i»5 


2- 


II 


860116 


2-10 


998737 


4- 


21 001263 5 j 


56 


848979 
849106 


2- 


II 


849090 
849864 


2-10 


998989 


4- 


21 OOIOII 


4 


u 


2- 


II 


2-10 


999242 


4- 


21 000768 
2 1 ooo5o6 


3 


849232 


2" 


II 


849738 


3-10 


999496 


4- 


3 


59 


849359 
849485 


2. 


II 


8496 1 1 


310 


999748 


4- 


21 0002 53 


I 


60 


2-II 


849486 
Sine 


2-10 
D. 


10-000000 


4- 


21 lOOOOOOO 

1 





Cosine 


D. 


Cotanfr. 


[ 


). 1 Tan?. 


M. 










(45 


DEGR] 


SBS.) 









1 



i 



N'^' 



■*' '-^ ■ 



k:^.'^,M.^\jdLi^i^',,.K^..^J....^.-«. ■».... iw.^.-k^.:j!fc^-||y^l . . .„!,^v. .,..A.,|i-'|,n), .« > ia iit'i^i 



■a.^., . t^?..iaJ^^tij>.'^>,tJ^A''l>'^.'^ -. J 










.^f- 



■^ .T^;- .^*' "^ 



■ia.. -^. i-^- ^w-l.l»- ■■rj.".ir- -». *' 'L-^tJ; t-1. 



i^ lihB't'' < 



■*- r -'-" 



.--/i»i-'^:..^ 




■-'>iii*l'--/:.fciv ' .y:''4 



